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Preface 


During the past twenty-five years many of the advances in 
differential geometry of surfaces in euclidean space have had to 
do with transformations of surfaces of a given type into surfaces 
of the same type. Before this period Bjmnchi and Backlund had 
established their transformations of a pseudospherical surface into 
pseudospherical surfaces, the essential feature of which is that 
a given surface and any transform are the focal surfaces of a W 
congruence. Furthermore. Bianchi (Lezioni, § 883) established the 
so-called theorem of permutability of such transformations; that 
is. if S, and S 3 are two transforms of 8 there can be found a fourth 
surface 8' which is a transform of both *V, and 8«. Later (foot- 
note 41) he showed that there is a similar theorem of permutability 
for transformations such that a given surface arid a transform are 
the focal surfaces of a IF congruence. 

In 1899 (Tui chard If. n. 100) announced two theorems con- 
cerning the deformations of a quadric of revolution which led to 
the transformations of Darboux of isothermic surfaces. In such 
a transformation a surface and its transform are the sheets of 
the envelope of a two-parameter family of spheres with the lines 
of curvature corresponding on the two sheets. Families of spheres 
of this type are associated with cyclic systems of circles, which 
Ribaucour was the first to investigate extensively, and consequently 
two surfaces which are the sheets of the envelope of a two-para- 
meter family of spheres with lines of curvature in correspondence 
are said to be in the relation of a transformation of Ribaucour. 
Bianchi showed that for transformations of Ribaucour (f. n. 54) 
and in particular for transformations of Darboux of isothermic 
surfaces (f. u. 64) there is a theorem of permutability in the sense 
mentioned above. 

When two surfaces are in the relation of a transformation 
of Ribaucour, the lines joining corresponding points on the surfaces 
form a congruence whose developables meet the surfaces in their 
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lines of curvature. The transformations of Darboux are a particular 
case of transformations of conjugate systems, or nets, with equal 
point invariants, such that the lines joining corresponding points 
of such a net and a transform form a congruence whose deve- 
lopables meet the surfaces on which the nets lie in these nets and 
corresponding points of the two nets divide harmonically the focal 
segment of the corresponding lines of the congruence; these trans- 
formations were first studied by Koenigs ff. n. 1 7) and are called 
transformations K . 

When two nets and the congruence of the joins of corre- 
sponding points are so related that the developables of the con- 
gruence meet the surfaces on which the nets lie in these nets, 
we say that either net is obtained from the other by a fundamental 
transformation, or more briefly a transformation F. We have 
remarked that transformations of Ribaucour and transformations K 
are of this type. The general transformations F for 3-space have 
been studied by Jonas and the author (f. n. 15) and a theorem 
of permutability of these transformations has been established. 

Most, if not all, of the transformations which have been 
developed in recent years are reducible to transformations F or 
to transformations of the type such that a surface and a trans- 
form are focal surfaces of a W congruence. It is the purpose of 
this book to develop these two types of transformations and thereby 
to coordinate the results of many investigations. 

October, 1922. 

Luther Pfahler Eisenhart. 
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Chapter I. 

Conjugate nets and congruences. 


i. Geometric entities of euclidean n-space. A point in 

euclidean space of n dimensions is determined by a system of 
yi numbers x 1 , .... x 11 , called the coordinates of the point, which 
are a generalization of cartesian coordinates in euclidean 3-space. 
We refer to the point as P(x). Thus x typifies all of the coordinates. 
In like manner P{y) is the point whose coordinates are //, . . . . y n . 
The distance cl between P(x ) and P{y) is defined by the equation 

d 2 — (y l — x L )*-\- + (y n — x n ) 2 = (y — .x) 2 . 


As thus used ~ indicates the sum of all terms of the type 
(// — x 1 ) 2 , but we write it in the above form without subscripts or 
superscripts, and shall do so in what follows. 

If A r \ .... X n are n numbers, the points whose coordinates are 
of the form 

U = x + uX 9 


where u is a parameter, lie on a line through P(x). The quantities X 
are called direction-parameters of the line. Evidently they are deter- 
mined only to within a factor. This equation represents each of 
the n equations ?/ = .r*+ uX\ It is important that the reader 
should become familiar with this notation. It is understood that u 
is the same for all n equations. 

Two non-coincident lines whose corresponding direction-para- 
meters X and Y are proportional are said to be parallel . The angle 
of inclination of two non-parallel lines of direction-parameters X 1 
and Y i is defined to be 


cos 6 = 


ZXY 


When cos 6 — 0 the lines are said to be perpendicular . 
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The locus of the points whose coordinates are of the form 
y = x + uX + vY, 

where u and v are parameters, is a plane. The locus of the points 
whose coordinates satisfy a relation of the form 

a'x l + «V+. . . .+ a n x n + a n + 1 — 0 , 

where the a’s are constants, is called a hyperplane . For the sake 
of brevity we write the above equation in the form x 4- a n + 1 — 0. 
In particular, Xi ----- 0 is the equation of a coordinate hyper plane. 
Two hyperplanes 

n n 

2a‘x 4 - a n +'= 0 , 'Z l b i x + b» + ' 1 0 

i — 1 i=l 

are said to be parallel when the corresponding quantities a 1 and h l 
(i --- J, . . . . n) are proportional. The angle of inclination 6 of two 
non-parallel hyperplanes is defined by 

n 

S a l h l 
1=1 

W * 

When cos 0 — 0, the two hyperplanes are said to be perpendicular . 
In particular, any two coordinate hyperplanes are perpendicular. 

A line is a special type of curve , which by definition is the 
locus of a point whose coordinates x are functions 1 ) of a parameter u. 
The tangent to a curve at a point is the line through the point 

dx 

whose direction-parameters are - 7 -. 

du 

A plane is a special case of a surface , the latter being defined 
to be the locus of a point whose coordinates x are functions of 
two parameters a and v. The points of the surface for which 
v has the same value is called a parametric curve v — const. There 
is a one -parameter family of curves v — const, on a surface. 


cos 0 


*) In this treatment the parameters may be real or complex, and the only 
requirements made of the functions is that they and their derivatives (to such 
order as the latter appear in the development) are uniform and continuous. 
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When u and v are replaced by functions of two new parameters u! 
and v' , we get new parametric curves, and conversely any two 
one-parameter families of curves can be made parametric. 

As in the case of 3-space [§ 25) 2 * * ), it can be shown that the 
tangents to all the curves at an ordinary point P of a surface lie 
in a plane, called the tangent plane at the point. 

2. Conjugate nets. Normal parameters. When the para- 
meters of a surface are such that the coordinates x are solutions 
of the same equation of the Laplace form, 

. a 2 # a log a 90,9 log 6 bo 

9 u do dv du du dv 7 


the parametric curves are said to form a conjugate net y or simply 
a net . As a consequence of this definition a net in 3-space consists 
of a conjugate system of curves [§ 80]. Equation (1) is called the 
point equation of the net . We speak of the net as N(x). 

As in the case of ordinary space, if we put 


( 2 ) E=2 


dxV 


duf 


du dv 




H % = EG—F\ 


it is readily found that [cf. § 63] 


(3) 


8 log a 
dv 


O 


dE 

dv 


-F 


2 K* 


dG 

du 


d lo g 6 

d it 




2 H 2 


The functions E y F ’, O are called the fundamental coefficients of 
the net. 

The functions and are direction-parameters of the tan- 

9 u dv 

gents to the curves v — const, and u — const, respectively, of a net 
whose point equation is (1). The same is true of the functions a' 
and 0' defined by 


dX 

du 


p a 


dx 
9 v 




2 ) A reference in square brackets, thus [§ 25], is to the author’s Differential 

Geometry, Ginn and Co., 1909; in parentheses, thus (§25), is to the present volume. 


l* 
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p ' and q' being functions of u and v . If these equations be dif- 
ferentiated with respect to v and u respectively, we have in con- 


sequence 

of (1) 




(4) 

da' 

dv 

— mi«' + Wi/S', 

d/y __ 

du 

w 2 a '4 n 2 /8 

where 

mi 

0 , a 

“ ^7 l0f V’ 

n t = 

q’ 9 lo gb 
p 1 du ’ 


m 2 

p f 0 log a 

n 2 rzrr - 

0 . b 

8^ l0g 7- 


The coordinates of points on the tangents to curves v — const, 
and u — const, have the respective forms 

x-\~ra\ 

By means of (4) we find that the derivatives of these functions 
with respect to v and u respectively are linear in «' and ft'. 

Conversely, if a surface is referred to any system of para- 
metric curves, a point on the tangent to v = const, has coordinates 

3 x 

of the form x + t — — . When v varies the direction-parameters of 
the tangent are 

dx , d t d x . ^ 0 2 x 
0 v 0 v 0 n dud v * 

Hence if this tangent is to be in the tangent plane to the surface, 

0 X 0 X 

the preceding expression must be a linear combination of - and , 

du dv 

and we have the theorem: 

A necessary and sufficient condition that a system of curves on 
a surface form a net is that any point on the tangent to a curve 
v — const moves in the tangmt plane as v varies . 

This theorem gives a geometric characterization of a net in 
the sense that the tangents to v — const, are characteristics of 
the tangent planes along a curve u = const. It will be convenient 
at times to refer to the tangent plane to a surface on which 
a given net lies as the tangent plane of the net . 
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Evidently any functions proportional to «' and ft' are also 
direction-parameters. We wish to consider now the particular 
parameters a and ft, such that 


(5) 


dx 
d u 


= ace, 


dx 

dv 


bft 


in which case equations (4) become 


U>) 



d A 

3 u 


via, 


where m and n are functions of u and v given by 

3 a 


(7) 


db 

du 


an, 


dv 


bm. 


Following Guichard we say that the «’s and ft’s are the normal 
parameters of the net. 

Conversely, if we have n pairs of functions « and ft satisfying 
equations of the form (6), where m and n are given functions of u 
and v, each pair of functions a and b satisfying (7) leads by 
quadratures of the form (5) to a net: Thus the complete integration 
of (7) determines a family of nets, such that at points with the 
same values of u and v on the nets the tangents to the curves 
v — const, and u — const, are parallel. A representation of all 
these nets is given by drawing through the origin lines whose 
direction-parameters are the a’s and 0’s. We call this representation 
a point net. 

3. Determination of nets on a surface. Consider the 
differential equation 


(8) 


d 2 e 


3t t* 


2 B 




dudv 


„ d 3 e . ^do . „do 
C-—-2+D- — f- E — - — 0, 
dv 2 3 u dv 


where A, B, C, D and E are functions of w and v. If we change 
the independent variables, putting 

n' = fi (u, v), o' — <f 2 (u, v ), 
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the resulting equation is of the form 


1 ' | od' ® ® I C ^ ^ I jy | p' ^ 8 q 

(9) A W ¥ + 2 B ttM +c W T + D W' + E -dV- 0 ’ 

where 

A' 

B' 


du_ 
3 u 


'\2 


+ 25- 


du' 3 it' 


3 u du 


C = A 


9 1/ \ 2 
3 1< 


+ 25 


3 it 3 
3 i t' 3t;' 
3 it 3 it 
3i/ 3t/ 

3 dv 


i / / 3 m ^\ 2 
a +6 \ 3W ’ 


C 


dv' 3 it' 
3 m 3?; 
3 v '_\ 2 
3 v 


, ~ 3 ?(/ 3 v' 

+ ° Tv T? 


From these expressions it follows that if cp x and c/> 2 are resolutions of 


A 


d ffV +2 B^^- + C,~ 

du f du dv \ 3 v 


(UlY 


o, 


equation (9) is of the form (1). Since </i and must be functionally 
independent, they are obtained by solving the two differential 
equations of the first order which are factors of 

(10) Adv*~ 2Bdudv + Cdu*-= 0. 


Darboux 3 ) has called (10) the differential equation of the characteristics 
of (8). 

There is only one such function y when 
(11) AC — B s = 0. 

If we take it for u f , equation (9) is reducible to the form 


Let # be a surface in 3-space whose cartesian coordinates 
x are functions of any two parameters u and v. We can find by 
differentiation an equation of the form (8) satisfied by the three 
coordinates and by any function of them, say Fix 1 , x 2 , x s ). Then 


3 ) Lemons, vol. 1, p. 193. 
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the curves defined by (10) form a net, which is determined by 
the character of F\ or if (11) is satisfied, a family of asymptotic 
lines [§ 77]. 

If 8 is a surface in 4-space 4 ), an equation of the form (8) can 
be found which is satisfied by the four coordinates, and this equation 
is unique to within a factor. Consequently there is a unique net 
on S, unless (11) is satisfied, in which case equation (10) defines 
a self-conjugate family of curves. 

When S is a surface in a space of order higher than the 
fourth, it is not always possible to find an equation of the form (8) 
satisfied by all of the coordinates of S. Consequently in such spaces 
there are surfaces upon which there are not any nets. 

4. Parallel nets. When the points of two surfaces are in 
a one-to-one correspondence of any sort, and two corresponding 
systems of curves are taken as parametric, the parameters can be 
chosen so that u and v have the same values on the two surfaces 
at corresponding points. It is understood that this plan will be 
followed hereafter whenever we are dealing with point-to-point 
correspondence between two surfaces. 

We inquire under what, conditions the tangents to the curves 
of the parametric systems at corresponding points on two surfaces 
are parallel. When these conditions are satisfied we say that the 
two systems are parallel. The coordinates x and x' of the two 
systems, expressed as functions of the parameters u and v, must 
satisfy the equations 

,, dx' , dx dx' , dx 

(12) = n — — , — - - — l - — , 

3 m du dv dv 

where h and l are functions of u and v such that the conditions 

3 /3x'\ _ 3 /9a' \ 

dv\du ) du \ dv I 

are satisfied. These equations show that the x’s satisfy an equation 
of the form (1), where now a and b are given by 


4 ) When we speak of a surface in n-space, it is meant that the surface 
is not contained in any space of order less than n. 
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( 13 ) 


= B -»)*£& 
- 9 v 


11 

du 


(h-Q 


9 log & m 

9m '' 


Hence a necessary condition that a system admit a parallel system 
is that it be a we#. Evidently the parallel system also forms a net. 
In fact, it follows from (12) that the coordinates x' are solutions 
of the equation 

9*0' __ l 9 log a 9 0' h 9logft 9 0' 

( ’ dudv ~ h dv du + l~'Bu dv’ 


which may be written in the form 


(15) 

where 

(16) 


9 *0' __ 9 log a' 9 0' 9 log ft' 90' 
dudv dv du du dv’ 

a' — ah, b'=bl. 


Assume that we have a net whose equation is (1). Each pair 
of functions satisfying (16) gives by quadratures (12) a parallel net. 
If 0 is any solution of (1), the function 0' given by the quadratures 


(17) 


9 0' __ 9 0 9 d 0 

du 1 dll’ dv di- 


lS a solution of (14); we call 0 and 0' corresponding solutions of 
(1) and (14). 

The analytical problem of finding parallel nets may be given 
another form. If we define a function <p by 

(18) h — l = cp, 


equations (13) may be replaced by 


( 19 ) 


dl_ 9 log ft dj_ 

du ^ du ’ dr 


' 9 ’~a7 loga ^ 


5 ) A particular solution of these equations is h = l = const., in which case 
the surfaces are homothetic transforms of one another with respect to the origin, 
to within a translation. We exclude this case hereafter. 
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The condition of integrability of these equations leads directly to 


( 20 ) 


9*y . 9logq djp . 9 log b 9y 

dildv dv du du di' 


d* 

^ dudv 


loga/> — 0. 


Each solution of this equation leads by a quadrature (19) and by 
(18) to a pair of solutions of equations (13), and consequently to 
the determination of a parallel net. 

Equation (20) is by definition the adjoint of equation (1). Hence 
we have the theorem: 

The determination of nets parallel to a given net N is equivalent 
to the solution of the adjoint of the point equation of N. 

The functions h and l are. determined by (18) and (19) only 
to within the same additive constant k. Hence if h and l are 
one set of solutions of (18) and (19), and x' the corresponding 
solution of (12), the other solutions h-\-k, l + k lead to x' + kx. 

Suppose now that we have two nets N and N' such that the 
tangents to the curves of parameter u at corresponding points are 
parallel. We shall show that N and N' are parallel, unless they 
are planar nets. 

By hypothesis the first of equations (12) holds. Differentiating 
it whith respect to v and making use of the fact that x satisfies 
(1) and x' (15), we get 

9 log// dx' 9 ha dx . 9 log h dx 

9m 97 ~ 1 "77 l0g "7" 77 + 1 du dv' 

9 X 

If the coefficient of -- — is zero, the theorem is established. If it 
du 

is not equal to zero, we express the condition of integrability of this 
equation and the first of (12). The resulting equation is reducible 
to the form 

d 2 x . dx . ~ dx 
du 2 du dv 


Expressing the condition of integrability of this equation and (1), 
we get an equation of the form 


d s x ~ dx 

d v 2 9 n 
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In § 40 it will be shown that at most two linearly independent 
functions can satisfy two such equations and (1). Hence: 

If two non-planar nets correspond and the tangents to the 
parametric curves in one family are parallel , the nets are parallel. 

If N{x ) and N'{x’) are parallel nets, the coordinates of any 
point on the line L joining corresponding points are of the form 

x + t (x' — x). 

In consequence of (12) the derivatives of this expression are 
reducible to 

du on 

9 as , „ . , , . dt . 

- — (1 -\- 1 1 — t) + - - (./• — x). 
o v ov 

Hence the points for which t has the respective values 

u i — h f i — / 


describe surfaces 2 L and 2 2 such that the lines L are tangent to 
the curves v ~ const, on 2\ and u — const, on 2 2 . The coordinates y 
and z of 2 i and 2 2 are 


( 21 ) 


V = 


x — hx 

T— T ? 


z — 


x — lx 

t — r* 


A one-parameter family of straight lines tangent to a curve 
or meeting in a point, or having constant direction-parameters is 
called a developable surface 6 ). Any other one-parameter family of 
lines constitutes a shew ruled surface . In a two-parameter family 
of lines each relation between the parameters determines a surface, 
developable or skew. Each line of the family belongs to an infinity 
of these surfaces. In space of three dimensions two of these 
surfaces are developable [§ 163J. In spaces of higher order there 

tt ) cf. [§ 27]. As in 3-space we use the terms cone and cylinder for the 
second and third types here mentioned. 
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are not necessarily two developables of the family through each 
line. We call a congruence in n-space a two-parameter family of 
lines such that through each line pass two developable surfaces 
of the family. Hereafter it is understood that the parameters u 
and v of the congruence are such that these developables are given 
by u — const, and v = const. 

The preceding results may be stated thus: 

The lines joining corresponding points on two parallel nets form 
a congruence ivhose developables meet the surfaces on which the nets 
lie in the nets. 

The points, F \ and F iy whose coordinates are given by (21) 
are called the first and second focal points of the line of the 
congruence on which they lie; that is, the point at which the line 
is tangent to the curve of parameter u is called the first focal 
point. The focal points are also spoken of as being of the first 
and second rank. The surfaces, and the loci of F, and Ft 
respectively, are called the first and second focal surfaces of the 
congruence. 

Wc remark that the tangent planes of the second focal surface 
are the osculating planes of the curves of parameter u of the first 
focal surface, and the tangent planes of the first focal surface are 
the osculating planes of the curves of parameter v of the second 
focal surface [cf. § 163]. 

By differentiating equations (21), we obtain 


( 22 ) 


and 


(23) 


dy _ x' — x 3 h 3 y l — h ( dx . x' — x 3loga\ 

3 u (1 — hf du’ dv 1 — h\dv 1 — h dv /’ 

3 z h — l Idx . x' — x 3 log & \ 3 z x' — x 3 1 

~du ~ l— 1 \Ju + ~r^j Ju~r 17 — (T^o* Jv’ 


3 2 y 

d 

dud v 

dv 

d 2 z 

d 

dudv 

dv 


log 


/ a dh\ 
\ 1 — h du) 


8 2 / | 9 
du du 


log 



3 

3 u 



b 3 1 
1 — l dv 


dy_ 

dv’ 

dz_ 
dv " 


Prom these equations it is seen that the parametric curves on 
and 2t form nets [cf. § 163]. In the next section we show that 
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any congruence consists of the joins of corresponding points on two 
parallel nets. Hence: 

The developahles of a congruence meet each of the focal sur- 
faces in a net. 

Following Guichard, we say that a net and a congruence are 
conjugate when the developahles of the congruence meet the surface 
of the net in the curves of the net, provided that the surface is 
not a focal surface of the congruence. Accordingly we may state 
the next to the last theorem in the form: 

The lines joining corresponding poin ts of two parallel nets form 
a congruence conjugate to these nets. 

5. Congruences conjugate to a net. We consider a net 
N(x) and a congruence O of direction-parameters X passing through 
points of the net. We seek the general conditions to he satisfied 
by the parameters X in order that N and 0 shall be conjugate. 

A necessary and sufficient condition that N and O be conjugate 
is that on each line of O there be two points defined by equations 
of the form 

(24) y — x — IX, z = x—pX, 

such that as u and v vary respectively the corresponding point moves 
tangentially to the line. This is expressed analytically by 


(25) 


% 

du 


aX, 


3 z 
dv 


— iX, 


where a and r are determinate functions. Substituting the above 
values, we arrive at equations of the form 


(26) 


dx 
3 u 



dx 

dv 



foX. 


Expressing the condition of integrability of these equations, we 
find that the parameters X must satisfy an equation of the form 

3»fl _ 3 log A dd . 3 logi? 3 0 
dud v dv du du dv 


( 27 ) 
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Hence we have the theorem: 

The direction-parameters of a congruence referred to its develop- 
ahles satisfy an equation of Laplace. 

We call (27) the direction equation of the congruence . 

When now we require that the point M of coordinates x 
describe a net whose equation is (1), we find on differentiating 
equations (26) with respect to v and u respectively that the 
coefficients in (27) have the respective values 
(28) 

OlogD _ 1 3log& J n _ V /JLiogi 1 .9 9l °s 6 \ 


and 

(29) 

Slog^l 

3r 


3 u A V 3m 


3 log a 




q 3log6 
v 3 m 


p \du Q Q dv 


If these two sets of values of the coefficients be equated, we 
get the following equations of condition: 


JL1 i i 9]0g 

dv k dv 


aloga II 

~fir~ It 


d 1 ^ v__ d log III 
du ii A/z d a \fi 


If the last of these equations be replaced by 


9 log* 
a u ' 


a log* 
dv 5 


where t is thus defined, the first two are reducible to 


a , a lo g ait t_ 

a v X dv \ X fi 

a * aiogfr / * * 

du fi du \fi A 


7 ) We note that if we put 
(30) reduce to (12) and (13). 


— I, v = p = 0, equations (26) and 
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Moreover, equations (26) can be written 


(33) 


dx 
d u 


x_ a 

t du 


(Xt), 


dx 

dv 


p d 

7 Yv 


(Xt). 


Comparing these equations with (12), we see that the locus of the 
point whose coordinates 7 are given by 

(34) 7 — Xt 

is a net parallel to N. Hence by a quadrature (31) we can deter- 
mine direction-parameters of the congruence which are the cartesian 
coordinates of a net N f parallel to N, and we have the theorem : 

If a net N is conjugate to a congruence 0 , a net N' parallel 
to N can be found by quadratures whose cartesian coordinates are 
direction-parameters of the congruence . 

Conversely, if N ' is any net parallel to N and through points 
of the latter we draw lines parallel to lines joining the origin to 
corresponding points of N ', that is, lines with direction-parameters 7, 
the coordinates of any point P on such a line are of the form 

(35) x — rx\ 

The first derivatives of this expression are of the form 


(36) 



— rh ) — 



dx 

dv 


(1 —rl)- 



When r takes the values 1/h and l/l respectively, the points are 
focal points of the line, and hence the lines form a congruence. 
The coordinates of the focal points are of the form 

(37) ^ y = x — -~7, z — x y-7. 


From these results follows the theorem: 

Any congruence conjugate to a given net N can be obtained by 
drawing through points ofN lines parallel to lines joining the origin 
to corresponding points of a net N f parallel to the given net; and 
every parallel net determines in this way a congruence conjugate to N. 
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It is evident from the above investigation that lines joining 
any fixed point to N' determine the directions of a congruence con- 
jugate to N. 

If two congruences with corresponding direction-parameters 
equal or proportional are said to be parallel, we have, as a corollary 
of the above results, the theorem: 

If two nets are parallel, every congruence conjugate to one is 
parallel to a congruence conjugate to the other. 

From (36) it follows that the point P with coordinates (35) 
describes a net parallel to N when r is a constant, and only in 
this case. Hence we have the theorem: 

A congruence conjugate to a net N is conjugate to an infinity 
of nets parallel to N. 

Combining this result with the third theorem of §4, we have also: 

Any congruence conjugate to a net N consists of the joins of 
corresponding points of N and of a parallel net. 

6. Focal Surfaces of a congruence. From (37) we have 
by differentiation and reduction by means of (12): 



From these equations we see again that the developables meet the 
focal surfaces in nets. 

In order that the point midway between the focal points shall 
describe the net N(x) conjugate to the congruence, we must have, 
as follows from (37), 

(40) l — — h. 
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From (13) and (16) it follows that in all generality we may take 


(41) 

a ~ h ~vr 

(42) 

II 

1 

Jl 


We recall that for an equation of the Laplace form 


(43) 


d*6 de do 

J^v~ a 'd ^ Arh ^ +C9 


the functions 

(44) H = — ~ + nb 4- c, K = - ~ + aft + r, 
ou ov 


arc called the invariants of the equation, since these functions are 
invariant when equation (43) is transformed into an equation of the 
same form in 0 lt where 0 X — Xe, X being any function of n and v. 

From (41) and (42) we liave for n-space tlie theorem announced 
by Ribaucour for 3-space: 

A necessary condition that the devclopahles of a congruence meet 
the middle surface in a net is that the direction equation of the 
congruence have equal invariants; in this case the point equation 
of the. net on the middle surface also has equal invariants. 

We are in position now to establish the theorem: 

When two congruences are conjugate to a net, the joins of 
corresponding focal points of the same rank form a congruence 
conjugate to the nets described by these focal points. 

Let iV(j-) be the net, and let the direction-parameters of the 
congruences be the coordinates x' and x" of nets N' and N" parallel 
to N, determined by solutions h, l and h u l x of (13). The coor- 
dinates of the focal points of the congruences are of the respective 
forms (37) and 

(45) y x = x— y~, z x = x 

The coordinates of any point on the line joining the focal points 
of coordinates y and y x are of the form y f t(y — y x ). If we 
differentiate this expression with respect to u and v and make use 
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of (38) and similar equations for y u we find that its first derivatives 
are proportional to the corresponding first derivatives of y when 
t — h x . Consequently the points of coordinates y and 

<46 ) y + Miy — yi) 

generate parallel nets, and hence by the third theorem of § 4 the 
congruence is conjugate to these nets. In like manner we can 
show that it is conjugate to the net of coordinates y x . 

7. Laplace transforms. In [§ 165] we have derived for 
3-space the expressions for the cartesian coordinates of the second 
focal surface of the congruence of tangents to the curves v = const, 
or u — const, of a net. The method followed is equally valid for 
spaces of higher order. If (1) is the point equation of the net, the 
coordinates of these respective second focal nets are of the form 


(47) x—\ — x — 


In fact we have 


(48) 

9 x _ 1 
~Tr~ 


b 

d b 
du 



1 

dx 


1 

dx 



9 loo;/; 

dlfi 

•* 1 

9 log a 

9 v ' 



du 



dv 




1 dh \ 




1 

' da ^ 


du 

dx 

dxt 

ad 

log\ 

dv 

\dx 

\ ab) 

~dn’ 

du 

~~ 3 u 

ab> 

' dv' 


dv 


The nets and N— 1 with the respective coordinates./;! and#-~i 
are called the first Laplace transform of N and the minus first 
Laplace transform respectively. If the point equation of N—\ is 
written in the form 


(49) 


9 2 fl — 1 
dudv 


9_ 
9 v 


(log a- 1 ) 


9 0 — i 

9 u 


+ ^ao g i-,) 


9 0 -! 
dv ’ 


we find that 

(50) = 

~du 


b - 1 



log 


db_ 

du 

ab 


bK 
9 log b * 
du 


The Laplace transforms of a net parallel to N are defined by 
equations of the form 


2 
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(51) 


, , 1 dx' , , 1 dx' 

x -\— x 9 log ft' 9 u’ x *~ x 91ogo' ~d v ~‘ 

du dv 


From these, (14) and (48) we have 


(52) 


dx'— i ^ dx - 1 

du du 

dx[ h*H' dx v 

d u IH d u 9 


dx - 1 = l 2 K' dx - 1 
d v hK d v 

dx[ _ j dxi 

'dV 1 ~dv 9 


where H' and K ' are the invariants of (15). 

Hence we have the theorem: * 

If N and N f are parallel nets , their respective Laplace trans- 
forms are parallel . 

8. Transformations of Levy. By means of (38) equations (37) 
can be written in the form 

1 l 

h dij l dz 

x ^y '9_1~ ‘ 9 V ^ 2 9 1 9 v ’ 

du h dv l 

It is readily shown that l/h and l/l are solutions of the respective 
equations (39). By a change of notation the second of these 
equations may be written 

6 dx 

y- x —To_ y<? 

dv 

where now the congruence consists of the tangents to the curves 
u — const, of N{x) and 9 is a solution of its point equation, and 
the y’s are the coordinates of a net conjugate to this congruence. 
In like manner the first of the above equations may be written 

9 dx 

z — x 90 Bu 
' du 

Since N{x) in (37) may be any net conjugate to the tangents to 
the curves u — const, of N(y) or v — const, of N(z), we have the 
first part of the following theorem of Levy: 
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The coordinates of any net conjugate to the congruence of tangents 
to the curves u — const . or v = const of a net N(x) whose point 
equation is (1) may be expressed in the respective forms 


(53) 


e 

y = x —de 


dx 

~dv J 


z 


dv 


0 dx 

Wdu } 

du 


where 0 is a solution of (1). Conversely , every solution of (1) gives 
two nets conjugate to the congruences of tangents . 

In order to prove the latter part of this theorem, we note 
that if 0 is a solution of (1), we have from (53): 


(54) 
where 

(55) 


dy_ _ 
du 


d log 2? 

du 


(y—z), 


dz 9 log A 

dv dv 


(z—y), 



du 


be 

90/ 

dv 


From (54) we have by differentiation 


(56) 


( »*y ^ 8 l 0 irll 8l0gJ \ I 8l0gi? 8y 

I dudv dv ®\ du ) du du dv ’ 


_9 *£_ = 3iog^ 3 g | 3 t l B 3 log A \ dz 
dudv dv du du ® \ dv J dv' 


Hence the points of coordinates (53) describe nets. We call these 
nets the Levy transforms of N by means of 6 . 

As a corollary of the above theorem we have: 

There are nets conjugate to any congruence. 

It is evident that, if 0 is a solution of (1), the function 


dlogfr du 
du 

is a solution of (49), the point equation of the minus first Laplace 
transform of N. We call 6 - 1 the minus first Laplace transform 
of 0. From these equations, (47), (48) and (53), we have 


2 * 
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0_j dx—i __ 8 da- 

• T “ 1 'S. sV ~ x p»_ 0 It* 

3 v da 

Consequently the net of coordinates z in (53) is the Levy transform 
of the minus first Laplace transform of N by means of 0_i. Similar 
results follow when we consider the net of coordinates y. Hence: 

The Levy transforms of a net determined by a solution 0 of 
the point equation of N are Levy transforms of the minus first and 
first Laplace transforms of N by means of the corresponding Laplace 
transforms of 0. 

g. Determination of congruences. We saw in § 5 that 
the direction-parameters X of a congruence are solutions of an 
equation of the form (27). If in (27) we put 


we obtain 


X 


V 0 


7 


(57) 
where 

(58) 


_9V 
dud v 


dv 


log 


A\ d 


0 da 


+ 



dor' 

dv 


+ C'V, 


1 /d log/1 90 , 9lo SB d _0 9 S JM 

0 \ dv du da dv dudvj 


Hence a necessary and sufficient condition that the quantities x f 
are the cartesian coordinates of a net is that 6 be a solution 
of (27). 

By the above corollary of the theorem of Levy there are nets 
conjugate to any congruence. From the second theorem of § 5 it 
follows that any one of these nets is parallel to a net whose 
coordinates are direction-parameters of the congruence. Hence: 

In order to obtain a congruence with a given set of direction- 
parameters X , we find a solution 6 of the equation of Laplace 
satisfied by the X’s; then the quantities 



are the coordinates of a net N r ; through points of a net N parallel 
to N f draw lines with parameters X; these lines form a congruence 
conjugate to N; all congruences with direction-parameter's X can be 
found in this way. 
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From (38) we find by means of (12) and (16), that the direction- 
parameters of the tangents to the curves a = const, and v — const, 
respectively, on the first and second focal surfaces defined by (37) 
are expressible in the form 

dx' , d log a' dx , 9 log?/ 

d v X d v 9 da X d u 


When x' is replaced by the value (59), the resulting expressions 
are reducible to the same form in terms of X and the coefficients 
of (27) to within the factor 1/0 . Hence: 

If the direction-parameters X of a congruence G are solutions 
of an equation (27), the functions 


(60) 


dX _ d log A dX d lo gB 

dv dv ’ du du 


are direction-parameters of the tangents to the airves u = const, and 
r — const., respectively , on the first and second focal surfaces of G. 

We say that these congruences of tangents are the first derived 
and minus first derived congruences of Cr, and we denote them by 
G\ and 67— i. 

As a corollary of this theorem we have: 

When two congruences are parallel , their focal nets of the same 
rank are parallel . 

Let M 0 (x 0 ) be a generic point on the middle surface of a con- 
gruence with direction- parameters A r , the parameters u and v being 
those of the developables of the congruence. The coordinates of 
the focal points are of the form 

(61) V — * o+?A, z — x o — qX. 

Expressing that these values must satisfy (25), we have equations 
of the form (26). In order that these equations be consistent, they 
must reduce, on the assumption that the X’s satisfy (27), to 


ffo 

d u 

dx 0 

dv 


dX 
~ Q du 

dX 


+ 2qXj u \o%BV q , 
2qX-~\o^AVq, 


(62) 
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and q must satisfy the equation 


du dv 


q , 9 log A 9 q . 9 log# 9 Q . 

ft*. ' ft*, ft*# ' ft*# ft*, ' 


j^ losAB 


which is the adjoint of equation (27). 

Conversely, each solution of (63) and n linearly independent 
solutions of (27) determine a congruence for which the surface of 
coordinates x 0 is the middle surface. 

As a consequence of these results and the preceding corollary 
we have: 

The determination of nets parallel to the focal nets of a con- 
gruence is equivalent to the integration of the adjoint of the direction 
equation of the congruence. 

io. Congruences harmonic to a net. Prom (54) it follows 
that the points of coordinates y and z defined by (53) are the focal 
points of first and second rank respectively of the congruence of lines 
joining these points. Hence: 

The two Levy transforms of a net N by means of the same 
solution 0 of the point equation of N are the focal points of the con- 
gruence of the joins of corresponding points of the transforms; that 
is, the points defined by (53) are Laplace transforms of one another. 

The mutual arrangement of N 
RfyJ and the congruence is shown in 
fig. 1 where u and v indicate the 
v \ parameter varying along the curve; 

rfi - — this notation is used in all sub- 

sequent figures. 

u [V A net and a congruence are said 

to be harmonic when the foci of the 

Fieri S( Z ) 

congruence lie on the tangents of the 
net, and the developables of the con- 
gruence correspond to the curves of the net. As a consequence of 
the above theorem and the first one of § 8 we have: 

When a net N is conjugate to a congruence G, the congruence 
of tangents to one family of curves of N is harmonic to one of 
the focal nets of G and the congruence of tangents of the other 
family of curves is harmonic to the other focal net of G. 
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This situation is illustrated by fig. 2. We have also the theorem: 

If N is conjugate to a congruence G, 
the osculating planes of the airves of 
parameter u(v) of the first (second) focal 
net ofG are determined by the lines of G 
and the tangents of the airves u(v) of N. 

Suppose that we have a net N 
and a congruence whose lines lie in tan- 
gent planes of N and the developables 
of G correspond to the curves of N, G \ 
taken as parametric. As u varies, the 
corresponding focus of a line of the con- 
gruence must lie on the characteristic of 
the developable of the tangent planes 
along a curve v — const. 8 ). Since these 
characteristics are tangent to the curves u $=-- const., we have 
the theorem: 

If lines of a congruence lie in tangent planes of a net and 
developables of the congruence correspond to the curves of the net , 
the congruence is harmonic to the net. 

We shall prove that any congruence harmonic to a net N{x) 
may be obtained as in the first theorem of this section. In fact, 
the coordinates . 2 * and y of the foci 11 and S of a congruence 
harmonic to N(x) are of the form 



(64) 

Now 


dx dx 


dz __ ^ dx 9 log ra , dx I ^ 9log£>\ 
dv du, dv dv \ } du / 


Expressing the condition that this is proportional to r 


dx 

du 


we get 
(65) 


d 1 1 9 log a , 1 3 log 6 __ 1 

dvr r dv t du rt' 


This can be shown analytically by making use of the fact that the x*’s 
cannot satisfy (1) and two equations of the form referred to in § 4. 
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d V 

In similar manner the condition that the expression for shall 

ou 

0 x 

be proportional to r— — — t—~ is 

* du dv 

a 1 1 8 log a 1 8 log b 1_ 

du t r dr t du tr' 

Hence there must exist a function 0 such that 

1_ _ 1 dd_ 1 _ 1 dO 
r 6 du’ t 6 dv' 

Substituting these values in (65), we find that 0 is a solution of 
equation (1), and consequently equations (64) become equivalent 
to (53). Hence we have the theorem: 

A necessary and sufficient condition that a congruence be harmonic 
to a net N(x) is that the focal nets of the congruence be Levy 
transforms of N by means of the same solution 0 of the point 
equation of N. 

Since the direction-parameters of the harmonic congruence are 
of the form 

d 0 dx d 0 dx 
du dv dv du 1 

it follows that if a second harmonic congruence, determined by 
a function 0 1? is to be parallel to the given one, must be a function 
of 0. Since both must satisfy (1), 0 1 is a linear function of 0 with 
constant coefficients. Hence we have: 

A necessary and sufficient condition that two congruences , 
harmonic to a given net N and determined by solutions 6 and 0 X of 
the point equation of N, be parallel is that 0 t be a linear function 
of 0 with constant coefficients . 

Consider now a congruence G and two nets N x and N 2 harmonic 
to G . Corresponding tangents to N t and iV 2 meet in a point of 
a focal net of G, and the congruences of these tangents are con- 
jugate to this focal net, by the theorem of Levy. These two con- 
gruences and the nets N x and N 2 are in the relation discussed in 
the last theorem of § 6. Hence we have the theorem: 
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If two nets are harmonic to a congruence, the joins of corre- 
sponding points of the nets form a congruence conjugate to the nets. 

ii. Derived nets. Derivant nets. Let©! and (?, be con- 
gruences harmonic to a net N, determined by solutions 0 l and th 
of the point equation (1) of N, it being understood that ft, is not 
a linear function of 6 t . The function 


9 = e t —. 


Oi d0 2 
dOi d u 
3 u 


is a solution of the second of equations (56) with 6 replaced by 6 l9 
that is, the point equation of the second focal net of Q x . The 
coordinates of the Levy transform N (x) of this focal net by means 
of cp conjugate to Gi are of the form 


x — z- 


<f 3 z 

3j* 

dv 


which in consequence of (53) and (54) is reducible to 


( 66 ) 


x — x - 


L d0 2 dOi \ dx ( 

r i W~ ^Jvl du ~~ r 1 


dO t 

du 


’ (7y 0 

“on 


ps 

dr 


dO, djh 
du dv 


dO i 30 2 
3 v 3 a 


The coordinates /y 2 and z 2 of the focal points of G 2 are given 
by (53) when 0 is replaced by 0 2 . The point equation of the second 

d 0 I d 0 

focal surface of G~, admits the solution 0, — ft 2 ---- -- . which deter- 

OU I Oil ' 


mines a Levy transform of this surface 
conjugate to G s . The expressions for the 
coordinates of this transform are reducible 
to (66). Hence: 

If two congruences are harmonic to a 
net N, the point of intersection of Corre- 
sponding lines of the two congruences de- 
scribes a net conjugate to the two congruences. 

This result is illustrated by fig. 3, 
where L\ u and L lv are Levy transforms 
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of N by means of 0, and L 2u and Iw by means of 0 3 . Wis called 
the corresponding derived net by Guichard. 

We shall prove the following converse of the above theorem: 

If two congruences are conjugate to a net N, the planes determined 
by pairs of corresponding lines of the congruences envelop a net 
harmonic to the congruences. 

Let the coordinates of the focal points of the congruences be 
taken in the forms (37) and (45). We have seen that the point of 
coordinates (46) describes a net parallel to the net of coordinates y. 
and is conjugate to the congruence 0 of the lines joining the points 
of coordinates y and y x . If the expression (46) is differentiated with 
respect to v, the resulting expression is reducible by means of (12) 
— dy 

and (38) to l - where 


1 + 


hl\ li\l 

Y—f ' 


If we apply the formulas (21) to his congruence 0, we find that 
the coordinates of the second focal net are in the form 


which is reducible to 


y + hfy — yf — ly 

1—7 


(67) 


. x' (h —hi) — x" (l — h) 
Xi ~ ' hj—hh 


In like manner we find that the coordinates of the first focal point 
of the congruence conjugate to the nets of coordinates z and z x 
are of the form (67). Hence the above theorem is proved. We 
say that the net of coordinates (67) is the derivant net of N. 

From (66) we have by differentiation 


68 a) 



dx 

o 9e * 

6l ~W 

- 0 d0: 
dv 



du 

ddt do, _ 
du dv 

_ 905 90, 

dv du 



/0 2 0i 9(9* 

9 2 0 s 80, \ dx 

j 9 2 0, 90, 

d 2 0 z dOA 

dx 

\ du 2 dv 

du 2 dv 1 du 

\ du 2 du 

du 2 du 1 

dv 


805 90, 
9m dv 

905 90, 
dv du 






We remark that if we replace 0 2 by o 2 + const, the expressions in 
the parentheses are unaltered. Consequently: 

The oo 1 derived nets ofN determined by 6^ and 0 2 -f c, where 
c is a parameter, are parallel to one another and conjugate to the 
congruence harmonic to N determined by d x . 

12 . Determination of nets harmonic to a given con- 
gruence. We establish the following theorem which maybe looked 
upon as a limiting case of the second theorem of the preceding 
section: 

If two congruences are parallel , the point of intersection of 
lines joining corresponding focal points generates a net harmonic 
to the congruences . 

Let N{x) and N'(x) be the first focal nets of the congruences. 
The second focal nets are the minus first Laplace transforms of N 
and N f , and their coordinates are given by (47) and (51). Prom 
these expressions we find that the coordinates of the points of 
intersection of the lines joining the focal points of the first and 

x ! — lx 

second ranks respectively are of the form - - . By (21) this 

is the second focal point of the lines joining corresponding points 
on N and N'. In like manner it can be shown that it is the 
first focal point of the congruence conjugate to N— 1 and NL. j. 

From these two theorems it follows that the problem of finding 
nets harmonic to a given congruence 0 is equivalent to the deter- 
mination of congruences conjugate to a net conjugate to G, or of 
congruences parallel to G, or of nets parallel to either focal net 
of G. In this section we give another means of finding nets harmonic 
to G, arising from the solution of the last problem. 

If G and G' are parallel congruences, and we use the notation 
of the above paragraph, we have from (47), (51), (52) and (14), 



28 


I. Conjugate nets and congruences 


(69) 


x 


X T~ 


X-l 



f 


where x is thus defined. Consequently for the congruences conjugate 
to N and N - 1 with direction-parameters x f and x*-i corresponding 
lines meet in the points of coordinates x , which is the second 
and first focal point respectively of these two congruences, in con- 
sequence of (52). Hence: 

If G and G ' are parallel congruences , and through the focal 
points of G lines are drawn parallel to the lines joining a fixed 
point to the corresponding focal points of G', these lines are tangent 
to the curves of a net harmonic to G . 

From these results and the last theorem of § 9 we have : 

The determination of nets harmonic to a congruence is equivalent 
to the integration of the adjoint of the direction equation of the 
congruence . 

13. Congruences harmonic to point nets. If y and z are 

the coordinates of the first and second focal points of a congruence, 
we have 


(70) 


9j/ = dlogg 
du du 


(z—y), 


9 £ 
dv 


d log ff 
dv 


(y—z), 


wliere p and q are determinate functions. These equations are 
reducible to the normal form (6), if we put 


(71) 
with 

(72) 


« = zp, fi^yq 



d JL 

du 


— pm. 


Hence we have the theorem: 

The lines joining the origin to the foci of a congrumce constitute 
a point net 

We say that the congruence is harmonic to the point net. 

The direction-parameters of the congruence are given by 


( 73 ) 


Z~ ctq — ftp. 



13. Congruences harmonic to point nets 


29 


Conversely, suppose we have any point net of parameters 
(( and /S, and a pair of solutions p and q of the equations (6). The 
functions y and z given by (71) satisfy the conditions (70). Hence 
the joins of the points whose coordinates are y and z form a con- 
gruence for which these are the focal points, and consequently the 
congruence is harmonic to the point net. Accordingly we have 
the theorem: 

If the parameter's of a point net are in the normal form, each 
pair of solutions of the corresponding equations (6) gives directly 
a congruence harmonic to the point net, and all such harmonic 
congruences are so determined. 

It is readily seen that if the parameters are not in the normal 
form the determination of harmonic congruences reduces to the 
solution of the equations (4) of the parameters. 

Consider a net N with normal parameters of its tangents given 
by (6). If p and q are a pair of solutions of (6), it follows from (5) 
that 0, given by the quadrature 


(74) 



dO 

9 (> 


^ H, 


is a solution of the point equation (1) of N. Making use of this 
function 0, we get a family of parallel congruences harmonic to 
N whose direction-parameters are of the form 


dx^BO 
3 u dv 


dx d 6 
dv 9 u 


ab ( aq — ftp). 


From (73) it is seen that these congruences are parallel to those 
harmonic to the parallel point net determined by p and q . 

Conversely, when a congruence harmonic to a net N is known, 
we have by a quadrature at most a solution of the point equation 
of N in consequence of the theorem of Levy (§ 8). If the parameters 
of the tangents of N are in the normal form, then p and q given 
by (74) satisfy the corresponding equations (6). Hence: 

When the congruences harmonic to a point net are known , all 
the congruences harmonic to a parallel net can be found by quadratures; 
when a congruence harmonic to any net is known , by a quadrature 
at most a congruence harmonic to the parallel point net can be found . 
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Because of this theorem and the second one of § 12 we have: 

If N is a net harmonic to a congruence O , and lines be drawn 
through the focal points of a parallel congruence O' parallel to the 
corresponding tangents to N, these lines are tangent to a net 
harmonic to O'. 

We have also: 

Of all the parallel nets harmonic to the family of congruences 
parallel to a given congruence , one is the point net of the family. 

Since the direction-parameters of any congruence harmonic 
to a net can be given the form (73), we have: 

Each pair of solutions p, q of equations (4) satisfied by the 
direction-parameters of the tangents to a net N determine a con- 
gruence harmonic to N; its direction-parameters are of the form 
cc'q — fi'p; all congruences harmomc to N can be obtained in this way. 

Prom (73) we have by differentiation, and with the aid of 
(6) and (72), 

dZ _ da_ _ dp dZ _ dq dfi 

du du ® du * dv dv dv 

d 2 Z dq da dp dfi . 

— — i — b m n Z. 

dudv dv du du dv 


Hence the direction equation of the congruence is 


(75) 


dudv 


l Io & i M. i 81 °gy M . / _ _ 8l ogi> . 8l °gg\ - 

dv du du dv \ du dv ) 


This is of the form (27), where now 


(76) 


q — AU, p - BV, 


m n 


8 jo gp . dlogg = ( y 

du dv 


IT and V being functions of u and v alone respectively. Hence: 

The direction-parameters of any congruence whose direction 
equation is (27) are expressible in the form 


(77) 


Z= ccAUfiBY, 
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where a and ft are normal parameters of a net harmonic to the 


congruence. 

14. Radial transformations. Suppose we have a net whose 
point equation is (1) and let 0 be any solution of (1). From (57), 
and (58) it follows that the locus of the points of coordinates x 
given by 


(78) 


is a net N, whose point equation is 


(79) 


9*0 — 8 a se . d h 90 
dud 0 9 v 0 9 u d n 0 9 v ’ 


Conversely it follows from (58) that only when 0 is a solution of 
(1) does the point x describe a net. We call N the radial transform 
of N by means of 0. 

The tangents to the curves v — const, at corresponding points 
on N and N meet in the point whose coordinates are 


0 — 1 dx - | 0 

M. ltL\~du’ 

du du \ 0 ! 


and the curves u — const, in the point 


0 — 1 dx 
Q0 dv 
dv 


6 dx 


A/i 

\ do 

dv \e 

') 


These points generate the Levy transforms of N by means of the 
function 0-*- 1, and of N by 1 — 1/0. Hence we have the theorem: 

The lines of intersection of the tangent planes of tivo nets 
N and N in the relation of a radial transformation generate 
a congruence harmonic to both nets . 

Exercises. 

1 . The coordinates of any point on a line joining two points of coordinates 

x\ and 0**2 are expressible in the form l 2 ). 

2. The coordinates of any point of a plane determined by three points of 
coordinates o^a, x* s are expressible in the form (li xt\-\-Ux\-\-Ux\)l(li-\-h+lt). 
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3. The tangents to the curves v — const, of all nets conjugate to a given 
congruence at points of the same line of the congruence are coplanar; likewise 
for the tangents to the curves u = const. 

4 . A necessary and sufficient condition that a point P on the join of corre- 
sponding points of two parallel nets describe a net parallel to them is that 
P divide the segment between points of the nets in constant ratio. 

5. Show that if h in (12) is a function V of r alone, then (1) must be of 
the form 

d 2 6 __ , _90_ 9 log/? 90 

dudv P 9 it 9 u 9r’ 

one of whose invariants is zero. In this case l = F+ 1/p. 

6. When in equation (1) we have a = U and b = V, where V and V are 

9 2 0 

functions of u and v alone respectively, the point equation is = 0. In 

this case we say that N (x) is a net of translation [cf. § 81]. Show that all nets 
parallel to a net of translation are nets of translation. 

7. The curves on the surface 8 of a net N which are defined by Edu 2 
+ 2 Fdn dv + Gdv 2 — 0 are called the minimal curves of S [cf. §35]. When the 
curves of N are the minimal curves of S, iYis called a minimal net. Show that 
every net parallel to a minimal net is a minimal net. 

8. If a net N'(x') has equal point invariants, that is &'= a\ the equations 

dec 1 dx' dx 1 dx ’ 

9m a 2 du’ dv a 2 dv 

are consistent, and the xs are coordinates of a net N. The congruence conjugate 
to N and of direction-parameters x has for focal points x — x'la ' 2 , x~\-x'/a r2 . 
Consequently N lies on the middle surface of the congruence. 

9. If N and N r are parallel nets, and 0 and 0' are corresponding solutions 
of their point equations (§4), the point of coordinates (xO' — x'0)/{0 f — 0) describes 
a net conjugate to the congruence of the lines joining corresponding points on 
N and A 7 '. 

10. If jY and N’ are parallel nets, and 0 and 0' are corresponding solutions of 

their point equations (§4), the corresponding Levy transforms of N andiY'by means 
of these respective functions are parallel nets; also the lines joining corresponding 
Levy transforms meet in the points of the net of Ex. 9. t 

Martin, Comptes Rendus, vol. 139 (1904), p. 32. 

11. If 0i is a solution of (1), then 0i — 0 j ^ all( * — ®~d~ujliu are 
solutions of the respective equations (56); and the former admits the latter as 
its minus first Laplace transform. 

12 . To each solution <p of the first of equations (56) there correspondends 

90 IdO 

a solution 0i of (1) such that <p = 0i — . 

dv I dv 

1 3. If N is a derived net of a net N, the osculating planes of the curves of 
parameter u and v oi N pass through the corresponding points of the minus first 
and first Laplace transforms of N. 
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14. If N is a derived net of a net A T , the first and minus first Laplace trans- 

forms of N are derived nets of the first and minus first Laplace transforms 
respectively of N. Tzitzeica, Comptes Rendus, vol. 156 (1913), p. 874. 

15. If N is the derived net of A by means of solutions Oi and 6% of (1), the 


quantities x ' 


I dx 

dOi 

dx 

a«M 

fide , 9#, 

d0 % dOA 

\du 

dv 

dv 

du II 

* du dv 

dv du 1 


are the coordinates 


of a net parallel to A. 

1 6. A necessary and sufficient condition that a net A and a parallel net A' 
defined by (12) be radial transforms of one another, to within a translation of 
either net, is that h=l= const., say c; then if A' is a radial transform, x f = cx. 

17. A necessary and sufficient condition that two nets, A' and A", parallel 

to A and determined by pairs of solutions h u l\ ) and h 2 , l % of (13) be radial trans- 
forms of one another, to within a translation of either, is that — const. 

h\ i 1 

18. If more than two ruled surfaces of a congruence are developable, all 
the ruled surfaces are developable and the lines of the congruence are concurrent. 

1 9. If A is a radial transform of a net A by means of a solution 6^ of 
the point equation (1) of A , the minus first and first Laplace transforms of A are 
radial transforms of the corresponding Laplace transforms of A, the respective 
functions being 

,, b dO - a 9 6 

db_ du’ 9 _9aF 

3 u dv 


20. If is a radial transform of a net N by means of a solution 0 of the 
point equation of A', and 0 X is any other solution of this equation, then dJO is 
a solution of the point equation of N. Show that the Levy transforms of N 
and N by means of S x and 6i/6 are radial transforms of one another. 

21. If G and G x are parallel congruences and lines be drawn through 
the focal points of each parallel to the lines joining the corresponding foci of 
the other to the origin, the two nets determined by the intersections of these 
pairs of lines are in the relation of a radial transformation. 



Chapter II. 

Transformations F. 


15 . Fundamental equations. In this chapter we are 
concerned with the determination of all nets N x such that for a net 
JVj and a given net N the lines joining corresponding points form 
a congruence G conjugate to N and Wi 9 ). These transformations 
of N into nets N x are fundamental in a general theory of nets, 
and we call them the fundamental transformations , or for the sake 
of brevity transformations F. We say also that N and N x are in 
relation F. We call G the conjugate congruence of the trans- 
formation 10 ). An example of this relation is afforded by two parallel 
nets and the lines joining corresponding points (§ 4). Also the 
second theorem of § 6 and the last theorem of § 11 may be stated 
as follows: 

When two congruences are conjugate to a net , corresponding focal 
nets are in rclaiioyi F, or are radial transforms of one another . 

When two nets are harmonic to a congruence, they are in relation F. 
or are radial transforms of on another . 

We turn now to the general study of this relation. From 
the second theorem of § 5 it follows that if N and N x are in 
relation F , the direction-parameters of the conjugate congruence 
of the transformation are proportional to the coordinates f of 
a net N' parallel to N, and also to the coordinates x\ of a net A ' 
parallel to N x . Hence these coordinates must satisfy a relation 
of the form 


9 ) A statement of the history of these transformations is given in the Preface. 

,0 ) Two nets in the relation of a radial transformation (§ 14) satisfy this 
requirement, since all the lines of the congruence meet in a point, and then 
every ruled surface of the congruence is developable. However, we exclude 
this exceptional case from the definition of transformations F. 
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where, as follows from § 14, 0 ' is necessarily a solution of the 
point equation of N'. 

The coordinates x x of N x are necessarily of the form 


( 2 ) 


x x 


X—yX 


where 0 is to be determined. The coordinates x f are given by 
equations of the /orm (cf. I, 12) 


(3) 


8 x ^ dx dx' j dx 

du 1 du' dv dv * 


Hence the first derivatives of Xj are reducible to the forms 


(4) 


dx x 

l e> «\ 

du + 1 1 

n 

dO ' 

86)' 

du 

It - ") 

\h 

du 

8 u t 

dx x 

(-r-> 


(_L 

de' 

dO' 

dv 

dv + 1 1 

i l 

dv 

dv , 


From these expressions it follows that N t is parallel to iV', if, 
and only if, 0 and O' satisfy 


(5) 


do'__ h do df_ __ d_e_ 

du 1 du' dv dv ' 


Expressing the condition of integrability of these equations, we find 
from (I, 13) that 6 is a solution of the point equation of N , namely 


(6) 


d 2 0 9 log a 8 0 . 8log& dO 

dudv dv du du dv' 


Moreover, from (5) it follows that O' is the corresponding solution 
of the point equation of N' (cf. § 4). Conversely, if 0 is any solution 
of (6) and 0' the corresponding solution of the point equation 
of N r , then (2) defines an F transform of N. Hence: 

Any transformation F of a net N is determined by a net N f 
parallel to N\ such that the joins of corresponding points of N and N r 
are not concurrent , and by a solution of the point equation of N; 
and any such net N' and a solution determine an F transform . 
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In consequence of (5) equations (4) may be written 


dxi 

x dx x 

dxi 

cr dx \ 

du 

h du 7 

dv 

l dv 

have put 




X — 

hO — O', 

a — le- 

-O'. 


By means of (1), (3), and (5) equations (7) are reducible to 

M _JL L' 9 1 — O' —) dXl — lx' —~ — 0' —\ 

{y) du ~ 0'M 9m/ 9m ~ 0' 2 \ dv 9m/’ 

which, in consequence of (2), are equivalent to 


" | Q 

9m 9 m 

9 0 . 9a; 

~9m~ + 0 "9m 


dx i 

X 

du 

~w 

dx i 

a 

dv 

~ W 


From (9) it follows that the point equation of N y is reducible to 


(ID 

where 

( 12 ) 


du dv 


9 log Mi 9 0i . 9 log bi 9 
9m 9/t 9 m 9m’ 


r T 7 a 


This equation may also be put in the form 


du dv 


9lo ga 

h 

do\ 

dv 

O' 

dv! 


l d_6\ dO L 

O' du j dv 


In consequence of (I, 37) equations (2) can also be given 
the forms 


* + JU*3L 

O' x + O' 


<s . Olz 

~¥ x + -V 
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From (8) and (I, 18) follows 
(15) t — a — (fO . 

Incidentally we observe that t and a satisfy 


(16) 


Suppose we have any congruence G. There is a net N con- 
jugate to G (§ 8), and a net N' parallel to A r whose coordinates x' 
are direction-parameters of G (§ 5). Each radial transform of N', 
say N[, determines an F transform of N, and Ni is parallel 
to A 7 ' . Since there is an infinity of parallel nets A 7 , satisfying 
this condition (§ 5), we have the theorem: 

If the coordinates of a net are the direction-parameters of 
a congruence, there are an infinitg of nets parallel to the former 
net and conjugate to the congruence. 

As a corollary we have: 

If two congruences are parallel, ererg net conjugate to the one 
is parallel to oo 1 nets conjugate to the other. 

For, if N is a net conjugate to the first congruence, there is 
a net A 7 ', parallel to N, whose coordinates are direction-parameters 
of both congruences, and by the theorem there are co 1 nets conjugate 
to the second congruence and parallel to A 7 '. 

1 6. Inverse of a transformation F. Parallel trans- 
formations F. Evidently N can be looked upon as a transform 
of N x and now we seek the functions 0 _1 and (0')“’ giving this 
transformation. Since the roles of A 7 ' and N[ are interchanged 
it follows from (1) that 

(17) (0')- 1 - 

Hence if we make (2) conform to 


o<r dn \ogb 9 , 


„ 9 , 0 

ft ii - lov , , 
J du s b’ 


„ 9 i 0 

er-^iog-, 


■ log ay . 


( 18 ) 


X — Xi 
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we find that 

(19) 0~' = -y. 


It is readily verified that equations (7) are satisfied by these values 
of 0 -1 and (0') -1 - Hence 6~ 1 is a solution of (11). Moreover, 
we have 


( 20 ) 


' 8 _ 

du 



8 

dll 



1 




Hence equations (9) can be written 


(21) 






y 



From these equations follows: 

If N and N\ are in the relation F determined by a solution 0 
of the point equation of N, and 0 -1 is the solution of the point 
equation of N x likewise determining the transformation , the radial 
transforms of N and N x by means of 0 and B~ x respectively are 
parallel . 

We have observed in § 15 that two parallel nets are in 
relation F, since they are conjugate to the congruence of lines 
joining corresponding points. We wish to find the form of equation (2) 
in this case. 

From (9) we see that: 

A necessary and sufficient condition that N x be parallel to N 
is that 6 be a constant. 

Now O' also is a constant, which must be different from zero. 
Hence the equations of the parallel transforms are of the form 

Xi — x — ex', 

where c is an arbitrary constant. 

In a general transformation F the function 6 corresponding 
to a given S’ is determined by (5) only to within an additive 
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constant. Suppose we consider the transforms Ni and iV 2 , corre- 
sponding to the values 6 and 9 -f c, where c is a constant and to 
the same 9'. Now the coordinates of N t are given by (2) and 
those of N 2 by 

9 + c , 

J\, — X ; X . 

9' 

From these follows 

•^'2 X \ 

In consequence of the above results we have: 

When the conjugate congruence of two transformations is the 
same, and the tivo functions 9 differ by an additive constant while 
9' is the same, the two transforms are parallel to one another. 

In the definition of transformations F we have required that N' 
be not a radial transform of N. It is readily shown that in order 
that N', parallel to N, be a radial transform of N it is necessary 
and sufficient that x' = cx, where c is a constant. In this case 
corresponding solutions 9 and 9' of the point equations of N and N' 
are in the relation 9' — c9 + d. Substituting in (2), we have 

xd 

Xl " dT+d’ 


that is iVi is a radial transform of N. Conversely, in order that 
(2) define a radial transform of N it is necessary that A" be 
a radial transform of N. Consequently, if the restriction is removed 
from the definition of transformations F, radial transformations 
form a sub-group of transformations F. But we shall retain the 
restriction and thus distinguish between the two types of trans- 
formations. 

17. Harmonic congruence of a transformation F. From 
(20) and (21) we have 


(22) 


(9- 1 

dxi 

e 

dx 

30~ x 

3 u 

dO 

du 

d n 


d u 


0- 1 


0 

dx 

T 

CO 1 

dv 

d£ 

dv 

dv 


dv 



Hence the corresponding tangents to the curves u — const, of the 
nets N and Ni meet in points of a net which is a Levy transform 
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of A T by 0 and iVj by 0" 1 , and likewise the tangents to the curves 
o — const. Furthermore as follows from the theorem of Levy 
(§ 8) the line joining these points of intersection generates a con- 
gruence harmonic to the nets N and Ni. Hence we have the 
following converse of the second theorem of § 15: 

When tivo nets N, i\\ are in the relation of a transformation F, 
their corresponding tangent planes meet in a line generating the 
congruence harmonic to N determined by the function 0 and harmonic 
to Ni determined by 0 ~ 1 . 

We call this the harmonic congruence of the transformation. 

From the above theorem and the second of § 15 follows: 

If N is a net and O a congruence harmonic to it, the nets 
harmonic to O are obtainable from A r by transformations F involving 
the same function 0, or by radial transformations of N. 

Since 0' is determined by (5) only to within an additive constant, 
we have as a corollary to this theorem: 

All the nets obtained from N by transformations F deter- 
mined by the same function 0, and differing only in the additive 
constant of O', are harmonic to the same congruence, and consequently 
their tangent planes form linear pencils. 

The coordinates of the point of intersection of the conjugate 
congruence of a transformation F and the hyperplane x L - - 0 
(cf. § 1) are of the form 



Since x l and .r r are corresponding solutions of the point equations 
of N and N’, we have the result: 

The developables of any congruence meet a hyperplane in a net. 

In the above case the itli coordinate of N[ is 1 , as follows 
from (1). Consequently N[ also is a net in a hyperplane. 

1 8. Tansformations F and radial transformations. 
Let N(x) be a radial transform of N(x) by means of a solution co 
of the point equation (6) of N f so_that x — x/oo. From § 14 we 
have that the point equation of N is 


0*0 



a 

w 



9 , b 00 
— log . 

du & a) dv 


( 23 ) 


dudv 
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If 6 is any other solution of (6), then 0 — 0/co is a solution of (23). 
Also it can be shown that if y is a solution of the adjoint of (6), 
then y = <poo is a solution of the adjoint of (23). 

From (16) it follows that if r and a are functions of the trans- 
formation F of N by means of 6 and <p. these functions, i and cr, 
serve also for the transformation F of N into a net jV, (a 7 , ), deter- 
mined by d and Hence similarly to (20) and (21) we have 


54) 

!5) 


3 U-U,-? (JU r- 8 - ["), -UJ-) 
3 a \ Q-' I 9 if \ o ! du \ 0 I dv \ q-i ) 

3 j Xj \ _ 3 / ./• \ 3 / ,r \ 9 / 'jCi \ 

du \ 0— i / 9 it \ 0 / 3 it \ 6 j ’ dr \ q— i / 

From these equations and (21) we have 



(26) 


•Cl _ 

iH ^ f) ~ v> 


to within an additive constant of integration. If we define a 
function w, by 


e(|uations (24) become 


(27) 


3 / «i \ 
du \ e - 1 / 


O-'m, -- 0~\ 

d I co \ d I co l \ d / o>\ 

du \ 0 )’ dr \ 0 ~ ' / a dv \0 }’ 


Comparing these equations with (21), we note that «i is a solution 
of the point equation of A 7 ). Hence from (26) it follows that Ni is 
the radial transform of Ni by means of Thus by the quadrature (27 ) 

we obtain a net Ni which is an_F transform of N. Moreover, 
there are an infinity of such nets Ni, since co c — wi + cO _1 , where 
c is an arbitrary constant, satisfies (27). Hence: 

If N and N are nets in the relation of a radial transformation, 
and jVj is an F transform of N, there can he found by a quadrature 
oo 1 nets Ni, which are F transforms of N and radial trans- 
forms of Ni. 

When in particular 0 =- «, then 6 — 1 and consequently N 
and the nets Ni are parallel, the functions being cd~ l . Hence: 
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A transformation F is equivalent to the combination of a radial, 
a parallel and a radial transformation u ). 

19. Transformations F with a common conjugate 
congruence. Suppose we have two solutions 0i and 0 g of 
equation (6). We seek the two nets obtained from N by trans- 
formations F determined by these respective functions and by 
a net N' parallel to N. We denote these nets by N^i and N->, 1 12 ). 

The point coordinates of Wi,i and 1 are expressible in 
the forms 

/OQi 01 / 02 / 

( 28 ) x u x*l=x-^-x, 

wliere Oi, 0[ and O 2 , 0^ are pairs of corresponding solutions of the 
point equations of N and A”, that is 0[ and 0’> are obtained from 
<)\ and 0-2 respectively by quadratures of the form (5). 

We consider the functions 


129) 




fli 

o[‘ 


From (2) and (1) it follows that these functions are solutions of the 
point equations of A'i,i and Ni,i respectively, and their derivatives 
are in relations analogous to (7). Hence a transformation of Ni . i 
is given by 


(30) 


O2 o[ 

•ci, i 


Oi 0! 2 


0 2 


•ci.i- 


By substitution we find that this expression is reducible to that 
of # 2 , i, given by (28). Hence N>,\ is the transform of A^i by 
means of JV{j, and the functions (29). It follows then from § 16 
that xVi.i is obtained from A r 2 ,i by the functions Oi — O 2 Q'jo'i 
and O[/02. 

20. Transformations F determined by the same func- 
tion 0. Let N' and N" be two nets parallel to a given net A’ 

n ) In fact Jonas developed the transformations from this point of view 
(see Preface); this theorem follows also from the first of § 16. 

12 ) In this notation the first subscripts refer to the subscripts of 0i and 0 '* 
and the second to the subscript of common function, c>i, determining the con- 
jugate congruence. 
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which are not radial transforms of one another. The coordinates 
x and x" of N’ and N" respectively are given by quadratures 
of the form 


dx! 

du 

1 dx 

ou 

dx! 

dr 


dx" 

du 

7 dx 

- *• JTr 

dx" 

dv 

1! 


Avhere hi, k and h->, h are pairs of solutions of equations (1, 13). The 
coordinates x' and x" are the direction-parameters of two congruences, 
O' and O" respectively, conjugate to N. By means of them and 
a solution 0i of the point equation of N we obtain two transforms 
.\j,! and Ah , 2 of N, whose point coordinates are of the respective 
forms 



It is our purpose to show that Ni,i and A 7 !, 2 are in relation F. 

There is a net which is the F transform of N" by means 
of 0{' and A 7 '. Its coordinates are of the form 

(33) <i = x"-Sx'. 

Vl 

Differentiating* and making use of (19), (31) and similar equations 
for B\ and 0", we get 


<34) 


3 ^ 1,1 

du 

dr 


— M'— MO — • 

T 1 

— (h e[' — 1 2 e[)-~ • 

Oi 


dXi,i 

du 

d X \, i 

d v 


Hence A'i" as defined by (33) is parallel to Ah,] 1S ). 

We have seen that the solution of the point equation of Ni,i 
giving A T by the inverse transformation is — Oi/d[. When x,\,i in 
(34) is replaced by this value, we have by a quadrature a solution 
of the point equation of N"\. By means of (20) we find that the 

13 ) We have used the notation x”\ to mean that the net is parallel to 
N l x and determines a congruence G r " conjugate to N^ v 
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corresponding solution of (34) is — Hence a transformation F 
of Ni t i is given by equations of the form 

(35) 

VI 


By substituting the above values we find that this expression is 
reducible to the second of (32). Thus iVi, 2 is a transform of iVi,i 
by means of the same function, — Oi/S[, which gives the trans- 
formation of iVi t i into N. Hence we have the theorem: 

If a net N is transformed into tivo nets Ni t i and iVi, 2 by 
means of the same function 0 V the latter two nets are in the relation 
of a transformation F; moreover , in the triad of nets N, andJS \ )2 . 

any two are the transforms of the third by means of the same solution 
of its point equation . 

Hereafter we say that three nets so related form a triad under 
transformations F. Now equation (33) may be interpreted as follows: 

If the nets N, N v and N 2 form a triad , and if N' and N" 
are the nets parallel to N determining the transformations from N 
to N 1 and N 2 respectively, the net N"\ determining the congruence 
of the transformation from N x to N 2 can be so placed in space that 
it is an F transform of N", the conjugate congruence of the latter 
transformation being determined by N' . 

As a particular case of this result, suppose we use for the 
coordinate x in \ Then the two transforms are the nets in which 
the hyperplane x in) — 0 is met by the lines of the two congruences, 
and in accordance with the above theorem these two nets in the 
hyperplane x (,l) — 0 are in the relation of a transformation F . 
In general, we have: 

If a net N is conjugate to two congruences G f and G", the 
developables of these congruences meet any hyperplane in two nets 
in the relation F \ 

We shall prove the converse of the above theorem: 

If two nets Ni and N%, tratisforms of a net N by means of 
congruences G f and G f , are F transforms of one another, the three 
nets form a triad, unless Ni and i \ r 2 are parallel transforms of N. 

Let the coordinates of x\ and of Ni and N$ be given by 


Oi , 

Xl = x —j~ x , 

Vi 


@2 tt 

X2 = X—-~ffX . 

V 2 
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If these nets are to be in relation F, it is necessary and sufficient 
that on the lines joining corresponding points there be focal points, 
that is that there exist functions A x , /■■>, i*i, p 2 such that 

9 

[X, + ). x (x x — r*)] = | » x (x t —X»), 
ou 

0 

— [x x + X 2 (,t 1 — a;,)] = Hi (x x — x 2 ). 

0 1 : 

When the above values are substituted in these equations, we get 
equations of the form 

A x x' + Bi x" + Ci |^ == 0, A, x' + B, x" + C t ~ = 0. 

ou ov 

Evidently we must have 

A x = B x = Ct = A t = B t = C 2 = 0. 


These conditions are equivalent to 


(1 -1- i x ) T\0 " — k l T i 0' 1 0, 

* a" L_lh L \_n 


(1 + ^ 1 ) °i02 r — 0, 


Vs 8 g~ + d x 0 " U 


0? + 02 02' Ur 


^St ' 0 J~ 4" did 2* lf^2~ 


'■ 0, h da da' |i“a" 


If = ffj = r 2 — <r 2 = 0, then \ = l x = const, and /«a — = const. 

(§ 4), and consequently O' and O" are not distinct. If d x and 0 2 
are constants, then N x and N 2 are parallel (§ 16). Excluding these 
cases, we find that the above equations necessitate d 2 /d x = const., 
that is N, A 7 ,, JV 2 form a triad. 

31. The theorem of permutability of transformations F. 
The equations (1) and (2) apply to any pairs of solutions of the 
point equations of N and Ni,i. Making use of (1), (2) and (18) 
we can show that any solution of the point equation of AT x ,i is 
expressible in the form 


(36) 


di» — d* -A, o' 2 , 
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where 0 2 is a solution of (6). Incidentally we remark that from 
(21) it follows that 



This function 0 V , determines a transform of A r i,i such that its 
points lie on the lines joining corresponding points on Ni t i and Xi <2r 
that is, O'" is the conjugate congruence. From (33) it is seen 
that the corresponding function »['■> is given by 

(38) o’ll = e'-I-^o',. 

Hence the coordinates of the transform N V2 are of the form 


(39) 


%12 -- A ,1 


0 2 0 [ — 0 1 0' 2 m 

A" fit a n a rXl * 1 ' 

(7 2 t/1 U\ f7‘2 


The function 0 2 and the congruences O' and G" define two 
transforms of X, namely AA, and N 2 , 2 , whose coordinates are 
respectively of the forms 

(40) .f% 1 — or ~r • ■*% 2 — x — -Jr a" • 


Corresponding points of the nets X, X\ <2 and A 2. 2 lie on a line, 
and from (29), (32) and (40) we have that N 2 , 2 is a transform of 
•Vi, 2 by means of the function 

(41) # s — 

0 1 


In like manner it follows from (29) and (35) that X i2 is obtain- 
able from A r i,, by means of the function On — 0i0" 2 /0". But by 
means of (36) and (38) we show that this expression is reducible 
to (41). Hence X 2<2 and Xu, being transforms of Xi }2 by means 
of the same solution of the latter’s point equation are themselves 
in relation F. We wish to show further that JV 12 bears to 
A t 2,2 and i\ T 2) i a relation analogous to that born to X hl and Ab- 
used to determine A' 12 . 
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Since iV T 2 ,2 and N2, 1 are obtained from N by 0*, they are in 
relation F. The corresponding net parallel to iV 2 2 is defined by 
equations of the form (cf.(33)) 

(42) = x'- “,/.r" 14 ). 

#2 

A solution of the point equation of is 


(43) 02i=0i — -pr »[', 

and the corresponding function 0a" is given by 


(44) 


02l" = 01- 


02 „ 
W 1 ' 


The net N 2 1 obtained by this transformation is defined by 
equations of the form 

(45) ~ -oiW-eW 1 ' 2 ’ 2 - 


Making use of the above values, we find 

(fil 60 O2 Si)x' -f™ (#2 01 — #1 62) X ,f 


(46) X\ 2 — :r — x 2X - 




e'iO 'l 


o'i'e ' 2 


Hence the nets N \ 2 and N 2 i coincide and the congruences (V 
and (?"" are conjugate to iV2,i 15 ). 

In view of the above results 
we have that when two nets N ' 
and iV" parallel to N are known, 
and two solutions 0 t and 0 2 of 
equation (6) are given, the four 
functions 0[, 0 ", 0 2 and d 2 (each 
involving an additive constant of 
integration) can be found by as 
many quadratures. When these 
are known, we have a group of 



14 ) The mark "" indicates that the net is the parallel to N 2 2 determining 
the conjugate congruence 

15 ) Of. Jonas, Sitzungsberiehte Berl. Math. Gesell., vol. 14 (1915), p. 103; 
also Transactions, vol. 38 (1917), p. 111. 
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six nets pictured schematically in the fig. 4 by corresponding points 
of these nets. We say that any four nets as N, N 2t2 , N x2 , 
such that the first and fourth are in relations F with each of the 
second and third form a quatern. 

We note that N XtX and W 2 , 2 determine the additive constants 
in ei and 0 2 , but that the additive constants of 0 2 and 0 " are 
arbitrary and consequently there are 00 8 transforms N 12 of a given 
N 1>x and JV 2)2 . However, it follows from (33) and (42) that when 
one of these constants is fixed, the 00 1 transforms N x2 are conjugate 
to the same congruence. 

We may gather together the foregoing results into the following 
fundamental theorem of permutability: 

If N XiX and W 2i2 are two transforms of N by means of functions 
and 0 2 and congruences O' and G" , there exist 00 2 nets N X2 , 
each of which is an F transform of \ and N 2<2 , their determination 
involving two quadratures; there are obtained incidentally two other 
nets A 2, 1 and N x<2 such that N 2tX) N Xf 1 , N 2<2 , N X2 is a quatern , and 
also N, N 2 < i, N x , 2> N 12 , Moreover , the six nets can be associated into 
the triads N, N Xt x , N x<2 ; N, N 2t x , N 2>2 ; N Xt2 , N 2-2 , N X2 ; N 2yX , N X}X , N X2 . 

Any set of corresponding points in the above configuration 
A are the vertices of the complete quadrilateral formed by corre- 
sponding lines of the four conjugate congruences of the trans- 
formations. Each point generates a net which may be taken in 
place of N as the given net from which the configuration is obtained. 

With each net there are associated two parallel nets whose 
coordinates are direction-parameters of the two congruences con- 
jugate to the former net. These twelve auxiliary nets may be so 
chosen that they may be constituted into four groups such that 
corresponding points of the three nets of a group lie on a line 
through the origin (cf. (1)). These four groups are N 1 , N x , x , W 2)t ; 
N", N[\ 2 , N' 2 ' x , N[[ i, N' x % N’& Nfl, Nfi, Air 6 ). 

In consequence of (32), (36), (38), (40) and (43) equation (46) 
can be written 


(47) 0 X2 X X2 0 2 # 1,1 4~ X‘2 t 2 j -f- {o" 2 ■— 6 21 0i 2 j X. 


16 ) In this notation N ',[) means that the radius vector is parallel to a line 
of <?'" and the net is parallel to Nt,§. 
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From the expressions (36), (38), (43) and (44) we find 

(48) til 0l2 — 02 021 * — "7 ~ (02 021 + 01 012 012 02 l ). 

&1 ^2 

Hence the above equation may be written 

( 49 ) 0 i 012 #12 = + (02 021 # 1 , 1 + 01 012 # 2,2 012 021 #*)• 


From (34) it follows that the functions hn and h 2 of the parallel 
transformation determining Q "' the congruence conjugate to N hl and 
JVi 2? have the values 


(50) 


hi Oi — h 2 0i 




— . *12 - 


40"— 405 


0*1 


The functions t 12 , oi 2 , <f 12 of the transformations from 1 into 2Vi 2 
are given by equations similar to (8) and (15), namely 

(51) ri2 — - hl2 012 01*4 0*12 Z 12 012 012 f ) <f 12 012 =: ^12 012* 


In consequence of the above values these functions have the 
expressions 


(52) 


1 01 02/0: 


01 


^12 


*1 0i 02 \0i 
1 01 02 ! /0* 


021*1 + “277 012*2+ 012 021 I , 


02 

«i \>| 02lff, + w 012ffs 


+ 012 02l|? 


1 0i 

/ (*1°2 *2 °1 + <|Pl 02 02l)» 

Ol^l (/« 


In an analogous manner the functions h 2 i and hi of the trans- 
formation from 2 to are of the form 


(53) 


, /^2 02 Al 02* . 4 02 4 02* 

021 — 1 > 4l “ ; 


*2 


and the values of the corresponding functions r 2 i, <r 2 i, f/ 21 , defined by 
(54) 1*21— /e 2 l 021 021**7 °21— 4l021 02*1*7 ^21021— *21 °2l> 


4 
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are reducible to 


(55) 


<jT21 


Tg 1*21 Ti Ti2, 

1 °t 
r 2 Oi 


( t 2 ff l <T 2 -|- f/ 2 01 012). 


Consider in particular the case when A 7 ^* is a parallel trans- 
form of iV. If we take 

0 2 0" = 1 , 0-' 0, 

then 

012= 012 = 1, 


and consequently JV12 is a parallel transform of A) , i . From (43) 

we have 

021= 01—01', 

and consequently from (49) 

(56) 01 (.r, 2 — .1-2,2) - (01— 0") (.'1,1—1'). 


Since 0" involves an additive arbitrary constant, we have the theorem : 

If Ni is any transform of a net N and N 2 is parallel to N, there 
are oo l transforms N v > of N\ and N 2 which are parallel to Ni; corre- 
spondiny points of these nets lie on the line throuyh M 2 parallel to AIAf . 

Consider also the case where 0 2 — 0i -\- e, <■ being a constant. 
We have accordingly 


02 - 01 +r', 0 " — 0"+ 1 


(57) 1 


012 


01 

01 


021 


i 

~ ,+ w 


0rf 


0 " 


where e! and <•" are constants. If r — 0, 0i 2 is constant; it follows 
from § 16 that N v > is parallel to Ni tl . Also N 2 , 2 is parallel to N r > 
if c"= 0. 

In order to determine the effect of the additive arbitrary 
constants of 0 2 and 0", we replace them by 0 2 +(c — 1) and 
0l'+(e — 1) in (33) and (36). If we denote the new functions by 
x e [x and 0 c2 , we find in consequence of (1) and (19) 

(58) a>"i - 4'/i— 


(e — l)x{, 


0c2 012 “f”(c 1)0J 1 . 
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Hence the oo 1 nets Nw obtained by varying c and holding e fixed 
are conjugate to the same congruence conjugate to A 7 i,i also; 
similarly as e varies and c remains fixed the oo 1 nets A t i 2 and N 2i2 
are conjugate to the same congruence. 

The foregoing formulas are interesting also in another connection. 
Thus if we look upon A 7 and a net A 7 i 2 as F transforms of N 2 , 2 , 
there are 00 3 nets, including iVi,i, each of which forms a quatern 
with N 2 , 2 j N and iV i2 . The above results lead to a means of finding 
these nets N Ct6 . In fact we replace by the transform of 2? 
by means of the functions 

(59) e c — Oi + (<' — 1 ) 02, w (e) = x -f (e — 1 ) x", 


the quantities x (e) being taken as direction- parameters of the con- 
gruence of the transformation. Now we have 


(60) 

0.X (e) d.r 

0 it 'bit' 

d d j ' 

' br ^ h T< ’ 

where 

(61) 

also 

h e 7i, -)- ((.- — .1 ) h-2- 

!<• - h 4" (e — l ) (» ; 

(62) 

O'f ^ »2+(e— 1)«". 

0{'4-(c-l )0", 

Of — - e'l 4- (c— 1 ) (>'■> -V (e — 

l)»"4-(e — l)(e — 1)0". 

When these values are substituted in the following expression which 
is the analogue of the right-hand member of (46), it is found that 


the result is reducible to the latter: 


(■ 9c 0 2 — 0" 0c) r (e) + ( 0f 0c — 0f 0%)x" 

(( 53 ) _____ 

Hence : 

Let arid N 2}2 he F tram for ms of N by means of functions 6^ 
and 02 , x and x" being the direction-parameters of the congruences 
of the transformations; if N C}e is the transform of N by means of 
0i + (c — 1) 0 2 and a congruence of direction-parameters x ' + ( e — l)a/ ; , 
c and e being constants, the 00 2 nets N 12 forming quaterns with N, 
Ni y i and N 2i2 form quaterns also with A 7 N c , e and N 2f2 whatever 
be c and e . 
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22 . Derived nets and transformations F. If N(x) is 
a net with the point equation (6), and 0 t and $ t are solutions of 
(6), they determine a derived net A/(x) of N (cf. § 11), whose 
equations may be written 


(64) 

where 


x — x-\-p 


dx 
3 u 



(65) 


P 




LL Hi KM 

/! \ 1 dv 2 dv ] 9 


dO_i 

du 


0 i 


sf 

d0 2 
d u 


di 

d0 2 dQ t 
da dv 


d0 2 dd A 
dv du' 


Let 6$ be another solution of (6), and N' a net parallel to N. 
An F transform N s of N is given by 


( 66 ) 


#3 f 

x~ - r x . 


The functions On and 0 81 > defined by 

(67) 
where 

( 68 ) 


0&i Oi \ Oi (? — 1 ? 2) ? 
#3 


d6i 

"du 


l (i _ 1,2.3), 
du dv dv ’ ' 


are solutions of the point equation of N a . They determine a derived 
net iV 3 of N 3 , whose coordinates are of the form 


(69) 


x 3 




d 

du 


+ a 


9*a 
‘ dr 


where % and q a are given by (65) when 0, and o s are replaced 
by 08i and 0 M respectively. 

From (66) and (67) we have 

dx 3 _ 0 8 h — 08 / , 308 , 3x-\ 

du ~ Ol* r 0M du r 

& Og ^ 0$ / t dO 8 9^1 

at - ~~w~ r ~dv~~ ^ Tvh 
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a 03 1 

Osh — Os 

( #i 

9 0» _ 

du 

0s 8 

9 n 

9 03i 

Osl— Os 

(«; 

90s 

dv 

08 2 

9 ?’ 


h 9 «.!’ 




On substituting these expressions in (69), the resulting expression 
in reducible to 


(70) 


where 


*1 

«2 

08 



0i 

02 

08 



0x 

02 

08 

90J 

90 2 

90s 

+ 

9# 

0, 

02 

08 


dx 

0! 

0 2 

08 

9 m 

9 if 

9 if 

9 it 


9 v 

90 t 

90 2 

80s 



90! 

902 

90s 



90, 

CD 

t© 

90, 

9 /; 

9r 

9 ?; 



dv 

9?; 

9i; 



9 ft 

9 if 

9 m 

802 

90s 

_ 902 

90s 

)+«( 

903 

90, 


908 

90/ 


L 9?; 

9 if 

9 it 

9u 

9f 

9 ?f 


9 if 

9?; , 

1 


+ 03 | 


90i 90 2 90i 90 2 


9 v du 


dll dv 


)• 


Since 0[ and 05 are solutions of the point equation of iV 7 ', 
a derived net N' of iV' is given by equations of the form 


— / f , / d x . t d x 

x “ * +* -sir + 5 "sr- 


where p' and q ' are obtained from (65) by replacing 0i and 0 2 by 
0i and 0o. From equations analogous to (I, 68), we find 


where 


9 x -j 9 x 

— — u h — 

du du 


dx' 

dv 


dx 
dv ? 


h — 


6[ d6 ' 


dv 


A' d0 ' 

° 2 IV 


A 901 A 901 ’ 

"i -ar; "2 ■ 




*- 90 ’ 


9w 


05 


, 80i 


du 


dv 2 9r 

Consequently N' is parallel to N. 


0 1 


90s 

9w 


90! ‘ 
du 
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The functions 0 S and 0' a defined by 


ft 




90s 
3i? 1 


Os * — #8 “I" p' 


de f s , , del 

~9tT 


are corresponding solutions of the point equations of N and N'. 
Hence quantities of the form 



are the coordinates of an F transform of JV. When the aboye 
expressions are substituted in this quantity, it is reducible to (70). 
Since $1 and o!>, as given by (68) involve additive arbitrary constants, 
there are_oo 2 nets N $ . Hence we have the theorem: 

If N is a derived net of N and N$ is any F transform of N f 
there can he found hy two quadratures oo 2 nets JV 3 , each of which 
is a derived net of iV 3 and an F transform of N. 

23. Derivant net and derived net of two transfor- 
mations F . We note that the corresponding points of six nets 
in the relation of the theorem of permutability are coplanar. From 
the second theorem of § 11 it follows that these planes envelope 
a derivant net N of N. Since the four congruences of the con- 
figuration are harmonic to N, it is a derivant net of each of the 
six nets. By means of (32), (40) and equations similar to (8) and 
(15) the expressions (I, 67) for the coordinates of N are reducible to 


(71) 


T { (f 2 T* ( >\ , Oo 

- oX 


T t o» — r 2 o, , Oo 


0 1 0, 


-X + —<P \X^o 


0\ \ . 

0[ 

— it 502 ^ 1 , i- 


From § 17 it follows that corresponding tangent planes of N, 
Ni t i and N 2 , •< meet in the point which generates the derived net N 
of N determined by the solutions 0 1 and 0» of the point equation 
of N. We shall show that the corresponding tangent planes of 
the 00 8 nets N 12 pass through this point. In fact from (I, 66) it 
follows that the coordinates x of this point may be given the form 


x — x + 


9 j 0s \ 

dx 

3 / 

ex 

dx 


dv \ 8t I 

du 

du \ 

i e l 1 

dv 


a r 9 1 1 \ 9 

/0 2 \ 

3 

1 1 

1 9 

/* 11 

L3«: ' 07 1 dv 

‘ 0 , I 

dv 

u 

1 du 

\0, !J 
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Consider now the net M,i and look upon N and a net N V2 as F 
transforms of it by means of 0” 1 — — dje[ and e v ,. The corre- 
sponding formula for this case is 


Xi 


di 


?. (« 4 ) 


9 u 


9 u 


_ 9 _ 

9 u 




9 

dv 



By means of (9), (20) and (37) this is reducible to the preceding 
form. Hence: 

The corresponding tangent planes of N y iV 1?1 . N 2} 2 and the oo 3 
nets Nu meet in the point which generates the derived net of N hg 
means of the functions 0± and 0 2 of the transformations of N into 
JV T i,i and N 2i2 . 

24. The extended theorem of permutability. In this 
section we extend the theorem of permutability so as to involve 
three transforms of N. Let N ly N 2 and N% be these transforms 
of N by means of the functions 0 * and in (i 1, 2, 3), where 


w 1 


Oi 

Of 



W V 2 — 


Of 

1 hf 


Kim =-■ 


O'i 1 " 

0 2 1 ’ 


Applying the theorem of permutability to the three pairs of these 
nets, we get three families of nets N 12 , N 2 3 and A 31 , since ----- A/,. 
From (48) and (49) we have 



Oi OijWij 

Oi Oij ICi/U'ij 


— iCjOjOji + Oidij—eijOji), 

Wj ( Oj Sji.fi -f~ 0 t OijJ’j Oij Oji'j) (i 4 ' J )• 


Since a net N V1 and a net A i3 are transforms of N x , there exist 
00 2 nets N for each of which N x , N v >, N n and A form a quatern. 
It is our purpose to show that one of these nets N is such that 
Ai, N 12 , A 28 , A forn^ a quatern; and likewise Nn, A ]3 , A 23 and A. 

We denote by Oij and Wij the functions by means of which 
Nij is ^transformed into A; from their definition it follows that" 
0^ — Sji and Wij — wji. According as we look upon A as belonging 
to the^one or the other of the quaterns, A i? N 12 , Nu>, A; N tf N 12 , 
N 2 3 , A, the coordinates x of A are given by the respective equations 



56 


II. Transformations F 


(73) 


O 12 B 12 W 12 X — WlS (^18^18^12 + ^12^X2^18 — #12 01**1 )> 
O21O21W21X = tt'23 +23 #28 #12 + $21 #21 #23 — #21 #28#s)> 


which are analogous to (72). When we equate these two values 
for x, the resulting equation is reducible by means of (72) to an 
equation of the form Ax\ + Bx, + Cx = 0. Since A, B and Care 
necessarily equal to zero, we have the following equations of 
condition: 

( __ Ooi 

diWmOn— e 8 %~-— j ~ 0iwn8ia0 a u/ 8 ---- + d 3 wn0'^0iw t 0o :i -- 0, 

02 ^28 028 — $3 % 1 — $2 W>28 023 01 W* 023 4“ 01 Wl8 013 02 ^2 ~“jj — “ — 0, 

018 0*>1 

01 1^12 012 ( #1 % 082 — 02 Wz 081 ) — 01 WlS 013 02 ^2 ' + 02 ^23 023 01 '% 023 ~ 0. 

012 

By subtracting the last of these equations from the first and adding 
it to the second we find that the above system is equivalent to 


l 01 012 1^12 012 ~ W % (0o 021 018 + 01 012 023 — 03 012 02l)> 
(74) \ 01018^13013“ Ws (03 081 012 “f 01013 082 — 02 013 08l)> 

l 02 023 ^28 028 = W 3 (0g 082 021 4" 02 023 031 — 01 023 032)* 


From (38) and (44) it follows that 


(7 5) Wl Wl2 01 012 — W>2 ?#21 02 021 y 

so that the above equations are consistent with the requirement 
that Oij = Bji . When equations (74) are compared with the second 
of (72), it is found that 0 t y is a solution of the point equation of JV 
which is a necessary condition. The analogue of the first of (72) is 


012 012^12 — U ! 18 (018 013 4“ 012 012 — 012 018)- 


Substituting in the right-hand member the expressions for 0 i2 and 01 * 
from (74), we have 
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#1 (012 023 + 013 082 082 028) 

“f~ 02 (028 081 ~f" 021 018 018 03l) 

+ 03 (031 012 4~ 082 021 021 012j 

~ 012 028 081 021 018 082? 

which in consequence of (75) is consistent with the requirement 
that w]j ~ wj t . By means of these results equations (73) reduce to 

(Ox = Xi (02 023 031 “l - 03 082 021 01 028 032) 

J -4-#a (03 031012“!” 01018032 0203101s) 

"h * 3 (01 012 023 4“ 02 021 013 0.3 012 02l) 

X ( 6 12 023 031 ” 1 “ 021 013 082 )* 


o 


01 012 Wl2 012 Wl2 
W 2 IV 3 


Since this expression is symmetrical in the functions involved, it 
follows that N defined by (76) forms a quatern with N 2 , N V2 and 
Nos and also with N z , N 1S and N 2 3 . 

25. Transformations K. We inquire under what conditions 
a net N and a transform Ni meet the lines of the congruence in 
points harmonic to the focal points. From (I, 37) and (2) we have 
that the necessary and sufficient condition is that 

(77) o'^-j(h + l)e. 


When we require that this function satisfy (5), the resulting' 
equations are reducible, in consequence of (I, 13, 18), to 


(78) 


9 . 0 


0lOgl> 
du ’ 


l-logl _ 2 9l0 ? a 
dv B < r do ' 


Prom this it follows that the point equation of N is necessarily 
of the form 


(79) 


__ 0 log Kg dd 0 log V Q 9# 

dud v dv du du dv’ 


where q is defined by 
(80) 


Q(p — 20. 



58 


II. Transformations F 



We note that the invariants H and K of equation (79) are 
equal, or, in other words, N has equal point invariant*. Since the 
same in true of JVi, as shown by (85), we have the theorem: 

In order that a net N and a F transform Ni meet the lines of 
the conjugate congruence in points harmonic to the focal points , it 
is necessary that both N and iV t have equal point invariants . 

Koenigs solved this problem for 3-space 17 ). Accordingly we 
call a transformation of this sort for space of any order a trans- 
formation K. 

‘q Comptes Kendus, vol. 113 (1891), p. 1022. 
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When two nets in the relation of the above transformation are 
parallel we say they are associate 16 ). In all generality equations (84) 
are in this case 

3Xi 1 3 x dxi 1 dx 

3 u Q dll’ d v Q 3 v * 


Suppose now that N has equal point invariants. The know- 
ledge of a parallel net N' gives h and l, and consequently a solution y 
of the adjoint (I, 20) of the point equation which in this case 
is reducible to 


( 88 ) 






Since equation (79) can be written 


(89) 


3 a / 0 \ _ _ 3* / 1 \ 0 

~dud~v\ l 7 q J ~ = ~ 9 dud r \ y Q V \rp 


a solution of this equation is given by (80). It is readily shown 
that 0' given by (77) satisfies (5), and thus we have: 

When N has equal point invariants, each parallel net N' deter - 
mines without quadrature a transformation K into a net Ni, the 
function 0 of the transformation having the value tp • q/ 2, 0 f being 
given by (77). 

2 

In particular, <p = - is a solution of (88). In this case 

0 — 1 from (80) and consequently is associate to N. 

Suppose conversely that we have a solution 6 of the point 
equation. From (88) and (89) it follows that y> = 2 0/q is a solution 
of the adjoint equation. From § 4 we know that by means of 
we find oo 1 nets N' parallel to N, of the form x'-fhx, where x f 
are the coordinates of one of these nets and k is a constant. 
Accordingly we have the theorem: 

When N has equal point invariants, each solution of the point 
equation determines by a quadrature, an infinity of transformations K, 

iH ) This is a generalization of the idea of associate surfaces in 3-space 
[§ 155 and Ex. 22, p. 425], 
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such that corresponding lines of the conjugate congruences of the 
transformations which pass through a point of N are coplanar. 

26. Theorem of permutability of transformations K. 
If Ni and N 2 are two nets, each in the relation of a transformation K 
with a given net N, we apply the theorem of permutability of 
general transformations F, and seek the nets Nn, which are K 
transforms of Ni and N 2 . For this case we must have 

*12 = 0'i2, t 2 \ = 021* 

Since 

(90) Vi — — ffi = — , t 2 — — o 2 = — , 

Q Q 

these conditions are equivalent, in consequence of (52), to 

(91) -ft = 0. 

“i "l 

In consequence of (90) equations (37) for the case of trans- 
formations K are reducible to 



From these equations and similar ones in 0 21 we find that the left- 
hand member of (91) is necessarily constant. Since each term of 
this expression is determined to within an additive constant, there 
are 00 1 sets of solutions satisfying (91). In fact, in consequence 
of (36) and (43) we can put (91) in the form 

(93) lip, _ e » 4. ijA _ e > = 0. 

From (52), (86) and (93) it follows that 

o ^ 12 o ^ 21 

f/12 = 2 , <P21 — 2 — . 

<?1 (?2 

Hence each Nu for which (93) is satisfied is a K transform of N x 
and N 2 . 
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Now equations (48) and (49) become 


(94) e "' 6 ‘ 6J 

l 0 " f) r \ 

01 0'l2Xi2~ On \0i—Xil'2 0i~^~ 0l2~~X^' 

By means of these results the coordinates (71) of the point of 
contact M of the plane of the quatern with its envelope are reducible to 

- 02 01 %2,2 01 02 %l,l 012 01 %12 0\ 012 X 

x ~ 0 " el —6'iBl ~~ " 0ii el— e'lOh * 


Hence M is the intersection of the lines MM 12 and MiM 2 \ con- 
sequently the points M i2 of the oo 1 nets lie on a line, MM X2 . There- 
fore in consequence of the theorem of permutability of general 
transformations F (§§ 21, 23), we have the following theorem of 
permutability of transformations K : 

If Ni and N 2 are K transforms of a net N with equal point 
invariants , there can be found by a quadrature oo 1 nets N i2 which 
are K transforms of N± and N 2 ; corresponding points M x 2 of these 
nets Ni2 lie on a line l through the corresponding point M of N and 
in the plane n determined by M and the corresponding points Mi 
and M 2 of Ni and N 2 ; the plane re touches its envelope at the inter- 
section of l and the line M 1 M 2 ; the parametric lines on the envelope 
form a net to which are harmonic the congruences generated by the 
lines MM U MM 2 , M t M 12 , M 2 M 12 , and the tangmts to this net are 
harmonic to l and MiM 2 . 

27. Transformations F of applicable nets. We say that 
a net N in w-space and a net N in j?-space are applicable , when 
their coordinates x and x satisfy the condition 


n r> 

£dx s = Z,dx\ 
1 1 

which is equivalent to 


dx dx 
du dv 


® ( If ) ( H )■ 

« = 1(11 )=!(§)• 



dx dx 
du dv 1 
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From (I, 3) it follows that the point equations of the two nets are 
the same. Hence_a pair of solutions h and l of equations (1, 13) 
determine a net A 7 ' parallel to N, as well as a net A" parallel to A 7 . 
Moreover, it is^ evident that N' and A 7 ' are applicable. Hence: 

If N and N are applicable nets, the knowledge of a net parallel 
to either enables one to find by quadratures a net parallel to the 
other, to which it is applicable. 

Suppose now that we subject A 7 to a transformation F determined 
by a parallel net N' and a solution 6 of the point equation of N. 
From (9) it follows that the fundamental coefficients of the 
new net are given by 


F\ = 

Gi — 


7* 


(MY -2Zx’^ o' ¥- + 7 A 

^ \dul ^ du 9 u I 

5(2V 


ra 

0 

A 

6 


do 90 
du dv 

9 _ 0 \ 2 __ 

dv 


»' V: +W| . 


dr du 


/ dx , dO 
d v d o 


2 'Zxffi- O' 


-h q'-ay 


We transform N by means of the net N', applicable to A 7 ', 
and the same function 0 used above. In order that N x and JV, 
shall be applicable, the expressions for the fundamental coefficients 
for N x must be equal to the above. Equating the corresponding 
expressions, we get three equations, which in fact are equivalent 
to the two 



By integration we find, to within a negligible constant factor, 

(95) O' ZJ'7 2 . 

It is readily shown that this function is a solution of the common 
point equation of the applicable nets A 7 ' and A 7 '. Consequently 
the F transforms of A 7 and N by means of 6' and 0 given by 
the quadrature 
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are applicable. _Hence 19 ): 

If N and N are applicable nets, each net parallel to N deter- 
mines a pair of applicable nets and A\ which are respectively 
F transforms of N and It. 

We shall establish a theorem of permutability of these trans- 
formations. Let two applicable nets N and N be transformed into 
pairs of applicable nets A\, A\ and JVg, N 3 be means of parallel 
nets A T \ N' and N" , N" and functions 0[ and 0" given by 

( 96 ) ei =2s 2 —2 *' 2 , o" — 2*" 2 —2*"*- 

We apply the results of § 21 to this case and seek whether A’, L > 
and W, 2 are applicable. To this end we take 


MS 


fft 2 

X\ • 


X 1 — rrr2 




- 2 -2xf s . 


Substituting the values of these functions from §§ 20, 21, we get 
( 97 ) (,[' + (d — 2 (2S -2*'^") -- 0 . 

in consequence of (90) we find by differentiation that the left-hand 
member of (97) is constant. We have observed that in the general 
ease 6) and 0>> involve additive arbitrary constants. Hence they 
can be chosen in an infinity of ways to satisfy (97), and we have: 

Of the oo 2 transforms iV l2 and N vl , oo 1 pairs are applicable, 
these cases arising when the constants in 0 " and 6'> are chosen so 
that (97) is satisfied. 

28. Nets corresponding with orthogonality of linear 
elements. Two nets in w-space are said to correspond with 
orthogonality of linear elements, if corresponding directions on the 
surfaces of these nets are orthogonal to one another. We say 
that two such nets are in relation 0 . A necessary and sufficient 
condition that N(x) and N(x) are in relation 0 is [cf. § 153] 


( 98 ) ylf If . 

du 


0, 


dx 


^ 0 X OX , ^ 0 X 

^Ju~dv +j ^JvJu 


0, = 

^ dv dv 


19 ) Transactions, vol. 19 (1918) p. 170. 
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Let (6) be the point equation of N(x) and let 

9 8 0 9 log a 9 0.9 log b dO 

dudv dv du 9 u dv 


be the point equation of N(x). If the first and third of (9b) be 
differentiated with respect to v and u respectively, we have in 
consequence of the second of (98) that N and N have the same 
point equation. Hence: 

When N and N are two nets in relation 0, they have the same 
point equation. 

Prom this result and § 4 it follows that if h and l are a pair 
of solutions of 

n)) dh ,x9loga 9 1 _ « 9 log A 

(99) %v -( l h) dv , du — (« l) dv , 

the nets N'(x’) and N'(x'), whose coordinates are given by 


( 100 ) 


9 x' 
du 


j dx dx' _ . 9a: 

1 du’ 'Jv ~ l ~dv ' 


dx' j dx dx' _ ^ 9.r 

9 it 1 du’ dv dr 


are parallel to N and N respectively. Moreover, from (98) it 
follows that N' and N' are in relation 0. If we say that iV' and N' 
are corresponding parallel nets of N and A', we have: 

If N and N are two nets in relation 0, corresponding parallel 
nets are in relation 0. 

We seek transformations F of nets N and /V in relation O 
into nets A) and A 7 , in relation 0. Let N' and N' be two corre- 
sponding parallel nets of N and N, and let 0 and o' be corresponding 
solutions of the point equations of N and N' respectively, that is 


( 101 ) 


9 0' 9 0 90' . 90 

du 1 du’ dv dv’ 


The equations of the transformations are 

0 , - - 0 , 
x, ~ x— y x ’ X{ ^ x — y x ’ 


( 102 ) 
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From the first we have by differentiation equations (9) and similar 

. dx\ d .7* i 

expressions for — — and . 

dad t) 

When we express the condition that these quantities satisfy 
equations of the form (98), the resulting equations give, to within 
a negligible constant factor, 

d03) 

Since N f and A T/ are in the relation O, this function 0' satisfies 
their common point equation.* 

Hence: 

If N(x) and N(x) are nets in relation () f and N ' (x f ) and 
JV'(x r ) are tiro corresponding parallel nets , the nets and N L which, 
are F transforms of N and N respectively by means of the equations 


(104) j‘[ — x — 

where 0 is given by 




(105) 


d0 

da 


1 _d_ 

7 / d a 


,r t = x — 


0 


dO 1 9 v> , , 

dr l d r ^ J ' T ’’ 


are in relation O. 

We shall establish a theorem of permutability of these trans- 
formations. Let two nets N and iV_in relation 0 be transformed 
into pairs of nets iV t , N t and W 2 , A 7 2 by means of parallel nets 
A 7 ', N' and W", N" and the functions 0[ and 0 " given by 


(106) 0[ = O'! = 


We apply the results of § 21 to this case and seek under what 
condition Ai 2 and N l2 are in relation O. For this to be the case 
we must have 

nff! a "" 

f/12 * 1 ^ X y —1 Jmmi ^ 2 !i • 

where xf and x"" are given by (33) and (42) and xf and x” n have 
analogous expressions. Substituting the values of OrJ and 02i" from 
§21, we have 

(107) 0 " + o’-i — 20c u y + os' as") — 0. 


5 
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In consequence of (106) we find by differentiation that the 
left-hand member of (107) is constant. We have observed (§21) 
that in the general case of the theorem of permutability the 
functions 0” and 0 2 are determined to within additive arbitrary 
constants. Since these can be chosen in an infinity of ways so 
that (107) holds, we have: 

Of the oo 2 F transforms A T 12 and A r 12 arising from the theorem 
of permutability of any nets N and N in relation O, there are oo 1 
pairs in relation 0\ they arise when the constants in 0'> and 0" are 
chosen so that (107) is satisfied; all - these oo 1 pairs of transforms 
can be found by two quadratures , when A' 1; A 7 , and AT, A* are 
known. 

Exercises. 

1. If A is a net of translation (cf. I, Ex. 6), the only V transforms of A 
which are nets of translation are parallel to N. 

2. If N is a minimal net (cf. I, Ex. 7), the only F transforms of N which 
are minimal nets are parallel to A T . 

3. If N is any net and AT is the F transform defined by (2), and (N) u 
(N : ) i and ( N')i are the first Laplace transforms of A, A r , and A' respectively, then 


where 


Gr.). = Cr).-^-(*') lt 


(0), = <9— * 


1 


0 log a 
dv 


dO 

dv ’ 


mi - ft- 


i 

0 logu/i 

0 C 


dO' 

0 V * 


4. If AT is an F transform of a net A, any Laplace transform of N admits 
as F transform the corresponding Laplace transform of Ai, the equations of the 
transformation being 

{0) r ■ 

on)., = - #) -(.a 

where ( 0) r , (Q') r and (. r') r are the r th Laplace transforms of 0 , O' and x'. 

5. If N and AT are in relation F, and <p and <Pi are corresponding solutions 
of their point equations, the Levy transforms of A and AT on the tangents to 
the curves v = const, of A 7 and A x are in relation F , and also the Levy trans- 
form on the tangents to the curves u — const.; moreover, the lines of the conjugate 
congruences of these transformations are tangent to the net which is the F 
transform of A by <p conjugate to the congruence of the transformation from A" 
into AT. 

6. By means of Ex. 5 and § 11 show that if A 7 and AT are nets in relation F, 
and y, <pi and (f’i are corresponding pairs of solutions of the point equations 
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of A and JV, , the derived net of N by <p and </> is in relation F with the derived 
net of Ni by <p x and <p x . 

7. If A 7 and A 7 i are nets in relation F, and A* and A J2 are parallel to A 
and A 7 i respectively in accordance with the second theorem of § 21, corresponding 
lines of the congruences of parameters ,r 2 and x v2 conjugate to N and A 7 j meet 
in a point describing a net forming a triad with A and N t . 

8. Show that if in § 24 we take 0 3 = w s = 1, 0' 3 = 0” ~ 0, the nets A T 3 , 
Ai 3 , A 23 , A are parallel to A, A 1? N V2 respectively. 

9. If N, A 7 i, A 2 , Ni 2 are nets of a quatern, the respective functions 0 2 , 0i2, 
— 0 2 /0", — 0 12 /0' 2 f determine radial transforms A, A r ,, A*, A x2 , forming a quatern 
under transformations F. Transactions, vol. 18 (1917), p. 123. 

10. If A 7 is a net and 0 any solution of its point equation, the equations 
x x = x — cO , where the c’s are constants define a net Ai which is a transform 
of A r , the congruence of the transformation consisting of parallel lines. The 
tangent planes to A' and A 7 , meet in the harmonic congruence of A determined by 0. 

11. If A and A 7 are applicable nets, the equations x\ — x — cO, !c\ = x — ~cd 
determine applicable nets A^i and At, if 0 — 2 c x — — ex) /(2c 2 — -2c 2 ). 

12 . When the functions a and b in equation (6) satisfy the condition 


(i) 

the equations 


9 2 a 9 2 b j a b \ da 

<l 9 u 9 v dud v \ b a I dv 


da db 
9 Ti' 


9jogJ/)) 

du 


l db 
a dn 1 


91° g]//> 1 da 

dv b d v 


are consistent, and the functions 


(ii) 


; tl -: 


Vi 


Vi. 


; h, ■ 


VJ<i 


1 

Vib 


satisfy equations (I, 13). The two nets A and A 0 parallel to a net A' with 
equation (6) determined by the solutions (ii) have equal point invariants, and 
are associate (§ 25) to one another. 

Conversely, if a net A' with point equation (6) admits a parallel net with 
equal point invariants equation (i) must be satisfied. 

13. When the condition (i) of Ex. 12 is satisfied, equation (6) admits the 

solution 0' = ~ (a 2 — b 2 ). If we put 0 = -- p ( a — 5), we have ^ a ^ 
b 90 


9 u " 1 rv 9 u 

dS' b dO ' ‘ 

d v ~ t /~ ~ " 0y * These values satisfy (81), and consequently 0 and 0' and the 

VP 

congruence conjugate to A whose direction-parameters are the coordinates x 
of A' determine a K transform of A. 

14 . Let if, Mi, M 2 , Mu be corresponding points of four nets A, A 7 , A 2 , An 
of a quatern under transformations F. Show that a necessary and sufficient 
condition that another net A 12 obtained by varying the additive constants of 
0" and 0 a be such that its points lie on the corresponding lines MMu is that 
the transformations be K. 
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15 . If N is a net with equal point invariants, A r i, A r 2 , A r 3 are if transforms 
of N, and N Vil A r 13 , F ia are the nets with equal point invariants which together with 
the respective groups^ AT, N i} N \\ A r , N u A 7 3 ; A 7 , A r 2 , A 7 3 form quaterhs under trans- 
formations K, then N defined by (76) is a K transform of A 7 12 , A7 1S , A r 2 «. 

Transactions, vol. 16 (1915), p. 296. 

16 . Determine whether transformations K are the only transformations F 
of a net with equal point invariants into nets with equal point invariants. 

17 . In order that the Levy transforms conjugate to the tangents to the 
curves of parameter u of a net N with the point equation (6) and determined 
by solutions 0 and 0 t of (6) be K transforms of one another, it is necessary 
that 60i — b 2 V, where V is a function of v alone. 

18 . If N and N t are two nets in relation AT, their respective associates 
can be so placed in space that they shall be in relation K . 

19 . If in (46) 9’i and 0' 2 are replaced by d'l + c and 0' 2 — c, where c is 
a parameter, the corresponding points of the oo* nets A r i 2 lie on a conic which 
passes through the corresponding points of A 7 , AT r and AV, this conic is degenerate 
when the transformations are AT, and only in this case (cf. Ex. 14). 



Chapter III. 


Sequences of Laplace. 

29. Homogeneous point coordinates. If the cartesian 
coordinates of a point Pare x l ,.....r u , the n -\- 1 quantities y, of 
which y n 1 j 0, satisfying the conditions 


are called homogeneous coordinates of P. If the coordinates y are 
given, P is determined, but if the cartesian coordinates x are given, 
the homogeneous coordinates y are defined only to within a factor. 

In homogeneous coordinates the equation of a hyperplane is 
of the form (§ 1) 

« x y'- j- . . . . -[ 1 y 11 1 — 0. 

Now y 1 — 0 (i —],... ., n) is the equation of a coordinate hyper- 
plane. Also /p' 1 '!— 0 is taken as the equation of a hyperplane, 
namely the hyperplane at infinity. This hyperplane likewise is 
a coordinate hyperplane in homogeneous coordinates. Thus we 
have u-f- 1 hyperplanes forming a coordinate (n -f l)-hedron. More- 
over, a point all of whose homogeneous coordinates save one, 
say 1 /, arc zero lies in all of these hyperplanes except the hyper- 
plane y‘ — 0; it is a cortex of the coordinate («-|-l)-hedron. 

Suppose now that we have any n + 1 hyperplanes, say 

«y+«?y+ • • • • + «;* i y n '■'= 0 a - 1, ... « + 1 ), 

subject to the single condition that they do not have a point in 
common, that is, the determinant of the a ' s is not equal to zero 
thus ] aj ] =|= 0. If we put 

Qz‘— »)y 1J r 4- «•* : V 1 1 1 



(/' - 1 , 


, n-f 1), 
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where q is a factor independent of i, the quantities z l serve also 
as point coordinates. For when the y' s are given for a point the z's 
are uniquely determined except for a factor. Conversely, when 
the z's are given, the determination of the corresponding i/s requires 
the solution of a linear system of equations, whose determinant is 
different from zero. We call the ^’s general homogeneous point 
coordinates , and as such they are distinguished from the particular 
system of f s, corresponding to the case where n of the coordinate 
planes are mutually perpendicular, and the other is at infinity. As 
in the case of tetrahedral coordinates in 3-space, the transformation 
is not completely determined by the (n + l)-hedron, but is defined 
when it is required that a particular point, not on the faces of 
the new (n-\- l)-hedron is to have the coordinates (1, 1, . . ., 1) in 
the new system. 

Since the steps used in the preceding are reversible, we have 
that there exist linear transformations P 0 by means of which from 
a general system of homogeneous coordinates z we pass to a system y 
so that y v /y n j l . . . y n /y n + x are cartesian coordinates. Hereafter we 
understand that when homogeneous coordinates are used the} r are 
of the general type. 

We are prepared to prove the theorem: 

The homogeneous coordinates of any point on the line joining 
two points P\ (, 2 'i ) and P 2 (z 2 ) are of the form 

te t + Mt 

and conversely . 

Consider the point with these coordinates and apply a trans- 
formation P 0 (referred to above). The resulting expressions will be 
of the form hyxf yy»- Hence the cartesian coordinates of the 
point are 

= l A (i = , 9 ,,,\ 

V/ 1 +w? f 1 + mV 1 - 

which shows that the point lies on Pl P 2 (cf . I, Ex. 1). Evidently 
.the converse also is true. 

In like manner it can be shown (cf. I, Ex. 2) that: 

The homogmeous coordinates of any point on the plane through 
three points P t (z\), 1\ (z 2 ) P$(z$) are of the form 
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Xz\ -J“ [IZ* -f“ 

and conversely. 

From § 1 the locus of a point whose homogeneous coordinates z 
are functions of a parameter a is a curve. We wish to prove: 

The homogeneous coordinates of any point on the tangent to 
a curve, z (n) are of the form 

L ’ + '-d , 7 

and conversely . 

If the coordinates of a point are in this form, and we apply 
a transformation P 0 we get for the new coordinates of the point 


X y -(- y 


dy 
du * 


Hence the cartesian coordinates of the point are 


dx x 

du 


l «‘ +'*a|_ _ j , 

1 f+ ;i 


As these are of the form ./* + ^ 4~ ? the point lies on the tangent 

a 'it 

(§ 1). Conversely, the cartesian coordinates of any point on the 
tangent being of this form are readily transformable into the form 
of the theorem. 

Consider a point on the tangent to a curve with its coordinates 

in the form Xz + p . Two functions o and t are defined by 

an 


dt 

du 


Qt /' • 


In terms of q and t the coordinates of the point are of the form 

o f- ( tz ). Hence we have: 
du 

The homogeneous point coordinates z of a curve can be chosen 
so that the coordinates of a given point on the tangent other than 

dz 

the point of contact are of the form-j^j. 

The osculating plane of a curve zip) at a representative point is 
by definition the locus of points whose coordinates are of the form 
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d ^ 2 ^ 

).z fi - f- v s . If we apply a transformation P 0 to the 

tt/lt tbit 

coordinates and proceed as above, we can show that the cartesian 
coordinates of any point of the osculating plane are of the form 


i ? i 

+ l 7 r P 


d 2 x 

(hr 


We observe that this is the result previously found for 3-space |§ 7]. 

30. Laplace transformations. We have seen in § 2 that 
a necessary and sufficient condition that a system of parametric 
curves be a net is that any point on the tangent to a curve 
v ~ const, of a system moves in the tangent plane to the surface 
as v varies. Given a net N with n + 1 homogeneous coordinates x. 
The coordinates of any point P on the tangent to a curve v — const. 

are of the form lx + p • As r varies, the point moves in the 

9 it 

tangent plane, provided f U.r + /<- f | is expressible linearly in 

o r \ o n ) 

terms of .r, , and . Hence a net is characterised analyti- 

’ dll’ dc J 

cally by the condition that its homogeneous coordinates are solutions 

of the same equation of the form 


(1) 


d 2 0 d log a dO , 0 log* /> dO ^ 

d 'ii dr dr du dii dv 


We call this the point eg nation of the net . 

If, in particular, the point P moves tangentially to the tangent 
to e — const., that is if P describes the minus first Laplace trans- 
form of N y we must have 



Since similar results follow for the first Laplace transform, we have: 

The coordinates of the minus first and first Laplace transforms 
of a net with the point equation ( 1 ) can he taken in the form 


( 2 ) 




dx alog/y 

da du ’ 


’>'i 


dx d log ft 

___ _ 
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In consequence of the fourth theorem of § 29 the equations 
of a Laplace transformation can be put in the simple form indicated 
in the following theorem: 

The homogeneous coordinates z l and // of the focal points of 
a congruence can he chosen so that 


(3) 


dz 

du 


my, 


dg 

du 


nz. 


From (2) we have by differentiation 


(4) 


dx-i 9 log a , da\ 9 log h 


(5) 


H = 
K = 


du dv 


d u d v 


+ 


du 

du 

-s of (1) namely 

8log« 

3 log h . 

dv ' 

du ' 

3 log a 

3 log h 


If K — 0, we get on integration x-i — U a, where U is an 
arbitrary function of u alone. As the. arbitrary function U varies 
with the integral but a remains the same, the point M - 1 describes 
a curve, and not a net; we say that N~ 1 is degenerate. Substituting 
in the first of (2) and integrating the resulting equation, we find 


( 6 ) 

V being an arbitrary function of v alone. 

In like manner, if H ~ 0, the integral of (1) can be given 
the form 

(7) x -- a{u-\-^ 

Hence we have the theorem: 

When either invariant of an equation of Laplace is equal to 
zero, the equation can he integrated hy quadratures. 

31. Sequences of Laplace. When the invariants H and K 
of (1) are different from zero, by the iteration of the first Laplace 
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transformation upon a net N with (1) for its point equation, and 
also of the minus first transformation, we get a sequence of nets 


.... A’—,, N-(j-i), .... N— i, iV, Ai, . . . ., A) 


such that any net of the sequence is a first Laplace transform of 
its predecessor (sense being from left to right), and a minus first 
transform of its successor. We say that these nets form a sequence 
of Laplace. 

We are interested in finding the Laplace equation of each net 
of the sequence. In order to write these equations and others 
associated with (I) in abbreviated form, we denote by 


(B) 

the equation 


(9) 


[0,; «„ b„ e,| 


9 2 0,_ 9 log a, 9 61, 9 log b, 9 0, 

dude dr 3 u 9 u du 


, , 3 2 , 9 log a,- 3 log I), , 3 log a 3 log b , 

+ ' dnd^ ° gCl dv da + ~~dv dv " +C 


•) 


Then from (5) it follows that 


( 10 ) 


H, 

& 


log-~ + 


3 log a 9 log b 


3 u dv ai 3 v 3 u 


+ e, 


3 2 . a . 3loga 3lo gb , 

l0g T - + — 5 + f- 


9 u 3 v ° bi 3 v d u 

If in equation (1) we put 


(ID 


^ x 


where A is a function of a and o, the Laplace equation satisfied 

by x is denoted by 

(12) 10'; a l, U, A]. 

Then fi om (10) we have H! — H, K' — K, showing that H and K 
are invariants of (1) fry transformations of the form (11). 
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In order to find the Laplace equation of A 7 ,. we differentiate 
the second of (4) with respect to r. Making use of (2), we find 
that the Laplace equation of A', is denoted by 

(13) 0 X ; aH, b, 

and that 

<> 4 > "■ » ,r ? " 

Proceeding in a like manner with the first of (4). we find that the 
Laplace equation of A 7 _i is denoted by 

(15) [e-ijfl, bK,~ 
and that 

oi L IS 

(16) K x - A'- a -~-log- . 

The coordinates r., of A* are given by the equations 

(17) .r,-- 8 log aH 

o v o r 

analogous to (2), and the point of equation of N* is denoted by 

(18) k; uHH u b, 

(I Jti _ 

In general the coordinates of N r are given by 

(19) ,/y = 8 ~= 1 - — - 8 lo g(affH, .... H r - 2 ) x r - h 

OV 0 1) 
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The equations analogous to (4) and (17) are 


(21) 


0 J 'r 

da 

3 ,/‘ r 
dn 


d l o gb 

"d~t ~ 


Hr-, Jr- 


log (aH....Hr-i) ./V + 
o r 


l. 


The coordinates of N- r are given by 


(22) 1 — -■ log (I) KK- i . . . . Jf_r . ,) J’—r i, 

9 9o 

and the point equation is 

<*’ I' 1 - 


Also we have 

9 ,r_,- d 


(24) 


9 a 9 tt 

dj'—r 9 logo 


9?; 


9/ 


log (//A .AT—y ; l) J- , H- J'-r-h 

J‘-r'\- K-r \ 1 • J‘-r \ 1 . 


32. Periodic sequences of Laplace. Ordinarily a sequence 
of Laplace is unlimited in both directions. If H r or K~ r is zero, 
the sequence terminates in the positive or negative sense (cf. Ill, 
Ex. 5). In the present section we are concerned with the case when 
the sequence is periodic, that is when a certain net A 7 2 , coincides 
with A\ In this case we must have 

(25) jp -- mj\ 

where m is at most a function of a and /; which is the same for 
all n coordinates x f . Since n is at least equal to 3, the coefficients 
of (12) and (20) for r — p must be equal. Hence we must have 


(26) 

9 i 

97 lo « 

h . 

' =-.0, 
m 

0 , 

¥7. l0 ® 


_8* 


i>p 


\**) 

dad v 

log 

cPHi-'Hf-*.. 

• • Hp — 2 
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Differentiating the first of (26) with respect to u and making 
use of the second, we find that 

(28) UV, 

where U and V are functions of u and v respectively. If we change 
the independent variables in accordance with the equations 

" - - fW), r -= il'(r'), 

w r e find that the invariants H’ . H[, H' v of the transformed equations 

of the nets N, N t , ... . N p are given by 

H' ------ ^ (*,') <//' (,/) H, m = <(' («') </'' (o') Hi (i -- !,..../>), 

where </ ' and »// denote the derivates of </> and </-<• Hence </> and »/' 
can be chosen so that (28) becomes 


(29) HH....H P - 1 ^= 1. 

Then from (26) it follows that m in (25) is constant 20 ). 

Suppose now that (27) and (29) are satisfied for equation (1). 
Applying (10) to (20) for r = p — 1, we get, in consequence of (27), 


(30) 


H v - 


v - 1 


„ 9 s , 

// jncr — — Z- 

dude ° bp~ l 


H- 


9- 

9 a 9 o 


-log 


A'. 


In like manner, making use of (27), (29) and (30), we obtain 


H 


p—- 


H- 


9«9i> ° fti— 2 


„ 9- , ^>-1 

H — — log- — — 

9 « 9 o 6 a~ 


^-9,9V 1 ^ 


ft A* 
a 


A-i 


2 ") Cf. Tzitzeica, Comptes Rendus, vol. 157 (1913), p. 908; also Hammond, 
Annals of Mathematics, ser. 2, vol. 22 (1921), p. 245. 
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Hence in general we have 

(31) H p -i — K~t \ i. 

If we differentiate (25) with respect to u, and make use of (2) 
and (21), we can reduce the resulting equation to 

(32) Jip-i >‘p — i }Hj ‘ — i 

which gives the analytical form of the condition that the nets JX p ~i 
and iY-i coincide. Again differentiating (32) with respect to it, 
we get, in consequence of (21), (24), (30) and (32), 

ftp — 1 //) — 2 ‘ P — 2 — ill’ll' — 2 * 

And in general because of (31) we have 

(33) Up— i Up — 2 • • . • Tip—) j'p — / — nu'—t , 
which in consequence of (29) is equivalent to 

(34) - mBH t .... :r - ,. 

Finally we have 

(35) •!' — Hu' — jif 

showing that A 7 and JX- P coincide. 

Conversely if we differentiate (35) with respect to r we get 
(34) with i — p — 1. In general, if we differentiate (34) with respect 
to v, we get (34) with i replaced by i — 1. Hence according as 
we differentiate (33) or (34) with respect to h or v we increase 
or diminish i by 1. In order to point out the significance of this 
observation, we note that the expressions (19) and (22) for ./> and 
x- r are expressible in the forms 


X- 


d r x 

i i dr ~ lx i 

. . + o x. 

dv r 

-f- A r ,r-1 dv r-l + • • 

d r x 

du r 

+ i>V,r- 1 a ~~i; T +.. 

. . + Br^oXi 
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where A’ s and B’s are determinate functions of the derivates of a , 
b and c obtained by repeated use of (19) and (22). Hence equation 
(33) involves the derivatives of x with respect to r of orders 

1, ,p — h and of x with respect to u of orders 1, . . . . i. If 

this equation is differentiated with respect to a and all derivatives 
with respect to u and v are eliminated by means of (1) and the 
equations obtained by differentiating (1), we obtain an equation 

involving derivatives of x with respect to v of orders 1, p — i — 1 

and with respect to u of orders 1, . . . . i-\- 1, which necessarily is 
(33) with i replaced by i — 1. 

Suppose now that we consider a periodic net of odd order, 
and write p = 2n-\- 1. If in (34) we put i = n and in (33) 
i = n + 1 ? we get 

( Xn j- 1 — — Miff H i .... HnX — ny 

(36) \ 1 

I X— n — ] — — 1 • • • • HnXn* 

l m 

d n ' rl X 

These two equations express — j - x - and — - linearly in terms 
af the 2 n + 1 quantities 

d n x dx d n x dx 

’ ~W’ ? Ihi’ 8 v ’ 

We have seen that the consistency of (36) and (1) leads to other 
equations of the series (33) and (34), by means of which and (1) 
ive can express all the derivatives of order higher than n in terms 
af (37). Since m does not appear in (27) and (29), for each value 
)f m there exist p independent solutions of (1), (33) and (34) 
ncluding the condition (25); and not more than p independent 
solutions. 

When p is even, and we put p = 2 n, we have in place of (36), 

C n :==: mHHi .... Hn-l X — m x — n — i = H%n — 1 • • • Hn — 1 Xn — 1* 

m 

Then all the derivatives of order n and higher are expressible 
inearly in terms of the p quantities 

d n x dx d n ~ l x dx 

8 u 11 ’ ’ Yu’ dv n ~ 1 ’ Yv’ X ' 
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Hence we have the theorem: 

When an equation of Laplace (1) satisfies the conditions (27) 
and (29), an infinity of sequences of Laplace of ordm * p exist in 
space of ordw p — 1. 

33. Harmonic congruences. We wish to establish the 
theorem : 

The homogeneous coordinates x of a net N can be so chosen that 
homogeneous coordinates of the focal points of any harmonic con - 

qraence are ----- and ~~~ respectively . 

9 u 0 v 

Let N(x) be a net with homogeneous coordinates x satisfying (1). 
Let Fi and F 2 be the foci of any harmonic congruence, these 
points being on the tangents to the curves v — const., u — const., 
respectively. Evidently x can be chosen so that the coordinates 

of Fi are - ~ (§ 29). Then the coordinates of F 2 according as 
0 u 

it, is looked upon as on the tangent to the curves u const, at M or 
on the tangent to the curves u -- const, at are of the respective 

forms lx + /<- , 0 ^ These forms must be pro- 

3 v 0 u duo r 

portional to one another in consequence of x being a solution of 
the conesponding equation (1). Expressing this requirement, we 

find that both of these must be proportional to — ■■ + ex. 

da do 

Evidently 4 0, otherwise F s and M coincide. Looking upon 

on 

F, as the minus first Laplace transform of F-, we must have 


dx_ __ / 3 log b dx 

Tit 1 \ d n Tv 



I 3 log b 
\ T~t 


dx 
d v 



As this equation must be satisfied identically, we must have either 

<■ — 0, or V — - — Vc, where V is a function of v alone and V 
0 u 

its derivative with respect to r. In the latter case the coordinates 

9 

of F., can be chosen of the form (TLr). Replacing Vx by x, 
which does not change the form— ~ of the coordinates of F x , we 

dll 

have the result stated in the theorem. 
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Furthermore, when the coordinates of F x and F t are of the 
form — — and - — , in the point equation of N we have c = 0. 

0 U 0 V 

If we put 0 = e x d 0 where 0 O is any function of u and v, in 
equation (1), the function 6 X satisfies an equation of the type (1), 
and for this new equation c = 0 in case 0 O is a solution of (1) and 
only in this case. As a result we have the corollary: 

The homogeneous coordinates of the focal points of any con- 
gruence harmonic to a net Nix) are expressible in the form 



in which case 0 is a solution of the point equation of N. 

We have also the converse theorem: 

If 0 is any solution of the point equation (1 ) of a net N, the 
points whose coordinates are of the form (38) are the focal points 
of a congruence harmonic to N. 

For, as v varies the direction-parameters of the path of the 
first of these points are of the form 

9 Id lx\\ 9, a 9 I x\ . 9. b 9 l x\ 

dv \9m ( O l) ~ dv l0g 0 ' du \ 01 9m l0g 0 ' dv \ 0 )’ 


which evidently are the parameters of the line joining the two 
points; similarly when u varies. 

We have also the theorem: 

When 6 — ^ aiX \ where the a’s are constants , the points of 
coordinates (38) lie in the hyperplane l^aix 1 = 0. 

34. Levy sequences of the first order. If e is any solution 
of the point equation (1) of a net N, from (2) it follows that the 
functions 


(39) 


0-i 


9 0 9log& 


du 


du 


0, 0t = 


9 0 9loga i 


dv 


dv 


are solutions of the point equations of IV_i and N x respectively. 
We call them the minus first and first Laplace transforms of 0. 


6 
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The points of coordinates (38) are the Levy transforms of N 
by means of 0 (cf. I, 53). In consequence of (2) and (39), we can 
take as homogeneous coordinates of these respective points 

0 6 

(40) x-\i — x — — — x-i, x 0 ,i — x i ^-x. 

u— i u 


Moreover, the net of coordinates x 0 ,i is the first Laplace trans- 
form of the net of coordinates x~i,i. 

By differentiation and reduction by means of (2), (4) and (39), 
we find that the point equations of these nets are denoted by 
(cf. § 31) 

L aO a 

(41) 0-i,r, -s— 


0 - 


0 - 


(42) 




b; 
e . 


From the form of (40) it follows that N— 1,1 and N 0 ,i are 
Levy transforms of N - 1 and Ni by means of 0_i and More- 
over, from § 10 we have that the tangents to the curves of para- 
meter v of No, i are harmonic to N\, and consequently this harmonic 
congruence (r\ is determined by the solution 0 t of the point equation 
of jVj. Its focal point of the first order generates a Levy trans- 
form Ni, i of N\ whose coordinates are given (analogously to (40)) by 


(43) 


Xl,l 


x *~j; Xi > 


where 0 $ is the second Laplace transform of 6. 
the function 0_i determines a congruence 0~ 1 
whose focal nets are N- 1,1 and iV_ 2 ,i, where 

0 - 


(44) 


X—2,1 = X-x- 


0-< 


- X — 


In like manner 
harmonic to N - 1 


6 - 2 being the minus second Laplace transform of 0. 

Continuing this process we obtain a sequence of Laplace whose 
focal nets are Levy transforms of the nets of the Laplace sequence 
arising from N. We call it the first Levy sequence of N determined 
by 0. The coordinates of the nets N r , 1 for positive and negative 
values of r are of the form 
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/ . r\ -f* 1 

( 45 ) #r,l = Xr- hi Xry 

V r 

where 0 r is the r th Laplace transform of 0. 

35. Levy sequences of higher order. Derived se- 
quences. Let 0 and 0' be two solutions of the point equation (1) 
of N linearly independent of the coordinates of N. By means of 
0 and 0' we determine two first Levy sequences N r , 1 and 
These net^ are the focal nets of two sequences of congruences 
O r and Or harmonic to the nets N r respectively of the Laplace 
sequence obtained from N. From § 11 it follows that the point 
of intersection of corresponding lines of O r and Or describe a derived 
net of N r . Moreover, from the results of § 11 it follows that 
these derived nets form first Levy sequences of the sequences of 
Nr, 1 and Nr, 1 and consequently we call them Levy sequences of the 
second order . We shall obtain the analytical expressions for their 
coordinates. 

We consider first the derived net of N by means of 0 and O'. 
The functions 0-i,i and 0 O , 1 defined by 


(46) 


0-i,i= O'- 


0- 


0-1 


00,: 


0i- 


0i 


0\ 


where 0Lj. and 0[ are the minus first and first Laplace transforms 
of 0', are evidently corresponding solutions of N— 1,1 and iVo,i, which 
as we have seen are Laplace transforms of one another. Hence 
the coordinates of the Levy transform of W- 1,1 by means of 0-i,i 
are the form 


(47) 


0o,i 

X-1,2 = Xo,\ — — #-1,1. 

0 — 1,1 


In consequence of (40) and (46) this is equivalent to 


X- 


1,2 : 


0_i 0_ 


1,1 


0—i O'— 1 x — i 

0 0' x 

01 0i #1 


1 

0—i 0-1,1 


0 — 1 0' Xi I, 


if we make use of the following lemma concerning determinants : 


6 * 
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If D = || aim || {l,m = 1, .... n) is any determinant of the w th 
order, and we write 

Ctr+1,1 Or, a 4 

®r+l,s — 

Or, 1 

then 




Ai t 2 A± t s , . . 

* • • Ai t n 

(48) 

D — On 

A2 t 2 A2,8 • • • 

. . . A2, n 



An— 1,2, 

. . . A n — i t n 


Hence the coordinates of jVL 1>2 can be taken in the form 

(49) x- ua =\9-i O' xt.\. 

From the symmetry of this expression it follows that N- 1,2 is also 
a Levy transform of N'~ 1 , 1 , which shows that it is the derived 
net of N for the functions 0 and O'. Evidently the derived net 
of N x for and 0[ and of N— 1 for 0_i and 0lj are given by 

(50) sco ,2 = | 0 0i x 2 I, x — 2,2 = | 0-2 0-i x\. 

Since N~ 1,2 and iVo, 2 are the Levy transforms of No, 1 determined 
by 0o,i they are Laplace transforms of one another; similarly iV_ 2,2 
and N-i ,2 are the Levy transforms of N- 1,1 determined by 0-i,i. 
Hence the solutions 0 and O' determine a Laplace sequence of nets 
N r , 2 which are derived nets of the nets N r +i, and a first Levy 
sequence of the nets N r , 1 . The coordinates of N r , 2 are of the form 

(51) Xr, 2 == | 0 r 0r-f 1 Xr-\-2 j> 


for r positive and negative, and where N 0 = N. 

If 0 " is another solution of (1) independent 0, O' and the 
coordinates of N, the functions 


O'- 


O' ■ 


0 - 


0-i, 0-i,i 


0-i, 


solutions of the point equation of N~ 1 , 1 , determine a derived net 
of N-i,i. Analogously to (49) we have that the coordinates of 
this net are of the form 


1 0-2,1 0—1,1 Xoi\. 
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Applying the lemma to this case, we have that the coordinates of 
the net may be taken in the form 

(52) x- 2 ,s=\0-2 0'-i 6" xi\. 

Hence the functions 0, 0' and 0" determine a sequence of Laplace 
whose coordinates are of the form 

(53) Xr , 8 == | Or Or-j-1 0r+ 2 3V-t-s|* 

We remark that from the symmetry of (52) it follows that the net 
N- 2,8 is a derived net also of the Levy transforms N—i,i and N-i, 1 
determined by O' and 0" respectively. 

In general m independent solutions 0, 0', . . . . 0 (m_1) of (1) 
determine a Levy sequence of order m whose coordinates are of 
the form 

(54) Xr,m= | Or O’r 4-1 Or + 2....dr+m — 1 , Xr j-m |, 

for positive and negative values of r sl ). 

36. Periodic Levy sequences. Suppose that we have 
a Laplace sequence of period p. We seek under what condition 
the Levy sequence of the first order determined by a solution 0 
of (1) is also of period p. It is necessary that x p ,i — hxo,i, where X 
is at most a function of u and v. In consequence of (40) and (45) 
this condition is equivalent to 

(55) x p+ -i — ^^-x p =x[x l —~xy 
From (19), (25) and (29) we have 

3 0 3 

(56) Xp+i — mx x , 0p + 1 — —~ r log u ■ Op, 

ov ov 

Consequently from (55) it follows that 

i = — log T = 0. 


21 ) Cf. Hammond, 1. c., p. 252. 
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In like manner the condition x p -i,i = is equivalent in 

consequence of (21) and (32) to 

3 i Op A 
„ = — log— = 0. 

Hence we must have 

(57) 0 P = m 1 0 , 

where mi is a constant. We have seen that equation (1) admits 
solutions of this type. If we have such a solution, the Laplace 
transforms of 0 satisfy equations (33) and (34) with m replaced 
by mi. Hence we have 

(58) Xp — i f i :=::: Xp — i-j-i ~ Xp — i :==z WlH , . . • Up — i X—i^\* 

Op — i 

Therefore: 

If N is a net of period p in ( p — 1) -space such that x p = mx 
and 0 is a solution of the point equation ofN such that 0p = m x 0, 
where mi is a constant the Levy sequence determined by 0 is of 
period p; when m t = m, 0 is necessarily a linear function of the 
x’s and the nets of the Levy sequence lie in (p — 2)-space. 

The latter part of the theorem is a consequence of the last 
theorem of § 33. 

If we take two solutions 6 and 0' of (1) satisfying the con- 
ditions 0 p =m x 0, 0p — m 2 0\ the first Levy sequences determined 
by 0 and O' arc periodic. Also in consequence of (56) and (33) 
we have from (51) 


x p ,2 — mmim 2 x 0 , 2 , 

Xp—i, 2 ~~ m m x m 2 (JIH 1 .... Up — i — 1) 3 Up — i Up — i-\-\ x— 2 * 

Consequently the second Levy sequence determined by 0 and O' is 
of period p . 

Similar results hold for the Levy sequences of higher order. 
Consider in particular, the case of the Levy sequence of order p 
determined by the p independent solutions 0, O', . . . . of (1) 

for which Ojp = miO (i) (i — 0, p — 1). Prom (54) we have 

Xo,p = \0 0[ os . . . . 0^Xp\ = {m — mi)\0 Oi.... 0<*~V\ x. 

Similar results hold for x r ,p. Hence: 



37. Transformations F in homogeneous coordinates 


87 


If N is a net of period p in (p — 1 )-space, such that x p — mx 
and 9, O', 9 ", .... 9 (p ~ v are p independent solutions of the point 
equation of N such that 0 ® = rn, 9' s> (i = o, .... p — 1 ), the p th Levy 
sequence coincides with the given sequence**). 

37 . Transformations F in homogeneous coordinates. 
When two nets N and Ni are in the relation F, the tangents to 
the curves v — const, at corresponding points M and M\ meet in 
the focal points of a congruence harmonic to both N and (§ 17). 
In accordance with the first theorem of § 33 the coordinates of N 
and N t can be chosen so that we have 


(59) 


dxi dx dXi ^ dx 

Tu ~ T ° du’ ~Jv ~~ 0-0 Jv’ 


where r 0 and <r 0 are functions of u and v. Hence the equations 
of any transformation F can be given this form. As previously 
remarked, in this case c — 0 in (1) and likewise Ci = 0 in the 
point equation of A^. 

When c ^ 0 in (1), the equation can be reduced to this special 
form byreplacing x by xd, where 9 is any solution of (1). Hence 
when the point equation of the net N has the general form (1), 
the equations of a transformation F are 


(60) 


dx t 9 [x\ dxi 9 lx\ 

du du \ 9 )’ dv dv \ 9 ) 


In order that the conditions of integrability of (60) be satisfied 
for any solutions x and 9 of (1), it is necessary and sufficient 
that v and a be solutions of 


dr , . 9 , 9 do 

= (t — o') log — , 

dv v ; dv B a’ du 


(61) 

or in other form 
(62) 


/ , 9 , 9 

(J _, ) _ logy , 


3 , za o' 3 , a 3 . <rb t d . b 


M ) Of. Hammond, 1. c., p. 256. 
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If we put 

(63) *• — o — <p6, 


we get equations (II, 16), and find that y is a solution of the 
adjoint of (1), which is denoted by (cf. § 31) 


(64) 


9; 


1 JL 

a’ b’ 



Suppose we have any pair of solutions of (61), and the net N x 
whose coordinates x x are given by the corresponding equations (60). 
The points F x and F 2 whose coordinates y and z are of the forms 


(65) 


x 

y==Xl — t -- f 


Z — 


X\ G 


X 

T’ 


lie on the line joining corresponding points of the nets N and A). 
Moreover, as u, or v, varies the point F u or F t , moves tangentially 
to this line. Hence F x and F s are the focal points of the con- 
gruences of these lines, and N and N t are in relation F. 

With the aid of (61) we show that the point equation of N x is 


( 66 ) 


d i e l 

dudv 


3 , ra dO x . 3 , ab dO x 

i? l0B T“3l7 + ^ log T“air- 


When we put 0 = 1 in (61), we get the conditions of inte- 
grability of (59), namely 


(67) 


dtp 

dv 


(G 0 — Tp) — \o%a, 


9 op 
du 


(jo — ff o) 


3 

du 


log 6. 


As a consequence of these results we have: 

Whenever the homogeneous coordinates of two nets are in either 
of the relations (59) or (60), the nets are in relation F. 

From the manner in which equations (59) were obtained it 
is evident that the transformations F obtained by taking all possible 
solutions of (67) possess the property that all the corresponding 
tangent planes of the nets pass through the line of the congruence 

0 QQ 0 QQ 

whose focal points have the coordinates — — and — — . Hence in 

1 du dv 
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order to obtain general transformations F, especially in dealing 
with two such transformations, it is desirable to take the equations 
in the form (60). However, when a solution of (1) is knowrt, we 
can write (60) in the form (59), and then the analysis of the 
transformations F in homogeneous coordinates is the same as that 
of parallel nets in cartesian coordinates. 

38. Transformations F with the same conjugate con- 
gruence. Triads of nets. Suppose we have a transformation in 
the form (59), so that the new net N' (x') is given by 


( 68 ) 


dx' dx dx' dx 

3 u T ° du’ dv 0 dv' 


Now the point equation of N is necessarily of the form (1) with 
c = 0. If 0 is any solution of this equation and 0' is given by 
the quadratures 


(69) 


3 0' _ d0_ d_F_ _ _30_ 

3 u T ° du ’ dv °° dv ’ 


then the functions x u defined by 
(70) x 1 = x—~x > , 

are the homogeneous coordinates of a net N u since 



From the form of (70) it follows that corresponding points M, 
M', Mi on the three nets N, N', Ni are collinear. Hence not 
only is Ni an F transform of N, but also of N\ In the latter 
respect it differs from the case of § 15 (cf.HI, Ex. 24). 

As an application of the foregoing results we prove the theorem* 3 ): 


23 ) This theorem for 3-space is due to Eibaucour, Comptes Rendus, yol. 74 
(1872), p. 1491. 
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If a net N lies on a hyperquadric 


^aikxfdxW = 0 , 


each congruence conjugate to N meets the hyperquadric again in 
a net, which consequently is an F transform of N. 

We assume that the given conjugate, congruence is conjugate 
to a net N' whose coordinates are given by (68). From the above 
equation we have by differentiation 



dxfj dx (,c) 
3 u dv 


+ 


3 33 ® 3 33 ®\ 

dv du ) 


= 0, 


since the coordinates x satisfy (1) with c = 0. In consequence 
of this result it follows readily that 0 given by 

0 — 

is a solution of (1), and that O' where 

0' — £aikx' (i) x'( k) 


satisfies (69). If N } denotes the corresponding transform of N 
with the equations (70), it is found that Ny lies on the quadric. 

If t u ff l and T g , <r 2 are two sets of solutions of (61) for the 
same 0, by means of equations of the form (60), we get by quadratures 
two nets, N t and N t , transforms of N. From their equations we find 


dx 2 _ dxi dXi (r 2 dxy 

du t! 3 m’ dv Gy dv' 

Consequently N x and N* are in relation F, and form with N a 
triad (§ 20). 

39. Theorem of permutability. In view of the remarks 
of the preceding section it follows that the results of §§ 20, 21 
can be translated at once into analogous forms for transformations F 
in homogeneous coordinates. 

Suppose then that we have two solutions 6 U 0 a of (1) and 
two solutions f ly <p s of the adjoint of (1), so that by quadratures 
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of the form (II, 16) two pairs of functions r u ci; r s , a a are to 
be found. Transforms N x (xi) and N a (x a ) are given by 


(72) 


9 Xi 


/ X \ 

dXi 

- 0 .±.( 

TO’ 

dv 

fft dv \ 


x 


, (*=1,2). 


9 m 

Solutions of the point equations of N X and N 2 are given by 




9 16 j 


9 m \6 


d ®ij 
dv 


d 


L III) i* = h 2, . + \ 

»\e { ) U = 


The coordinates of the transform A T 12 (x Xi ) are given by (it being 
understood that N xs and N iX are the same net) 


( 74 ) ==Tf ._L/®'\ 


du 


du \6 


J ij 


dv 


G (*= 1 > 2 > i + j\ 

tJ dv \6ijJ \j = 1, 2, * 


Comparing these results with (60), (71) and with (II, 21, 37) 
we have from (II, 52, 49) 

0~2 ^ 21 X 1 . $1 ^12 


(75) 


and 

(76) 


^i T t2 — ~ r a r 2i — 

^° i °12 — ° 2°21 

<fl2 


+ 


o 2 d 2 i 


e i 




02 

01 012 ^2 
(9g 


012 021? 
012 021* 


(021 02 r jPi "1" °1 r 2 °2 r l)? 


02 ^1 

01 012 *^'12 ~ — 1 02^21^1 ~ f " 01 012 ^2 012 021^ ^)* 


Exercises. 


1. The homogeneous point coordinates of any point of the tangent plane 
to a surface are expressible in the form 


rj nr> r< 

* X + li du +V dv' 


2. Show that equations (3) hold for the special homogeneous coordinates 
such that y { !y n+x and ^/‘ 2;n+1 are cartesian coordinates of the foci; also that if 
the direction-parameters of the congruence are taken in the form 

24 ) In making this comparison it must be noted that the quantities a^0'-/0 e -, 
£Ci 2 0'ii'/0i2 of Chapter II must be replaced by — x ^ — 0^ — #12 respec- 
tively in order to conform to the usages of the present chapter. 
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X i— t ?L 

^ y#+l gll-bl * 

we have 

d 2 X d log y n+1 dX aiogz”* 1 dX cx = 0 
dudv dv du du dv 

3. The invariants of the Laplace transforms Ni and N - 1 of a net N are 
given by 

ouov 

H-i — K, K- l = 2K-H—-J^r-\ogK. 

OUOV 

Darboux, Lemons, vol. 2, p. 28. 

4. The invariants of the Laplace transforms N r and N— r of a net N are 
given by 

Hr = Hr -1 + H— K log JST Hr- 1 , Kr = Hr -1 i 

OUOV 

H-r = K-r + l, K- r =K-r+l+K-H--^-l0gK....K-r+l. 

OUOV 

Darboux, Lemons, vol. 2, p. 30. 

5. If Hi — 0 for a Laplace sequence, then 

* = A (U+Svp dv) + A l (v +]>-§£■ dv) +.... + A< ( U«> + J V~ dv), 

where /?, A, .... At are determinate functions; U and V are functions of u and v 
respectively, and Z7(*) is the i th derivative of U with respect to u. 

Darboux, Lemons, vol. 2, p. 33. 

6. When an equation of Laplace admits a solution of the form 

;r = A U + A x U'+ . . . . + Ai (7(0, 

where the A 1 a are functions of u and v and 17(0 is the i th derivative with respect 
to u of a function Z7 of w, then Hi = 0. Darboux, Lemons, vol. 2, p. 35. 

7. If = 0 and K-j = 0 for a sequence of Laplace, the point equation 
for N admits solutions of the form 

x = AU+.... + AtU® + BV+ . . . . + BjV®, 

where the A’s and B’s are determinate functions; U and V are arbitrary functions 
of u and v respectively, and and denote i %h derivatives with respect to u and v. 

Darboux, Lemons, vol. 2, p. 38. 

8. A necessary and sufficient condition that the point coordinates of a net 
can be chosen so that the coordinates of the minus first and first Laplace trans- 

d cc dx 

forms are -g^- and -g-— respectively is that the point equation of the net have 
equal invariants. 

9. If the parametric curves on a surface S form a net N, the tangents to 
the curves defined by Adu 2 + B dv 2 = 0 meet the lines joining the points M__ t 
and Mi of the Laplace transforms of N in points harmonic to M_ t and Mi. 
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10 . Show that if a point equation (1) satisfies the conditions (27) and (29), 
it satisfies also the conditions 


lEK—i ....K—p+i — 1 , 


9* a* 

dudv og b p K p ~ 1 K r Jl'....K_ p+t 


= 0 . 


11. Show that if equation (1) admits solutions of period jp, so also does its 

adjoint equation [cf. § 37]. Hammond, Annals, vol. 22 (1921), p. 260. 

12 . The point equation of N t l defined by (43) is denoted by 


k» »• -&)■ 


This may be obtained from (13) by multiplying the second term by 0 2 /0i, retaining 
the third term, and multiplying together the third and fourth terms of (13) and 
dividing by 6 X . Show that the same method applied to (1), denoted by [0; a, 6,1] 
gives (42). 

13. Apply the method of the preceding exercise to (20) and obtain for the 
point equation of N r>1 the following 





6^ - 


Verify this result directly for r — 2. 

14 . The point equation of N_ 2 x is denoted by 

0_ 1 a 2 ] 

a ~e~ 2 ' hK ' fc 0-2j' 


Hammond, 1. c. p. 249. 


This may be obtained from (15), by multiplying the second term of the latter by 
0_ 1 /0_ 2 , retaining the third term and taking for the fourth term the product 
of the second and fourth of (15) divided by 0_ 2 . Show that (41) is obtained 
from (1) by the same method. 

15. Apply the method of the preceding exercise to (23) and obtain for the 
point equation of A r _ (r+1)>1 


[»- 


a0_ 


(r- fl),l> 0 


— r — 1 


^ K K— i • • • • K — r ~ 


nr r-\-l 


b r K r ~ 1 ....K_ r+ 2 0 _ r . 


-1 - 


Hammond, 1. c. 

1 6. Show that for the derived net N_ 8 m for m > s the coordinates are 


expressible in the form 

- 9*0 ^ ~ m ~ 8 

_du s ’ di 


— s,m - 


'I 3 - 1 /)’ is) gm— s— 1 g« 

* ’ dv m-s-l - dv m-s\ 


Tzitzeica, Comptes Rendus, vol. 156 (1913), p.375. 
17. If two nets N and Ni are in relation F so also are the nets resulting 
from a projective transformation of N and A r ,. 
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18 . Show that equation (66) is denoted by 
|" or b<r 1^ 

L^ 1 ’ IT' IP 8 


]. 


19. From (65) we have 






Wi?; 


3 z 
3 u 


■■ («)_i^, 


dz 

dv 


*<P\, 


where (#)i and (cc)_ 1 denote coordinates of the first and minus first Laplace trans- 
forms of N, and <p x and <p_ x are first and minus first Laplace transforms of <p with 
respect to (64). Show that the coordinates of the first Laplace transform of F\ 
and the minus first of F 2 are of the forms 

3 3 

{x\9 + y log a<p_ v log^. 

20 . If N and N x are nets in relation F, the lines joining corresponding 
points of their first Laplace transforms (minus first Laplace transforms) meet the 
corresponding lines of the conjugate congruence of the transformation in the focal 
points of the first (second) order (cf. Ex. 19). 

21 . When two nets N and Ni are in relation jF, so also are their Laplace 
transforms of the same orders; the equations of these transformations are 





_3_ 

dv 



where 


T r = T r — l -f- 


0r<p-r 


HH 1 .... Hr-l 


(T r 


Tr- 1, 


for r positive. Hammond, 1. c., p. 260. 

22 . If the coordinates of a net N of period^ satisfy (25), and 0 is a solution 
of its point equation (1) such that 0 P = m x 8 and (p is a solution of the adjoint 
(64) of (1) such that <p — n<p- p , where mi and n are constants, the F transform 
of N by means of 8 and <p is a periodic net of the same period as N. 

Hammond, 1. c., p. 261. 

23 . If N (x) and Ni(xx) are nets in relation F on the hyperquadric 
^atkx^x^ = o, then ^atuix^x^P + x^x^) = k, where A: is a constant. When 

t, * i, k 

k = 0, the congruence of the transformation consists of generators of the hyper- 
quadric [cf. § 38]. 

24 . Show that if corresponding points of three nets in relation F are 
collinear the relation between their coordinates may be put in the form (70). 

25 . Show that for a net with the point equation ( 1 ) with a — b =]//> 
the equations of a transformation K (§ 25) are 


dxi 8 2 3 / x \ 3xi 8 2 3 / x \ 

3 u p du \ 8 r dv p dv \8i’ 

26. Let N be a net in 3-space and Ni an F transform of N given by (60). 
Let corresponding points M and Mi of these nets and the two focal points 
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and F% of the harmonic congruence of the transformation be taken as the vertices 
of a tetrahedron of reference of homogeneous coordinates cc, y, z , w such 

Jf(0, 1,0,0), Mi (0, 0, 0, 1), ^(1,0. 0,0), Ft (0, 0, 1, 0). 

Show that the pencil of conics tangent to the lines MFi and MFt at the points 
(ilf)-i and (M)i of the Laplace transforms (N)~ i and (N) x of N are given by 



where X is a parameter; also that according as X is K, or H, the conic osculates 
the curve u = const, of (N)-i at (M)~ i or v = const, of (N) x at (M) x . 

Annals, vol. 18 (1916), p. 11. 

27. A necessary and sufficient condition that a conic of the pencil of Ex. 26 

osculate the curve u = const, at (M )- 1 and v — const, at (M)i is that N have 
equal point invariants. Darboux, Lecons, vol. 4, p. 38. 

28. Show that the pencil of conics tangent to the lines M\F X and Mi Ft 
at the points of the Laplace transforms of N x are defined, in the coordinates 
of Ex. 26, by 



that this pencil and the pencil of Ex. 26 determine involutions on the line F x Ft ; 
and that a necessary and sufficient condition that the two involutions be identical 
is that the transformation F be K. Annals, 1. c., p. 12. 

29. If N and Ni are two nets in relation AT, any two conics of the two 
pencils of Exs. 26 and 28, meeting on the line F x Ft determine a pencil of quadrics 
which cut the line MM X in an involution whose double points are the focal 
points of this line for the congruence of these lines, and the two cones of the 
pencil are the quadrics, tangent to MM X at these focal points. 

Annals, 1. c. p. 15. 

30. If N and N x are nets in relation K , the doubly osculating conics of 
the pencils of Exs. 26 and 28 meet on the line F x Ft , and the vertices of the 
two cones in the pencil of quadrics determined by these conics are the corre- 
sponding focal points of the conjugate congruence of the transformation. 

Tzitzeica, Comptes Rendus, vol. 147 (1908), p. 1036; also Annals, 1. c., p. 16. 



Chapter IV. 

Surfaces and congruences in 3 -space. 

40. Nets in 2-space. It is evident that any three functions 
of two parameters, u and v, satisfy an equation of the form 

.j. 3*0 Sloga 30 . 3 log b 30 , 

dudv dv du 3 u dv 


Consequently any two families of curves in 2-space form a net. 
It is likewise true that we can find two equations of the form 


( 2 ) 


3*0 

du* 

3 2 0 


3v 2 


30 | , 30 * 

Ul J^ + bl ~dv +Cl0 ’ 
d 6 , , d 6 . 


which the three given functions satisfy. 

Conversely, we seek the conditions which must he satisfied 
by the coefficients in (1) and (2) in order that they admit three 
linearly independent solutions. To this end the following conditions 
of integrability must be satisfied: 


a 

/ 3*0 \ 

| 

f 3*0 \ 

_Li 

/ 3 2 0 \ 

d 

dv 

[du*] 

du ' 

l dudv)’ 

dv 1 

1 dudv) 

du 



Reducing the resulting expressions by means of (1) and (2), we 
get two equations of the form 


(3) A 


ii , _ R i! 

du'** 1 dv 


+ Ci0 — 0, 




d0_ 

dv 


—f— Cg 0 — 0, 


where A u B x . . . . C 2 are determinate functions, which must vanish, 
if equations (2) are to hold for three linearly independent solutions. 
Putting them equal to zero, we get the following conditions: 
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(4) 


8^ L= ak l g«ito £ i 

dv dv du dudv 


0lo gb ,11, , dbi Slog a 

“■-&“ + w ‘ + c ' + "ST = “ST 


, . / 9 log6 \ 2 , 9*lo gb 
1+ \ du / + du* ’ 

, , . 9Ci 9loga . 9log& . 9c 

fyc + bic t + — — = — - 2 — Ci -1 — c + — — , 

dv dv du du’ 

, . db 2 dloga dlogb , , 9*lo gb 

“■ s '+-sr=-rf — 

, 9loga . . , dag d log b . /9loga\ 2 . 9 s loga 

61 -s- + *+ c -+ vr — — “*• + (— rf-J +- *r-> 

, , , 9c 2 9 log 6 . 9 log a . 9c 

*■ c + c ‘ + 7S- =' ~ * + — c + u- 


When these conditions are satisfied, the system (1) and (2) 
is completely integrable and there are at most three linearly in- 
dependent solutions. For, the derivatives of the second and higher 

d 8 dO 

orders of 6 are linearly expressible in terms of — — , — , and 8. 

du dv 

Hence all the integrals are expressible as linear functions, with 
constant coefficients, of three solutions. Therefore we have the 
theorem : 

When the homogeneous coordinates of a net satisfy equations 
of the form (2), the net is in 2-space; and all nets whose homogeneous 
coordinates satisfy the same equations (1) and (2) are projective 
transforms of one another. 

41. Tangential coordinates of a surface in 3-space. 

Let x, y , z, w be the homogeneous point coordinates of a surface 8 
in 3-space referred to any system of parametric curves u — const., 
v = const. Since the tangents to the parameteric curves at a point 
of the surface lie in the tangent plane to the surface at that point, 
the equation of the tangent plane must be satisfied not only by 
x, y , z, and w, but also by the coordinates of any point on these 
tangents, that is by expressions of the form 

, , dx , . dx 


7 
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for any values of ). 2 and Hence there exist four functions, 
X, Y, Z, W, of u and v, the tangential coordinates of the surface, 
Icf. § 67] satisfying identically the three conditions 


( 5 ) 


l 2* 


Xx+Yy + Zz + Ww = 0, 

dx _ xr* 9 x 


d u 


o, Zx 


dv 


o, 


where ^ indicates the sum of four terms obtained by replacing x 
and X by y and F; z and Z\ w and W respectively. 

In consequence of the last two we have, on differentiating 
the first, the two equations 


(6) 



= 0 , 



3Z 

3 v 


— 0 . 


42. Asymptotic lines. An asymptotic line on a surface is 
characterized by the property that its osculating plane at a point 
is tangent to the surface at that point [§ 55]. Hence along an 

dv 

asymptotic line — must equal such a function of u and v that 

the equation of the tangent plane is satisfied by Xx-\- (idx-\- vd^x, 
for all values of A, g, and v [cf. § 30], Hence we must have 

ZXd*x — 0 . 


Eliminating A', Y, Z, and W from this equation and (5), we have 


(7) Ldu i + 2Mdudv + Ndv*= 0, 

where 


(8) 

L = 


dx 

dx 

d a x 

du 

dv 

du 2 


dy 

d 2 y 

du 

dv 

du 2 

dz 

dz 


du 

dv 

3 u 2 

3 iv 

9 w 

d 2 w 

d u 

dv 

du 2 


dx dx d 2 x 
du dv dudv 



w • 


dx dx d 2 x 
X du dv dv 2 

y 
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( 10 ) 


This is the equation of the asymptotic lines on S. We have 
immediately the theorem [cf. § 77]: 

A necessary and sufficient condition that four functions x, y, z, w 
he the homogeneous point coordinates of a surface referred to its 
asymptotic lines is that x, y, z, tv he four linearly independent solutions 
of two partial differential equations of the form 


(9) 


[ dfe 
. 9 H * 
I 9*0 

( 8 v s 


V V . , U V . . 

a x ~ — + e > 
du dv 

dd „ 

dz~ ho 2 - — rC 2 0. 

du d v 


We seek now the conditions upon the coefficients of equations (9) 
so that two equations (9) shall have four linearly independent 
solutions. It is necessary that the following condition be satisfied: 


a 2 /a^\ _a 2 /a 2 jn 

dv 1 \a«*/ du* \aW* 


When the above expressions are substituted, the resulting equation 
is reducible by means of (9) to an equation of the form 


Aff +J ;M + c|* + n, = o, 

dndv du 1 dv 


where A , B, C and 1) are determinate functions of the coefficients 
of (9) and their derivatives. These functions must be equal to 
zero, otherwise we can have at most three linearly independent 
solutions of (9) [cf. § 40]. 

Putting them equal to zero, we obtain the four equations of condition 


d*d 2 

d 2 a 1 

i_JL 

du* 

dv* 

r du 

d% 

d*h 2 

,1 

dv* 

du 8 

r dv 

9 s c s 

a 2 c*i 

L 9/. J 

- du 2 

dv* 

r 


B<h a 1)2 


dv 

(Oi <h) + h 
Qh h) + at 


du 

da L 

dv 

db 2 


du 


d a 2 
du 


d 6*i 

1 du 


= o, 

9 &i 9 / , n , n 


Ik 


d d 2 


du 


du 

dh 


dc 2 0 

ai_ 9 u~ 2c ‘dv 


d 6*2 
du 

dCj 

Jv * 

7 dc 2 a 6*i 

■ h 'Tv +b *lfif 


(fl.M + 2 


= 0, 
= 0, 

= 0 . 
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When these conditions are satisfied, the system is completely 
integrable, and as all the higher derivatives are expressible linearly 

in terms of x, ~r~, and ----- f —, there are four linearly inde- 

du dv dudv 

pendent solutions, and only four. Hence we have the theorem: 

A necessary and sufficient condition that a system (9) admit 
four linearly independent solutions is that the coefficients satisfy (10). 
All surfaces whose four point coordinates satisfy the same system (9) 
are projective transforms of one another . 

When the surface S is subjected to a polar transformation with 
respect to the quadric 
(11) x*+y*+z*+w*^ 0, 

the point and tangential coordinates of 8 are tangential and point 
coordinates respectively of the transform S'. Since asymptotic 
lines are transformed into asymptotic lines on S' [cf. § 84], we 
have the theorem: 

Any four linearly independent solutions of the system (9) are 
tangential coordinates of a surface referred to its asymptotic lines; 
all surfaces whose tangential coordinates satisfy the same system of 
equations (9) are projective transforms of one another . 

43. Nets in 3-space. Point coordinates. Consider a sur- 
face S referred to any system of curves, u — const., v = const., and 
upon it a net, or conjugate system. Any point P on a tangent 
at AT to a curve of a family of the net has homogeneous 
point coordinates of the form 

x — Xx-\- g (ir ~ ~du + ~~~ dv\. 

r \du 1 dv I 

A necessary and sufficient condition (§ 2 ) that two families of 

curves determined by and form a net is that, as M moves 
du ou 

along the curve of the second family through it, P moves in the 
tangent plane to the surface at M. Hence the point whose 

coordinates are of the form x + dx = dte + dv must 

du dv 

lie in the tangent plane. This gives the equation of condition 


Xdx + Ydy + Z§z+ Wdw = 0. 
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Combining this equation with the identities (5), we get 

(12) Ldudu-f M (dud n -J- Sudv ) + NdvSv — 0, 

where L, M and N are given by (8). 'This is in keeping with (7) 
which defines the asymptotic or self-conjugate directions, and could 
have been inferred directly from (7), since these differential equations 
in the parameters are independent of the point coordinates and 
consequently should be equivalent to the similar equations found 
when cartesian rectangular coordinates are used [cf. §§ 54, 55]. 
As an immediate consequence of these observations and the results 
of [§ 56] we have: 

A necessary and sufficient condition that the curves defined by 
Rdu 3 -\-2 Sdudvf Tdv 2 — 0 form a conjugate system is 

(13) RN + TL — 2SM — 0. 


From this result, and from (12) also, it follows that a necessary 
and sufficient condition that the parametric curves form a net is 
that M = 0. But from (8) this means merely that x, y, z and w 
are linearly independent solutions of an equation of the form (1). 
In this case the equation of the asymptotic lines is of the form 

(14) dtt s + r dv 3 = 0, 


where r — N/L is a function of u and v. Comparing this equation 
with (7), we have in consequence of (8), 


dx dx d 3 x d 3 x 
9 u dv r d u 3 dv 3 


y 

z 


~ 0 . 


w 


Hence we have the theorem: 

The homogeneous point coordinates of a net in 3-space are 
simultaneoxis solutions of two equations of the form (1) and 


9*0 _ 9*0 

dv 3 r 9 u 3 


.90 . ,,90 . . 
a '- — b b'— + cO. 
9 m dv 


( 15 ) 
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Conversely, we shall show that two equations of the form 
(1) and (15) admit at most four linearly independent solutions. 
In the first place in order that they admit a common solution it 
is necessary that they satisfy the condition of integrability 



When the expression from (1) and (15) are substituted, the resulting 
equation is reducible to 


(16) 
where 
A,- 

Cf- 


d s e 


du' 


<r — Ai 


a’0 . „ 90 . ^ 30 , „ 

— T + fiiTr + CiTr+Ad, 


3 m 


3 m 


dv 


__i og ___ Bl . 


Z+2 


l / 1 3 ! a . ,3 


r \a dv 


a —— log - , — 
3 m 6 a 1 


,3 log a 


dv 


3 s log b 

_ 3 b’\ 

dudv 

du I 


A 


1 / aloga . ,dlogb 


dv 


dll 


dc y dd 
dv C du) ) 


where K is one of the invariants of (1) [cf. I, 44], 
Prom (1) we have also by differentiation 


du*dv 


A d 2 0 . _ dd . ^ dd , _ A 
" A ^u* + B ^ + Ci ^ + D * e ’ 


(18) 
where 

( ! 9) Sloga 3 s loga 13 *b 3 , , 

A,=~ r , u,= h+2^--, ft= JTu ,. A logic 


d^ 0 d s 0 

Also from (15) we obtain ----- * and — « expressed linearly in 

dudv dv 

d 0 d 0 d 2 8 

terms of 0. — , — - and — T . There remains the condition 

? du dv dn 2 
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By means of (16) and (18) this condition is reducible to the form 


< 20) P ^ + 0 J H£ + M = 0 ' 

where P, Q, R and are determinate functions. If the coefficients 
in (1) and (15) are not such that 


Q = R =-. s = 0 , 


we have a system to be satisfied similar to (1) and (2), which, as 
we saw in § 40, admits at most three linearly independent solutions. 
Hence we must have (21) satisfied, in which case the third and 

0 ^ 

higher derivatives in 6 are linearly expressible in terms of 0 , , 


d 0 d ^ 0 

Since all further conditions of integrability are satis- 

ov on 

tied, we see that there are at most four linearly independent solutions 
of a completely integrable system of equations of the type (1) and 
(15). Accordingly we have the theorem: 

The homogeneous point coordinates of a net in 3-space satisfy 
a system of equations of the form (1) and (15); conversely , a net 
whose coordinates satisfy such a system lies in 3-space . Any four linearly 
independent solutions of the same system of equations (1) and (15) 
are the homogeneous point coordinates of a net projective with the 
given net . 

When the expressions P, Q, R and S in (20) are calculated, 
it is found that equations (21) reduce to 


-^ L + Cir = -^- + * l 


9 -Si i i ,> , dB t i n 9l °g a i n 

— - + A,B, + a C, = - iu - + O, ~ + D„ 

+ A t C, + f/C,-; IK -- -1A.C.+C 


, 9 log b 
' 2 9m ' 


+ A 1 D t + B lC +<V = ^- + A i D l -hC i c. 
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When the point coordinates of a net N are cartesian, we have 
from (14) and [(40) § 55] that r = L"H). Consequently by the elimi- 
nation of X from the first and third of the Gauss equations [(7) § 64] 
we find that the cartesian coordinates of N satisfy an equation of 
the form (15) with 



From (14) and [§ 82] it follows that a necessary and sufficient 
condition that N be isothermal-conjugate is that r — U/V, where 
V and V are 'functions of u and v alone respectively. As a con- 
sequence of the preceding theorem, we have: 

An isothermal-conjugate net is transformed into an isothermal- 
conjugate net by a projective transformation. 

44. Ray congruence and ray curves. Consider a net N 
in M-space, and the system of lines joining corresponding points 
of the first and minus first Laplace transforms of N. If this system 
of lines is to form a congruence, there must be two points of a line 
generating curves to which the line is tangent. The coordinates 
of any point are of the form Ix-if-gxi. Hence it must be possible 
for u and v to vary in such a way that d{Xx~ lfpxj) is a linear 
function of x-i and x,. From (III, 2, 4) we have 


( _ 

d s x 

1 d l b 

dlogb 

dx-i 

| d u 

~ du f 

b 3 m 8 * 

du ’ 

dv 

I 

__ 3 log b 

Xi + Hx , 

dx\ d i x 

1 3 S « 

1 3 u 

du 

dv dv 2 

a dv* 


3 log a 


dv 


X-i -j- Kx, 


8 log a 

dv 


x lt 


where H and K are the invariants of (1). Expressing the above 
condition, we get equations of the following form to be satisfied 
by the coordinates x: 



1 0*6 




*f /* 


/ d*x 

1 d 2 a 

\T7“ 

a dv 2 




/ dx 

3log6 

\8w 

du 


X 


dx 3 log a 


dv 


dv 


x ) — 0, 



where v and a are to be determined. 



44. Kay congruence and ray curves 
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0 * QQ 0 * Qg 0 QQ 0 QQ 

Equation (24) is linear in — — =-, — -, ~ and x. If n > 3, 
H du 2 dv 3 014 dv ’ 

this equation must be satisfied by five or more linearly independent 

functions x, which is possible only when the coefficients of the 

. , . » iA/ mi • • 1 i i a i • l 


quantities— 


, a- are zero. This gives Idu — fidv = 0, which 


from (24) is seen to be impossible. 

When n — 3, by means of (15), (24) is reducible to an ex- 

d ^ x d x d x 

pression linear in— — — , — — , x. The coefficients of the latter 
* dir du’ dv’ 

expression must then be zero, which gives the four equations of 
condition 

( hdu + (irdv = 0, fia' dv + v = 0, f*b'dv-\- a — 0, 




— Kdvj + v^— Hdu+ — d'jdwj 


I r 9l °g& i g 8l °g ffi 

016 0t> 


Eliminating A, v and o' from these equations, we obtain 


(26) 

where 


Hdu* + Rdudv — rKdv 2 = 0, 


r d 2 b 1 d 2 a , , , , 0log& . , 0logq 

b du 2 a dv 2 C a du dv 


Hence the system of lines forms a congruence. Following Wilczynski 35 ) 
we call it the ray congruence of the net N, and the curves on 
the surface of the net defined by (26) the ray curves . Since any 
one parameter family of lines in a plane has an envelope, the 
developables of such a congruence for nets in 2-space have no 
significance. Hence we have the theorem: 

The lines joining corresponding points of the first and minus 
first Laplace transforms of a net form a congruence only when the 
net lies in 3-space . 

From (13), (14) and (26) we have the theorem of Wilczynski 26 ) : 


25 ) Transactions of the American Mathematical Society, vol. 16 (1915), p. 318. 
*) L. c. p. 319. 
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A necessary and sufficient condition that the ray curves for 
a net N form a net is that N have equal point invariants. 

In consequence of the fourth theorem of § 10 we have: 

The ray congruence of a net with equal point invariants is 
harmonic to the corresponding net of ray curves . 

45. Nets /?. We determine the condition that the tangents 
to the curves v = const, of a net N form a W congruence, that 
is the asymptotic lines on the surface of N and its minus first 
Laplace transform correspond [§ 172]. 

From (23) we have by differentiation, making use of (16), 


(28) 


d*x~ 1 


du 2 


d*X- 




3 log b 

9 2 logh\ 

du 

8m* / 


dv* 


9log& dx—i . ^ dx , dK , 9 2 logn 
9 v dv dv 9 v X 9 v l 






9 x 

If we replace x and by the linear expressions for them obtained 

9 x 

from (III, 2, 4) and then eliminate ----- from these two equations, we 

3 v 

obtain for the net N~ 1 an equation of the form (15), where r-i has 
the value KJ C, . 

From this result and (14) it follows that a necessary and 
sufficient condition that the asymptotic lines correspond on the two 
surfaces is that C l r= K, which by (17) is equivalent to 


(29) 


2 8 * lo gfr _ di> 

9 u dv du 


In like manner a necessary and sufficient condition that the 
tangents to the curves u — const, of N form a W congruence is 


2 


e^loga . 9 /p'\ 0 

dud v dv \ r j 


(30) 



45. Nets B 
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Tzitzeica* 7 ) has defined an R net to be one for which the 
tangents to the curves of both families form W congruences. 
Equations (29) and (30) are the analytical condition that N he an 
R net. When these conditions are satisfied, the first of (22) reduces 
9 2 

t 0 — l 0 gr= 0. Hence we have the theorem of Tzitzeica: 
9 u 9 v 

An R net is isothermal-conjugate. 

By means of the first of equations (22) we establish the con- 
verse theorem due to Demoulin 28 ): 

If the tangents to the curves in either family of an isothermal- 
conjugate net form a W congruence , it is an R net. 

Since an R net is isothermal-conjugate, the parameters can 
be chosen so that r —1. Since a and h in (1) are determined 
only to within factors, which are functions of u and v respectively, 
these can be chosen so that (29) and (30) may be replaced by 


dv ’ du 

Hence : 

The two differential equations satisfied by the homogeneous point 
coordinates of an R net are reducible to the form 

3 log a 3 0. 3 log 6 30 , 
dv du du dv ’ 

2 9 lo B: rt de _l 9 1 lo f 1 ll i j 0 
du du dv dv 


(31) 


3'0 

dudv 


dfO 

'dv 


2 + 


3*0 
3 m* 


We return to the consideration of the net N- 1 . From (23) 
we have by differentiation 


( 32 ) 


9 u 9 v 


+ 


9 2 log 


dv 

a 


9 2 x*~ i 9 log a dx 

di 

dlogK 9 log a 


X-i , d 9x_i 

»„- + ^u' 0sKb -~iv 


dudv 


du 


dv 


c x- 1 . 


27 ) Comptes Rendus, vol. 152 (1911), p. 1077. 

28 ) Comptes Rendus, vol. 153 (1911), p. 592. 
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Since r — — 1, it follows from (17) that Ci= — K. Making use 
of (III, 2, 4) and the third of (22), we find from (28) 


(33) 



d a X-i . d 2 x-i 
dv s du * 


3 log a dx—i , 9 8lo gKb dx-i , , 

du du dv dv c i h 


where c'-i is a determinate function. Comparing equations (31) 
and (33), we see that N~i is an R net. Similar results hold for 
the first Laplace transform of N. Consequently: 

The Laplace transforms of an R net are R nets. 

Making use of the terminology of [§ 165], we have: 

If either of the first derived congruences of a W congruence is 
a W congruence, then all of the derived congruences are IT 28 ). 

46. W congruences. Let S be a surface referred to its 
asymptotic lines a — const., /3 = const. The cartesian coordinates, 
£c (1) , x a) , x m , of 8 are given by the Lelieuvre formulas of the 
form [§ 79] 


3a: (t) 

*2 H 

rH 

'h 

CO 


da 

dv 2 dvg 

’ d/3 



da da 

d/3 d/3 


where v u r s , v s are proportional to the direction-cosines of the 
normal to S, such that the total curvature of 8 is given by 


(35) 


K = 


1 




The functions Vi are solutions of an equation of the form 


(36) 


3*0 
dad f 


= Me, 


where M is a function of a and 


J# ) Cf. Demoulin, 1. c., p. 591. 



46. W congruences 

If e x is any solution of (36), the equations [cf. § 172] 
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(37) 


9(0i»<) 

da 


0i >'* 
d 0i d Pi f 
dec dec 


9 (0i vQ 
9/S 


0i n 
d 0i 3 Vi 

T/FTfi 


are consistent, and the functions vi are solutions of 

< 38 > 


The equations of the form 

(39) x (1) — a; (1) + v{v% — v s v t 

define the coordinates, x {i) , of a surface 8, such that S and 8 are 
the focal surfaces of the congruence of lines joining corresponding 
points on S and S; this is a W congruence, since the asymptotic 
lines are parametric on S. Moreover, any W congruence with S 
as a focal surface may be obtained in this way. We shall give 
this result another form. 

From (9) and the first of equations (10) it follows that the 
coordinates x (i> satisfy equations of the form 


(40) 


3*0 __ df 30 d e_ 

da i da da d/3’ 


d % 6 30 dtp 30 

3/S 8 ~ Ul da + 3/S 3/S* 


Differentiating (34), we obtain 


(41) 


3 

3 a* ■ 


Vi r s 

d i x (X) _ 

Vi V 3 

d 2 P% d 2 p$ 

d 2 V 2 d 2 v 3 

’ 3/S 8 

dec 2 dec 2 

3/S 8 3/S 8 


The functions Vi satisfy three equations of the form (1) and (2). 
From (36), (40), (41) and the first, second and fifth of equations (4), 
it follows that these equations are 
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and seek the conditions which k, l and m must satisfy in order that 
this expression may satisfy equations (37) for i= 1, 2, 3. By means 
of (42) we find 


(44) 


dl 

dfi 


aim — 0 , 


3 m 

dec 


— bl --- 0, 


(45) 


and 


(46) 




dm . 3 f 

d/2 + / 3 « 



/ 9 j._ dm i 

\3« d/8 +l da 3 fij 



= 0, 

-= 0. 


Conversely, if l and m are any pair of solutions of (44), the 
functions k and 0 U defined by (45) satisfy (46). Furthermore, if 
equations (46) are differentiated with respect to and a respectively, 
and the resulting equations are substracted, we find that is 
a solution of the second of equations (42), in consequence of (46) 
and the equations for (42) analogous to the third and last of (4). 
Hence 80 ): 

The determination of the W congruences with a given focal 
surface S is equivalent to the solution of equations (44), in which a x 


30 ) Cf. Jonas, Jahresbericht der deutschen Mathematiker-Vereinignng, vol. 29 
(1920), p. 52. 
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and b are the functions appearing in the equations (40) of the sur- 
face; when a pair of solutions is known , the coordinates x {i) of the 
other focal surface of the congruence are given by 

dx {i) dx {i) 

(47) r»=*«>+2 

' ' * ' ‘ dm dl d<p i 9 ' 

dp da da m dp 

This expression follows from. (39), (43), (45) and (34). 

47 . R surfaces. In § 45 we established the conditions to be 
satisfied by a net N in order that it be an R net. A surface is 
said to be an R surface when it contains an R net. In this section 
we establish an analytical characterization of R surfaces. 

Let 8 be a surface referred to its asymptotic lines a = const., 
const. Its cartesian coordinates satisfy equations of the form (40). 
Any isothermal-conjugate system of curves on 8 is defined by [cf. § 82] 

(48) m = A («) + B (fi), v - A («) — B (f), 


when A and B are arbitrary functions of « and /S respectively. 
If we effect the transformation of variables (48), equations (40) 
become 


8*0 8*0 

8 w 8 8 v 8 




where 


d 2 0 

dudv 


\(K-L) 


do 

du 


+ 


1 

2 


(M — N) 


80 

Tv’ 


K — 
M = 


1 1 
2 A' 2 
1 1 
2 A' 2 


(1 ZA’+W-A'), 

(15 '‘-*'-4 



df 


B'— B' ,] J, 


N-- 


2 B 


ft 



d (p 


B'+B" 




the primes indicating differentiation. 

From (31) it follows that a necessary and sufficient condition 
that the net of parameters u and v be an R net is that 

~ (K+L) = /- (K- L), ~ ( M-N ) - (M+N), 

ov ou ov ou 
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or in terms « and ft 

1 dK 1 a L 1 dM . 1 dN _ 

B' d/3 A' dec B' d/3 + A! dec a 

Substituting the above expressions for K, L, M, N, we are brought 
to the single condition 

(49) B'*~ +B'B" b = A! 1 -- +A'A"a l tl ). 

dp o cc 

Since the quadrics are characterized by the condition that 
a x = b = 0, we have the theorem 52 ): 

Every isothermal-conjugate net on a quadric is an R net. 

If the condition (49) is satisfied foi^ two sets of functions 
A, B and A x , B u it is satisfied also by A , By where 

Af*=A’*+kAi % , B' 2 =B'*+kB[ 2 y 

k being a constant. Hence we have the theorem of Demoulin 33 ): 

If a surface is an R surface in two waijSy it is an R surface 
in an infinity of ways; that is an infinity of nets R lie upon it. 

If the condition (49) is satisfied by a surface, the parameters 
of the asymptotic lines can be chosen so that A — a f j B — ft. 
Consequently: 

A necessary and sufficient condition that a surface be an R 
surface is that its cartesian coordinates satisfy equations of the form 

dep d 6 . dip d 6 
da ~d~ct + Ya JJ’ 
dip d 6 . dq> d 6 
M "da + Tfi ~dfi* 

When the conditions (10) are applied to (50) we obtain the equations 
to be satisfied by y and \p, whose solution gives the complete 
determination of R surfaces. 

31 ) Cf. Demoulin, Comptes Kendus, vol. 153 (1911), p. 799. 

32 ) Cf. Bianchi, Bendiconti dei Lincei, ser. 5, vol. 22 a , (1913), p. 5. 

33 ) L. c. 
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For this case equations (44) become 


3/ 

d/3 


3 0 

3 it 


m — - 0. 


9 m 3 0 j ^ 0 

da da 


of which a solution is l — m — e^’. Making use of (45), the 
equation (43) becomes in this case 


(51) 



n --- 


Ja i<f + IP) + dft (<r+ ' / ' ) ] 2 9 « 


•> 


dv t 

3>‘ 


48. R Congruences. Transformations By definition 
the W congruence of tangents to the curves of either family of 
an R net is an R congruence. In this section we show that when 
an R surface is known, a congruence R can be found by quadratures, 
whose lines are parallel to the normals to the given surface R 3i ). 

Equations (50) can be written 


< 52 > h = 

- 9 3 0 3 0 

C da 9/S ’ 

9 

f d l .1? 
\ dfil" d/3 da 

Hence if we put 




(53) *li+Vi — 

9 /'> 

9« 


■ 2 " f 3,8' 

we have 




<54) 

3 0 , , 

9 

3/* 

fjj- <»;+,,)• 


Differentiating these equations with respect to /J and a respectively, 
we find that 


(55) 


d *V, .<!> 3 2 c~^'' 3V '' - 

dctd/i ^ dad/3^ 1 ’ dadft 6 dad/3 


34 ) Demoulin, Comptes Rendus, vol. 153 (1011), p. 798; also, Jonas, 1. c., pp. 67 
et seq. 
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Since equations (54) may be written in the form (37) with 9 t replaced 
by (~^ and v., v] by rj., y., it follows that the surfaces - and 2' of 
coordinates i‘ (!) and £ <0 given by equations of the form (34) in r t . and 
analogously to 139) by equations of the form 


(5(5) 


5 a) -== £ a) -f- 


are the focal surfaces of a W congruence In consequence of 
(53) we have 


2 


0,/;« 
d a 








d/3 


Consequently the lines of the IF congruence are parallel to the 
normals to the given R surface. 

From (53) we have 


(57) 


8 x (d 
d a 


d /3 ' 


If we differentiate this equation with respect to a and fi and add 
the resulting equations, we find in consequence of (50) and (53) 


(58) 


d V, , d 'h 

da d/3 


1 

2l- 




1 - 

9 V; 


r 0 

"da 


(</+>>’)- 




Comparing this result with an equation analogous to (43) written 


(59) 



ki/i+l 



dr,. 

dT 


we see that X — /*, and hence from equations analogous to (44) 
and (49) it follows that 2 is an R surface, and consequently the 
congruence J H is R . Moreover, from (53) it is seen that the normals 
to 2 and ^ are parallel to the tangents to the curves of the R net 
(t — ft — const., a -{-ft — const, on S. 

The equations for 2 analogous to (50) for S are obtained from 
(50) by replacing y and xp by functions and *p l9 where X — n — e^ l y 



49. Reciprocally derived nets. Transformations IT of nets R H5 


as follows from equations analogous to (44). From (58) and equations 
similar to (51), we find that r/ v can be chosen so that 

'/i H- •/'i y + V' ~ 0. 


Also from (54) we have that — - 
be written 


Vi> 


e*' 1 


dj M 
da ’ 


2 




Hence equations (53) can 


>>i (%— n) 


iff' ' 


dx ,M 

dfi' 


Suppose conversely that we liave an B congruence for which 
one of the focal surfaces is A whose point coordinates x' A satisfy (50), 
and for which the functions v t are given by (51). In consequence 
of (37) and (51), the equations 


8 U 


(v,+vd e~ { ? : 


d g ( '> 
~dfi 


0 , (r ; — r,)e" 


-(tH-y>) 


are consistent, and $ (,) are solutions of 


f " — - 8 - (logs, 
9« J 9 a ° 


59 9 log 0, 9 0 

^9«“ 8«-M' 


d 2 e 

W : 


9 log 0 ( 9 0 . 9 a ..9 0 


Hence £ f/) are the coordinates of a surface 7/. 

Accordingly we have the theorem of Demoulin: 

When an R surface is lenown, an associated R congruence can 
be found bg quadratures, and conversely ; the lines of the congruence 
are parallel to the normals of the associated R surface, and the 
normals to the focal surfaces of the congruence are parallel to the 
tangents to the R net on the R surface . 

Demoulin has called this reciprocal relation a tranformation d t . 

49. Reciprocally derived nets. Transformations W of 
nets R . In § 11 we remarked that if 0 X and 0 2 are solutions of 
the point equation 

d 2 e a log a 3 6 . a log b do 
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of the cartesian coordinates of a net N(x ), they determine a derived 
net N(x ) of N, whose coordinates are given by equations of the form 


(61) 

where 

(62) 


. 3 x . dx 


J 


/ 9 00 

. 90 , \ 

l / 

. 9 0 ! 

„ 9 0 o \ 

V'Yv " 

2 7 W’ 

l» 

i! 

554 

du 

0 i — 

du ! 




90 2 90 t d0 2 9 0j 


du dr 

From these equations we have 


9 r 9 k 


(63) 0 1+p 


9 0, 


9 u 


dr 


n A l d6 * jl 

0, «.+i>- 8 --+«17 


- 0. 


Ordinarily M is not a derived net of N. When it is, we say 
that N and N are reciprocally derived nets™). If N and N are 
reciprocally derived nets, the tangents planes at corresponding points, 
M and M, mustpass through M and M respectively. Hence the 
surfaces, S and S, on which N and N lie are the focal surfaces of the 
congruence <1 of lines MM. Since the lines of 0 are not tangents to 
the curves of N or N, there exist upon 8 and S corresponding nets 
to which these lines are tangent, namely the focal nets. Consequently 
8 and 8 are surfaces in 3-space (§ 3), and since two nets on S 
correspond to two nets on 8, the asymptotic lines correspond on 
S and S. Hence G is a W congruence. 

Since 0, and 0 2 are solutions of (60), we have from (62) 


9 log a p I dH i 9 0 3 9 2 0 2 dOA 

du ^ dr / \ du 2 dr du 2 dv / 

dp 9 logo . 1 j d*d 2 __ 9 2 0 l \ p_ /9 0 2 _ 9 2 0, ___8_0 l 9 2 0g \ 

dr P dv J\ l dv 2 1 9/; 2 / J \du dv 2 du dv 2 I 

9 log b . 1 / 9 2 0, 9 2 0 2 \ q / 90, 9 a 0 8 90, 9*M 

du ^ du J\ 2 du 2 l du 2 ) J\dc dn 2 dr du 2 ) 

dq = __ 9 log b q ld\ 9 I0 t _ __ d 2 Jh dd 2 \ 

dv ^ du J \ dv 2 du dv 2 du / 


3r> ) Cf. Tzitzeica, Comptes Kendus, vol. 156 (1913), p. 666. 
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With the aid of these expressions we show that the point equation 
of N is 

a 2 e 
a u a v 


(65) 


0 . 00 . d , , 00 


If A T is to be a derived net of X, we must have 

w ,^,+p If +3°";;, 


and the point equation of A is, analogously to (65), 
0 2 0 


(67) 


dndv 


9 , -00.0,, 90 

si \a%ttpv + — logbqq • 


Comparing this equation with (60), we have 

(68) pp - U, qq - V, 

where U and Karo functions of?/ and v alone. From (61) and (66) 
it is seen that the parameters can be chosen so that 


(69) 


PP - qq. 


1 


where r is a constant. 

AVhen the expression (61) for ./* is substituted in (66), the result 
is reducible to 


(70) 

where 


(71) 


0_V d\r 
0 u 2 ' 0 r 2 


, 0 x . 0,r 


■b' = 


1 dlogp Iq p\ 0log« 1 dp 

+ 7 + 'Si - + + ,7 S" + 7 Jr’ 

| i | 0 mg' , Ip | g\ | 1 0? 
- ,(1 + 5 + "17” + (i + pj ~dir + p Jn- 


By means 

of (64) equations (71) 

are reducible 

to 


d0 2 

1 0 2 0! 

+ 

0 2 0! 

,00. 

-r.O i)- 


/ 8 2 02 1 

a-0 2 

f 9 0g 

dr 

\0u 2 

a ?; 2 

a dn 

9?; 


dv 2 

" ~0M 

002 

/0 2 0, 

4- 

0 2 01 

_it Mi. 


9 0! 

/8’0 2 , 

0 2 0 s 

,8 02 

da 

\ dn 2 


"0« r 

dv 

r Oi j — 

9?e 

\ 0 ?r + 

dv 2 

' dl) 


-C0* 


-cQ% 
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from which it follows that.0i and 0 2 are solutions of 


(72) 


9*0 9*0 

dir + dv a 



+ b' 


d_H 
9 v 


+ r0. 


In order that equations (60) and (70) shall admit three inde- 
pendent solutions, we must have equations (22) satisfied with 
c — c o. When we make use of these results in obtaining 
equation (20) for the system (60) and (72), we find thatP— Q=R = 0 
and consequently S — 0. But this is the last of (22) and it 
reduces to 

db[ 9 8 high 

9 it 9 u 9 v 

Then from the first of (22) we have 

da ^ 9 2 l ogo () 

9 r 9 u 9 v 


From the results of § 45 it follows that A' is an 11 net, whose 
cartesian coordinates satisfy equations which can be written in 
the forms 

9 - 0 . 9-0 9 logo 9 0 9 log b S6_ 

dll 2 dr 2 9 v dll “ dr dv’ 

(73) •! 

9 ■ 0 9 logo df) . jHogi 9 0 

9 a dr dr 9 n d u 9 r ' 


Now equation (72), to be satisfied by 0, and 0 2 , is 


(74) 


9*0 9*0 _ 0 9 log a 9(9 9 log /> 9 0 

9 h* 9 r* ” “ ’ 9 n 9 w + " 9 /• 9 r 


Since (60) and (74) satisfy the corresponding equations (22), they 
admit four independent solutions. 

If in (61) the expression (66) for ,r is substituted, we find in 
consequence of (69) and (71) that x is a solution of 


(75) 


d 2 () 
9 n 2 


9*0 

d? 


a 9 , 9 0 . „ 9 , 7 

-2~ 1 °g« ! , iV( +2- | ogl> 3 


dO 
dr ‘ 


Hence iY is an 12 net whose equations are (65) and (75). 
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In § 50 it is shown that, if 0 S and are two solutions of 
(GO) and (74) independent of 0, and 0 2 , the functions 0 : , and 0,, 
defined by 


(7G) 


0; 0, -f- p 


9 0 , 

9 u 


dO, r 

''IT 0 


3,4) 


are solutions of (65), and that, moreover, the functions p and q in 
(66) are expressible in terms of 0 9 and 0, in the form analogous 
to (62). Hence N is a derived net of A, and consequently is 
reciprocally derived. We say that A is obtained from A by 
a transformation lie. Since any solution of (60) and (74) is ex- 
pressible linearly in terms of four independent solutions, it follows 
from the form of ((52) that there are co- r> transformations 11). for 
each value of r, different from zero, in (74). Hence: 

Any It net admits of oo r> transformations II) into It nets, for 
each value of the constant c different, from zero™). 

50. Theorem of permutability of transformations W. 
Let P. j and 0 t be two solutions of the equation (60) and 

d'O . 9 2 0 9log« 90 . 9 lo g h 9 0 . , 

9 u 9 /•"’ “ da 9 u * dr dr ’ 


and consider the functions (76). Analogously to (1, 68) we have 


’ 9 0, 


’ dO f 

1 9 0 2 9 * 0, 

d6y d' 2 6 2 \ 

9 a 

^\9(( 3 4 ! 

.a u 

\ dr du 3 

dr d u 3 / 


do-, 

/ 9 02 9 2 0, 

dOy 

dv 

\ dti du s 

du 


9 0, f dfffj . f 9 0; IdO^ d 2 0, _ _9 0, 9%\ 

dr (9 r 2 J [ du \ dv dv i dv d v* j 

9(9 / /9 0 a d i 0 l 9 0, 9 3 0 ii \l| 

~9r \ da 9 r 3 du dff /Jf’ 

^ ? (~ 'fin +(*'-') + 


3G ) Annals of Mathematics, vol. 22 (1921), p. 170; these transformations are 
given in a different form by Demoulin, Bulletin de la Classe des Sciences, 
Acad&nie Royale de Belgique, 1920, p. 226, and by Jonas, Jahresbericht, vol. 29 
(1920), p. 58. 
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Differentiating the first of these equations with respect to a, we get 


d 3 _e i __ 

dn 2 " 


8 61 ,; 
9 u 




i 

7 


ido, d 2 e { 
\ d7 dn 2 


de, a 2 Ml 
dv a u 2 j J 


-\-p (c — r) 



Making use of the expression (64) for 


dp 

dn 


and (76), we reduce this to 


d*8i 
dv 2 


dOi 

a n 





1 ' 'l Slogff] 


J 


+ 1 > 


9 0 , 

dv 


Also Ave find that 



d 2 fh 

dudr 


d . dO t a . . ddi 

87 l0 *“» 8. + 8„ l0!! * ? 7,'- 


From the second of (77) we get 

9*0, q 9logrt 9 0/ . /9log// q 9 log hq \d0, . , , . 8 0/ 

With the aid of (71) and (77) we obtain 

9*0, . 9*0/ alogrtjo 90/ . 0 9 log fog 9 0, . , 

9 «* + 9 v 2 ~ dn 8n + “ 9 v ~ dr + r 


Hence the functions 0,- determine a W? transformation of A’. The 
coordinates of the transform N are of the form 
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where (cf. I, 68) 
dx f d 2 x , 1 I dx 


0 #2 _ 9 01 0 S 02 

dv du 2 dv dll 2 


dx idO. dH x 
d r \ d n du 2 


f 1 d x , / d x . dx\ 

'rjju + 'Y^ +, j^i 


dO L d*e A 
du d u 2 


0 0i ~d0*\ 
dv °*dv}’ 


l I- de :) 

,/P^' 


( d 0 4 0 0 8 

d 6 4 

3 0,' 

\ d u dr 

dv 

0 m 


From (77) and ((33) we liave 


+ r » 


i d h\ 

4 du! 


d 0j _ dO* d 0! 
dv d v d u 


8»«\ 

/ 9 d 2 

3 s 0i 

0 0! 

3 2 02\ 

dn) 

\ 0v 

3?t 2 

9 /; 

dn 2 ) 

3 0 8 \ 

(3 02 

3 a dx 

0 0! 

9^\1 

/ 

\ 0m 

'3n 2 

0M 

8n 2 )J 


[(304 

0 03 

0 04 

3 0 s \ 

jU« 

dv 

0 V 

du) \ 


,11 i\ 

(de 4 

d 2 e a _ 

3 08 

3*04\ 

s du I 

\ du 

du 2 

0 V 

du 2 ) 

,lh\ 

(304 

3*08 

0 08 

3*04\ 

2 dv) 

\ du 

an 2 ' 

’8 m" 

a »«*/ 
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By means of the above formulas equation (78) is reducible to 


’ x + q 


c — c 

7 


3 ./* 


9 a* 




dr 


d8> ^ - 9 / 3 - )+(«., ©4 — »*»«) 


du 


3 u 


- . , dx 

3 u 


i c ~ c 

'+ ~ pq 

s/J 


( 3 a* f / 

dO, 

n 3 0j\ / 

„ 3 2 0 4 

« 3 2 0n\ 

[*«[( 

dr 

" V av) ( 

d>, 2 

1 9» 2 7 


.. 3 f h 0<h 
*'Yr ** 97 


0 l 


d 2 0o 


dir 


3 2 0 l 
-d 2 — ^ 
9?f 


dx [7 

9ft 

, 9ft\ / 

„ 9 2 ft „ 9 S 0 8 \ 

avrf 

3 m 

37/7 ( 

0.4 ^- s --0i- 9nS -) 


8 * 

8 0« 3« 


«L 


d-e, 

'di? 


9*0, 
9 /( 


9 2 .t 
^ 9« 2 


, fl 8 0. 
^Tr~ bi d r 


, 90. 9.0. 

1 9/f -l 9« 


_L 9 0 * djAL dB >-» 

\ 1 9 « 9 ?( / \ 4 3 /• 8 9 w / j 


In consequence of (80) this expression is symmetrical in c and c, 
and the pairs of functions 0i, 0 2 and 0 8 , 0,. Hence the net N can 
be obtained also by a])plying* to N the Wc transformation deter- 
mined by 0 ;} and 0 h and then to the resulting net N the trans- 
formation determined by the functions 


0/ - 0; + 


(04 


do, 

dv 




30^ 

du 


h 


90s 

du 


304 \ 3 0 * 




9ft 

9« 


304 

dv 


30^ 3 04 
9 1? 9« 


3 y , . 
(/ 


1 , 2 ), 


which are analogous to (76). 

If c — c, the net N coincides with N. Hence if a net N is 
a If transform of N by means of functions 0i and 0 2 , solutions 
of (60) and (72), and 0 8 and 0 4 are two other solutions linearly 
independent of _0 L and 0 2 . the functions (76) determine N as a W c 
transform of A r . 

AVhen c 4 c, we have that iV is a W c transform of N and 
a If, transform of A 7 . Hence: 
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If TV is an B net , and TV, and N* are obtained from TV by 
transformations W Cl and Tic*, there can be found directly an B net 
TV l2 which is a W Vi transform of A T , and a W (l transform of Nf 1 ). 


Exercises. 

1. If .n ( i = 1, 2, 3, 4) satisfy equations of the form (9), from the first of (10) 

and the first and fourth of (4) it follows that x h as*, x s satisfy an equation of 
the form (1) with equal invariants. Hence the projection from a point upon 
any plane of the asymptotic lines of a surface is a plane net with equal point 
invariants. Koenigs, Comptes Rendus, vol. 114 (1892), p. 55. 

2 . If x 1} .r 2 , x s are the coordinates of a planar net satisfying equations (2) and 

d 2 6 91og<r dO 9log<r 9 0 

9 ndv dv da da 9r ? 

the equations 

9 y \ 1 / 8 x ;i _ 9 \ d i/i 1 / dx : , __ dx« \ 

da a 2 \ da da r dv a 2 \ 1 dr dr I 


are consistent. In like manner we obtain by quadratures two functions y-> and y. t 
by permuting the subscripts of the xa cyclicly. Show that the function 


.'*4 = x-i y x + -x*y* + #s y* 

satisfies equations (2). Hence x, (i = 1, 2, 3, 4) are the coordinates of a surface S 
referred to its asymptotic lines. Annals, vol. 18 (1917), p. 224. 

3. The functions y Xl y 2 , v/ ;! , — 1 in Ex. 2 are the homogeneous point coor- 

dinates of the asymptotic lines of a surface which is the polar reciprocal of S 
with respect to the quadric -f- x\ -{ - x\ — 0. Annals, J. c., p. 225. 

4 . A necessary and sufficient condition that the surface S whose coordinates 
satisfy (9) be a ruled surface is that 0 or b x — 0; in this case the curves 
u = const, or v = const, are straight lines. 

5. If in accordance with the first of (1 0) we put a x = 2 --- 2 ---> 

o u dv 

then the coordinates ~x> ~ x { /X satisfy equations of the form 


m 

dtr 


— bi~rs r c, t). 

0 v 


dfO 

'dv* 


do _ 1 _ 


called by Wilczynski the canonical form of (9). Trans., vol. 8 (1907), p. 247. 

6. Let S be a ruled surface for which a = const, are the straight lines and 
the equations are in the canonical form (Ex. 5). Now a 2 = 0, and from (10) we 

have ^ = 0. The tangents to the curved asymptotic lines at points of a generator 
n = const, form a ruled surface B, u whose coordinates are given by 

dx 


37 ) Annals, 1. c., p. 172. 
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It is readily found that the y ' s satisfy the equations 


o*y 

a v* “ r * !h 


a 2 // __ 


0. 


Hence R u is a quadric, which osculates S along the given generator. 

7. If two surfaces S and S in 3-space are so related that each net on S is 
a radial transform of a net on S, then 


Ji) . 


jt) 


2 a J <1 ’ 


where a Jt d are constants. 

8. If two parallel nets in 3-space have areas preserved, the total curvature 
is the same at corresponding points. 

Guiehard, Comptes Rendus, vol. 136, p. 151. 

9. The focal points of a ray congruence are given by Aa_ 1 +//.r 1 , where 
K Rkfi — r H [x 2 -- 0 ; they are the intersections of the lines of the con- 
gruence and the tangents to the curves 


K d h‘ 2 + R d h dv — rU d r 1 -- 0. 


10 . A necessary and sufficient condition that the tangents to the ray curves 
of a net N pass through the corresponding focal points of the ray congruence 
is that N have equal point invariants. 

Green, Amer. Journ., vol. 38 (1916), p. 313. 

11. Let N be a net with equal points invariants on a surface 8" and N 0 its 

associate net on a surface So (§ 25); also let 2 and 2 0 be the surfaces corre- 
sponding with orthogonality of linear elements to S and S 0 as determined by N 0 
and N respectively [§ 157]. If JVi is a K transform of A r , it is possible to place the 
associate, A r io, of Ni so that N 0 and Nio are in relation K (II. Ex. 18). These nets 
determine surfaces 2^ and 2 , J o corresponding to S\ and S\o by orthogonality of 
linear elements. Show that the pairs of surfaces^, 2i; 2, 2 0 ; 2 , m, 2 0 and2 t o2i are 
the focal surfaces of W congruences ; that is the K transformation from N into N\ 
determines a quatern of U r congruences. Trans., vol. 15 (1914), p. 415. 

12. F our nets A r , Ai, A r 2 , N\i forming a quatern under transformations K 
determine twelve W congruences, forming six quaterns. Trans. 1. c., p. 416. 

13 . The focal nets of the congruence of normals to a surface of constant 

curvature are R nets. Tzitzeica, Comptes Rendus, vol. 152 (1911), p. 1078. 

14 . The lines of curvature of a surface of constant curvature and the normals 
to the surface are in relation Q x . Demoulin, Comptes Rendus, vol. 153 (1911), p. 798. 

15 . An isothermal orthogonal system on a sphere and the normals to the 

minimal surface, whose lines of curvature admit this system for spherical 
representation, are in relation Demoulin, l. c. 

16. An R net N admits co 4 parallel nets determining congruences G of trans- 
formations F of N into R nets A T i ; when such a parallel net is known, each 
solution 0 of equations (60) and (74) defines a transform Ni. 

Annals, vol. 22 (1921), p. 176. 
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17. If N is au R net, and N\ and iV 2 are two F transforms of N by means 

of functions Oi and 6 a which are solutions of equations (GO) and (74) for the same 
constant c , all of the oo 2 nets Nit which are F transforms of A r i and iV a (§ 21) 
are R nets and their determination requires two quadratures ; when the constant c 
in (74) is different for 0t and 6 2 , there is a unique net 1 V 12 which is ap R net and 
it can be found without quadratures. Annals, vol. 22 (1921), p. 178. 

18 . If N is a W transform of an R net N by means of solutions 0\ and 6 * 
of equations (60) and (74), and N& is an R net, which is an F transform of A r 
by means of a solution 0 & _ of (60) and (74) with c replaced by c', there can be found 
directly a unique net N s which is a W transform of N s and an F transform 
of N; when c ~ c', there are oo 2 such nets N & obtained by two quadratures. 

Annals, vol. 22 (1921), p. 181. 

19 . From the equation (15) of a net N (x) on a surface S it follows that 


the point of coordinates z 


du 1 ^ r 8u 


lies on the intersection l of the oscu- 


lating planes of the curves of N at the corresponding point. This line generates 
a congruence whose focal points are determined by functions k and ji such that 
d(kx + gz) is a linear functions of x and z. Proceeding as in § 44, we show 
that the developables of the congruence are determined by the equation 


• C, (l « 2 + 1 : ,1 it d r — r (/>>, + ~ ( " ) )dv- -- 0 , 


where R is given by (27). The curves on S defined by (i) are called the axis 
curves and the congruence the axis congruence of X. By means of (22) equation (i) 
may be written 

(ii) r(\ da 1 - j- R du dr — r — K + rC \ — Q^dv r ) 

Wilczynski, Trans., vol. 16 (1915), p. 310; 

Green, Amer. Journ., vol. 38 (1916), p. . SOS. 

20 . A necessary and sufficient condition that the axis curves form a con- 
jugate system is 

H — A' — lo»r = (). 

on dr 

Green, 1. c., p. 311. 

21 . When a net has equal point invariants and is isothermal-conjugate, the 
ray curves and the axis curves form nets; and conversely. 

Green, 1. c., p. 321. 

22 . When a net is subjected to a polar reciprocation the axis and ray con- 
gruences are interchanged. Wilczynski, 1. c., p. 317. 

23 . Show that at any point on a surface S the tangents to the two systems 
of curves defined by the equations 


(t\ d n 2 + 2 lh d u d v + Ci d v 2 = 0, 
o-> d n 2 + 2 h* d u dv + c 2 dv 2 = 0, 
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are separated harmonically by the tangents to the curves of the system defined by 

«i du + hi dv, b j d u + ci dv | 

Otdu + h, d v, hi d u + c 2 d v | 

24 . If the parametric curves on a surface S form a net N with equations 
(1) and (15), the curves defined by 

du 7 — r d tr =■ 0 

form a net, whose tangents at a point separate harmonically the tangents of N 
and the asymptotic tangents. 

25 . A necessary and sufficient condition that a net N ( j‘ ) on a surface be 

d ' 2 

isothermal-conjugate, that is ~ logr = 0, is that the tangents to the axis 

0 U 0 V 

curves, the curves defined by Ex. 24 and the curves defined by Hdu 2 — Rdudv 
— rKdv 2 = Q be pairs of the same involution, provided that the double lines of 
the involution are not the tangents of the net. 

Green, Amer. Journ., vol. 38 (1916), p. 323. 
Wilczynski, Amer. Journ., vol. 42 (1920), p. 216. 



Chapter V. 

Transformations £L W Congruences. 

51. Tangential coordinates of a net. Laplace trans- 
forms in tangential coordinates. In [§ 84] we found that 
a necessary and sufficient condition that the parametric curves on 
a surface in 3-space form a net is that the tangential coordinates 
X, Y, Z, W satisfy a Laplace equation 

, . 9 2 A 9 logo: 9 X . 9 log/? d_X 

dude de du du dv ^ 


From [22, § 66] and 134, § 67] it follows that the tangential coor- 
dinates satisfy also the equation 


( 2 ) 


a 2 ;* 

9 c 2 ' 


9 2 A ,dX , dX , 
r -_-jr + « “ + # — + )' X, 


9 u“ 


du 


dr 


where in terms of the spherical representation of the net 



Conversely, if two equations of the form (1) and (2) admit 
four linearly independent solutions, the latter may he taken as 
the tangential coordinates of a net N, whose homogeneous point 
coordinates x, y, z, w are given directly by the equations 


( 4 ) 


Zx 


X 


0 . Z,~X 

’ ^ du 


n y dX 

°- ^Tv x 


0 . 


We have also the following theorem analogous to the third theorem 
of §43: 
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Any four linearly independent solutions of equations (1) and (2) 
are the tangential coordinates of a net which is a projective trans- 
form of the given net N. 

We call (1) the tangential equation of the net N. If this 
equation has equal invariants, we say that the net has equal tangen- 
tial invariants. 

The homogeneous point coordinates x, y, z, w and the tangential 
coordinates X, Y, Z, W of a net in 3-space, satisfy respectively 
equations (IV, 1) and (1), and also the relations (IV, 5). If the 
second and third of the latter be differentiated with respect to 
n and v, we have accordingly 


(5) 


Hx\ 


i ^ da du ’ 


(fx 

du £ 

idX dx 
4 d u d v 

^ X dv* + ^dv d v 


0, 


2;M|£ = o, 

** dv du 


From the first and last of (5) we have in consequence of (IV, 5) 


(«) 


id X d x 
dr dr 


•lyidX dx 


When the second and third of (5) are differentiated with 
respect to v and u respectively, the resulting equations are reducible 
by means of (1) and (5) to 


(7) 



dX 

3 log/3 


9 2 ,t 

du 

du 

x ! 

dii* 

dX 

aioga 


d 2 x 

dv 

~~d7 

du 2 


= 0, 


— 0. 


The minus first and first Laplace transforms of equation (1) 
are given by 


■X, Xi — 


dX 9 log a 
9 v 9 v 


X. 


(8) A'-i — 


•9A 9 log/? 

du du 


9 v 
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From § 30, (5) and (7) we have 


ZX-ix, = 

= o, 



= 0, 



= 0, 



0, 

0. 


Hence we have the theorem: 

When the Laplace transformations are applied to the tangential 
coordinates of a net N, the resulting functions are the tangential 
coordinates of the Laplace transforms of N, but in opposite sense . 

52. Transformations F in tangential coordinates. 
Since the analytical processes of § 37 are independent of their 
geometrical interpretation, it follows that if A is a solution of (1) 
and p a solution of its adjoint, namely 


(9) 


d*p 

dudv 


0 log** dfi 9 lo gft d(i 


dv du 


du 


! + (»'“858r l0 ***) 




there exist two functions x and a, defined to within additive con- 
stants by 


( 10 ) 


dr 

du 

^x^JLiogvft, 

dr 

dv 

da 

, 9 . A 

da 

d u 

= _ v _i og _ 

dv 


, 9 , A 


Consider now a net N with tangential coordinates X, Y, Z, W 
satisfying (1). Then the functions X u Y lt Z lt W u given by quadra- 
tures of the form 


( 11 ) 


dXi == - d 
du % du 


ix\ dX t ___ a /x\ 
\A/’ dv ~ a dv \A/’ 


(which are consistent in consequence of (10)) satisfy the equation 
d*K 


( 12 ) 


dudv 


a 3 , A a A t 
-log 


x dv & a du a du ° ft dv 


r a i a a A^ _ 


0 
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and consequently are tangential coordinates of a net Ni. It is our 
purpose to show that N and iVj are in the relation F, and further- 
more to find A in terms of the functions defining the transformation F, 
when N and are given in terms of homogeneous point coordinates, 
x and x,. 

On the supposition that N and N t are in the relation F, then- 
homogeneous point coordinates are related as in (III, 65). Necessarily 
we must have 


(13) 


I " 


dX t 

d u 


o, 


i 3*1 


dX L 

dv 


o, 


which in consequence of (III, 65) and (11) lead to 


3 logX 


du ~ HyX ’ 

From (III, 60, 65) it follows that 

dy 


y dX y 3X 

xjy a loo - a dv 

YyX' 


3 log A 

~~dV~ 


= o, Zx-¥ L = o. 

^ du ' ** dv 


Hence, to within a constant factor, the integral of the above 
equations is 

X=2yX. 

In consequence of (5) we have by differentiation 

dX y dX dX y dX 3*A y d i X 

~du~^ V ~du > dv~~^ V ~dv' dudv dudv’ 

so that A is a solution of (1). From (III, 65) it follows that 

(14) A =£yX = 2eX. . 


The analogues of equations (III, 65) are 


Xt — 



(15) 
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These functions and A'* satisfy the equations 


( 16 ) 


dXi 


du 


— X/*--logn0, 
ou 


9 X% ^ r ^ , A 


du Xfl du l0g /S’ 
We must have also 


0 A 1 v 0 1 X 

0/; r dv a 9 


0X 2 
0 c 


X/t — iog/ttw. 


(17) 




0 J.'l 

0 H 


0, 


0^*1 

0tT 


=0, 


which by means of (III, 60) and (15) are reducible to 


d_ log 0 

dll 


Ex* 


0 U 


Zx 


1 X 


d log 0 Zxj£ 

‘ 


From these we find that we may take 

(is) 0 =2^1® =. 

Moreover, this expression for 0 satisfies equation (III, 1). 

As a consequence of (13) and (17) we have that ^A, x, is 

a constant. However, we wish it to be equal to zero. Substituting 
from (HI, 65) and (15), we find with the aid of (14) and (18) that 

this is accomplished, if the additive constants of integration 

of 7 and a are chosen so that 


x i r 4~ v — ZyX i = 0, 

(19) , - 

( ff-j- a — -ZjzX*— 0. 

Thus we have established that the net A) whose tangential 
coordinates are given by (11) is in the relation F with N. More- 
over, when the transformation is given in point coordinates, the 
functions I and /t follow from (14), (11) and (10); and conversely, 
when the transformation is defined in terms of tangential coordinates. 

In consequence of (in, 65) and (15) the expressions for A and 0 
can be given also the forms 

( 20 ) l=2Xah, 0 ^Zx.x. 


9 * 
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By making use of the results of § 39, we can obtain the 
equations of the theorem of permutability of transformations F 
from the standpoint of tangential coordinates. The functions A 12 
and A S1 must satisfy 


3^-ij — 9 (j[\ 

du Tl 9 m \^i!’ 


dljj _ ___ d 
dv dv 



1, 2, i + j ). 


The functions <r lg , <r 21 , t 12 , are given by 

^2^21*1 . ^1^12*2 


( 21 ) 


* 1*12 *2 *21 

ffl <*12 — C2021 — 


( Ti , ^1^12^2 

k 2 


- A 12 A 21 , 


- AijAgi, 


and the tangential coordinates Z 12 of N 1S are of the form 
( 22 ) ^1 P . J 2 *1 2 ^- 2^21 *1 ~ f * ^1 ^12 *2 ^' 12 ^' 21 -^*' 


If equations similar to (20) are to be satisfied, we must have 


(23) 


| ^-12 2*1*2 $21? 

( A g t —^jX a X 12— *2^1 ^12- 


When these equations are differentiated, we find that the resulting 
equations are satisfied in virtue of the preceding formulas. Also 
we find that * i2 , given by (III; 76), and X ia given by (22) satisfy 
the condition 2 * a *i 2 = 0. Hence we may take ^ lg and A gl as 
just given. 

Equations similar to (III, 65) and (15) are 


yij = Xij — ir-Xi, 
tfij 

X hi j=Xij-^-Xi, 

A ij 


j 

Zij — Xfj Xi, 

- (hj = 1 » 2 , *+;). 

Y xr &ij y 

-^ 2 , ij — A-i] 2 -ZLif 
A ij 


From these equations, (20) and (23) we obtain 




1, ij yij T ij T 


IJ ■ 


o, 


. 2 -^- 2 , ij Zij Oij <fij 


0. 
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Consequently when A 1S and A gl have the values (23), the expressions 
(22) are the tangential coordinates of N 1S , whose point coordinates 
are given by (III, 76). From the form of (22) we are led at once 
to the theorem of § 23, namely: 

When N, N lf N 3 aud N 12 form a quatern undei • transformations F 
four corresponding tangent planes meet in a point. 

When the point coordinates are cartesian, we make use of 
the preceding results by taking w — — 1, and assuming that X 
Y, Z are direction-cosines. Then we have 


(24) Xx+ Yy + Zz = W, 

so that W is the distance of the tangent plane from the origin.' 

From (III, 60) and (II, 20) we have in this case w x = O'/d 
and xi in the formulas of Chapter 3 must be replaced by — XiO'/O, 
so as to obtain formulas of Chapter 2. From these results, (II, 2) 
and (20) we have A =]£Xx ss ), so that A is the distance from 
the origin to the tangent plane to the net N' determining the 
conjugate congruence of the transformation. If we call it w and 
denote by w~ x the corresponding tangential coordinate of N[, 
parallel to N u and determining the same congruence, we have 

(25) A ='ZXx' = xv, ZX, x[ - xv~ \ 


where X u Y u Z, are the direction-cosines of the normal to N t . 
If Wi denotes the other tangential coordinate of N u we can write 
(11) in the form 


(26) 


X 
3 u \ w 


)■ 

iw_\ = -j_iw\ 

W -1 / T 9 m \w]’ 


Xi_ 

du \w ~ 1 
3 

3m 


In this case equations (15) 


3 

IX ) 


(I] 

dv 

\te — 1 J 

' dv 1 

\wj 

a 

t Wl ) 

\ = c-Li 

[-) 

dv 

\m; _1 J 

1 dv 1 

\w) 


become 


(27) 


X \ 


X -X 

xv- 1 T xv ’ 


8 XV— 1 ° xv' 


38 ) When we are dealing with cartesian coordinates, the symbol A’ denotes 
the sum of the terms in x, y aud z. 
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From these expressions it follows that if s denotes the angle be- 
tween the tangent planes of N and N u a necessary and sufficient 
condition that the harmonic congruence of the transformation be 
normal is that 

(28) (w~ 1 )*7o r — ww -1 cos e (7-f- <r) + w 2 = 0. 

53. Transformations S 2 of nets with equal tangential 
invariants. From (15) it follows that a necessary and sufficient 
condition that the focal planes of the harmonic congruence of the 
transformation be harmonic with respect to the tangent planes to 
N and A T , is that (cf. V, Ex. 8) 

t -|- a = 0. 


In this case we have from (10) 





0 , A 
-—log- 
on |U 



log a. 


Recalling that « and are determined only to within factors which 
are respectively functions of u alone and v alone, we see that in 
all generality the tangential equation (1) can in this case be written 


(29) 


i!A_ 4. 9 iogV^_ 9 A 4 9 log q 9 A j ._ y i = _- 0. 

dudv 3 ? ; dn Q u dv 


If we put fi = — 2 0 w, w being the solution of (29) determining 
the transformation, equations (10) can be integrated in the form 

(30) x — — c = — QW 2 . 


Now the tangential equation of JV, is 


(31) 


d 2 X t 


dudv dv 


log Vq 


w 


dll 


d u 


d . ./— dli 

J^log l 


= 0 . 


Thus the tangential equations of both N and have equal invariants. 
We say that N and Ai are in the relation of a transformation Si"). 

39 > Rendiconti di Palermo, vol. 39 (1915), p. 161 ; cf. also Demoulin, Bull. 
Acad, de Belgique, 1919, p. 273. 
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If we put 


/> = X l r ~Q, 




K 

Q W ’ 


equations (29) and (31) are transformed into 

J!iL = L „L_ _ \ — / 1/— _ l 2 ... _4 \-w 

dudv \ |/' ^ dudv / dudv \ ^ dudv J/ p yjl 

These equations are satisfied respectively by 


(32) 


r, r s = t 


rr 




V^Qlv’ 


v :t — - 




l 7 ^ ft' ’ 1 (< W 7 1 O iv 

in terms of these functions equations (11) are reducible to 


(33) 




dr ' 


— [» — 

du 1 3 ft 


8*, 9# 

»> r . 

a?; * dr 


(i -= 1, 2, 3). 


Since N has equal tangential invariants, its spherical represen- 
tation is the spherical representation also of the asymptotic lines 
on a surface 2 whose point coordinates, §, t}, £, are given by the 
Lelieuvre formulas [§ 79], namely 


9? 9v s 9 Vi 

du ' 2 9 u Vs du ’ 


9g 

9v 


9 v 3 . 

— a h v s 

d v 


9 

dv ' 


Similar equations in the functions n give the point coordinates 
?!, /»!, £ x , of a surface 2 l with the same spherical representation 
of its asymptotic lines as the curves of the net N y . Moreover, 
equations (33) express the condition that 2 and 2 t are the focal 
surfaces of a IT congruence [§ 172]. The surfaces 2 and are 
associate to the respective nets N and A\ [§ 155]. 
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From the theory of W congruences [§ 172] it follows that if 
X, Y, Z and X u Y u Zi are direction-cosines of the normals to 2 
and 2 U then 

(34) v^VqX, V i = V Ql X 1 , 


where — 1/q* and — \!q\ are the Gaussian total curvatures of 2 and 
2) respectively. From these expressions, (26) and (32), we have 


(35) 


w~ l — 


V QQi IV 


Hence equations (26) become 


(36) 


ii ( wX ' ] = (f ' )> -~h ( 




2 9 

* 0 V 



and we have the theorem: 

Each solution iv of the tangential equation of a net with equal 
tangential invariants leads by quadratures (36) to the determination 
of a net N x which is an Si transform of N. 

From [72, § 172] we have that the coordinates of the surface 
associate to N x are given by equations of the form 

(37) h^s+Vwm-zYj. 

In [§ 172] it is shown that direction-parameters of the normals 
to the focal surfaces of any W congruence satisfy equations of the 
form (33). Since these are of the form (11) with t + 0, 

we have 

If two nets N and N t with equal tangential invariants are in 
relation F, and if the surfaces 2 and 2 X with the same sjphmcal 
representation of their asymptotic lines as the curves of N and Ni 
respectively can be so placed in space that they are the focal surfaces 
of a W congruence, then N and N t are in relation Si. 

54. Theorems of permutability of transformations Si 
and of W congruences. Let N be a net with equal tangential 
invariants, and N t and N t be Si transforms of N by means of 
solutions ivi and w 2 of equation (1). 



54. Theorem of permutaliility of transformations Q 
The functions and w ti defined by the quadratures 
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mi) = em’— (®), 


1, 2, i \j) 


are evidently solutions of the tangential equations of N y and N t 
respectively. It is clear that Wjj as thus defined is determined to 

within the additive function —~^= — . The constants c, can be 

V QQiWi 

chosen so that there are co 1 pairs of functions w n and wn satisfying 
the condition 

(39) i o Pi w i ten -f V oo 2 w % Wn — 0 4W ). 


By applying the results of § 52 we shall show that each pair of 
functions determines a net N n which is an 12 transform of N t 
and N t . In fact, the tangential coordinates X 12 , Y u , Z n , W lt of 
Nn are given by the following equations analogous to (22): 


(40) 
where 

_ L , w\ | 


Vfc.X«= Vq ( x ~ 


W 2 v w x 

Ai A-2 If 

W 12 W 21 ' 


m 

W21 


n W 2 0 W x , W\ W 2 Vv 

*2— cos^i— 2 cos f 2 -f 2 

W\ 2 W 2 1 W X2 W 2X 


It is readily shown that, in consequence of (36) and (39), the 
functions (40) satisfy the equations 


(42) 


da 


( Qij Wij A r 12 ) 


a d / Xi \ 

s ‘ w “J7,\^b 




(i,j = 1,2, i^j). 


Hence we have established the theorem: 

If N has equal tangential invariants, and N x and N 2 are two 
Si transforms of N, by a quadrature we can find oo 1 nets N X2 , which 
are Si transforms of N x and N 2 . 


40 ) The reason for this choice is to be found in (21). 
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If 2, 2 t and 2 g are the surfaces associate to N, N y and 
so that 2 and .2, are the focal surfaces of a W congruence, and 
also 2 and 2 g , the associate 2 1S of a net N lt can be so placed in 
space that 2 t and 2 12 are focal surfaces of a IF congruence, and 
likewise 2 S and 2 lg . From equations analogous to (34) and (37) 
we have for the coordinates, ? 12 , £ 12 ; of 

(43) = ? — V'o(h - 1 - n\ Z, — To z t ). 

w 21 

Hence we have the theorem of Bianchi 41 ): 

If 2 and 2 t are focal surfaces of a W congruence and 2 and 2 2 
of a second W congruence , there can be found by quadratures an 
infinity of surfaces 2 l2 such that 2 t and 2 l2 are focal surfaces of 
a W congruence , and likewise 2 t and 2 i2 . 

55. Nets permanent in deformation. When the harmonic 
congruence of a transformation SI is normal, the focal planes of the 
congruence are perpendicular, and consequently the angles between 
the tangent planes of the nets N and are bisected by these 
focal planes. Now from (28), (30) and (35) we have q — Hence: 

A necessary and sufficient condition that the harmonic con- 
gruence of a transformation Si be normal is that the associate 
surfaces 2 and 2\ of N and have the same total curvature at 
corresponding points; moreover*', the focal planes of the congrumce 
bisect the angles between the tangent planes of N and N { . 

If q — q u we have from (34) 


(44) 




Vi = QCOSf, 


- (>. 


Multiplying the first of (33) by v t and summing; and also by and 
summing, we get 





9 log^ 

dll 



1 9g 

2 du 


+ Q (1 COS e) 


9 log# 

9 u ’ 


4I ) Lezioni, vol. 2, pp. 71 — 74. 
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Adding, we have 



le 

du' 


Differentiating the first of (44), we get 

9 ,, , v 3 lOgg 

(45) — - cos s — — (1 + cos e) — — 

on ou 


In like manner from the second of (33) we get 


(46) 


—■ COS € — (1 — COS S) 
dv 


3logg 

d v 


Expressing the condition of integrability of these two equations, 
we find that 


(47) 


Q-U+V, 


where U and V are functions of u and v alone respectively. Now 
the integral of equations (45) and (46) is 


(48) 


‘*"f = Vv+? 


where c is an arbitrary constant. 

From [§ 141] it follows that in this case both N and N t are 
nets which admit an infinity of applicable nets, which we shall call 
nets permanent in deformation. 

If D and D" are the second fundamental coefficients of N, 
the coefficients Dk and Dk of the nets Nk applicable to N are 
given by [cf. § 141J. 

(49) Dk = tanh <p D, Dk — coth y D" , 

where y is defined by 


(50) 


9 <jp 
du 


9 log Kg 

du 


tanh <p, 


d<p 

dv 


9 log Kg 


cothy. 


dv 



140 


V. Transformations A. W congruences 


Moreover, 



the Christoffel symbols being formed with respect to the linear 
element of the spherical representation of N, namely 

(52) da* = <£du*+2%dudv + ® dv *. 


From the formulas of [§ 83], namely 


® = 


OD* 
H* ’ 


3 = = 


FDD" 
H * ’ 


® = 


ED"* 
~H* ’ 


it follows that the coefficients @; c , ©; c of the linear element 

of the spherical representation of Nk are given by 


(53) = tanh*y@, % k = $, ©k = coth*sp®. 

The integral of equations (50) for q given by j(47) is 

(54) tanh f = ](i±H, 

where A: is a constant, such that when k — 0 we have the net 
N, that is N 0 — N. 

If we form the Christoffel symbols j^j^and j^J^with respect 
to (53), the equations analogous to (51) are 


1 3logpk 0 |12]' U' 1 + kV 

du 12 ( fc u+Vl — kU’ 

3log ? k _ „|12|'_ r 1-kU 

dv Ufk U+V 1 + kV’ 

from which it follows that we may take 

U+V III 1 \ 

(1 — kU) (1 + fcF) k \1 — kU 1+kV!' 


(56) qjc 
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56. Transformations 12 of permanent nets for which 
(S^o and ®^o. We write the linear element of the sphere in 
the form 

( 57 ) d ff 8 = & du*+ 2 VW cos2<odudv+®dv\ 


where 2 « is the angle between the parametric curves. 

We denote by X', T, Z'\ X", Y", Z" the direct ion-cosines of 
the bisectors of the angles between the parametric curves on the 
sphere, so that we have 


(58) 


4^ - = Vl£(sin<»X'+ cos«X"), 
du 

~ = K©(— sin®X'+cos«X"). 

ov 


If these equations be differentiated with respect to v and « 
respectively and we make use of [( 22 ) § 66 ], we find 

~ = —AX"— KgsinwX, ~ = BX" + ^©sin a X, 

9 u dv 

%f- = AX'—V& cos«X, = cos«X, 

(9m dv 

where 


(60) 



9 o) 
du 

9 o) 
dv 


n sin2w 

VI — 


9l0g V Q 

dv 

9log V Q 

du 


The direction- cosines, X u Y u Z u of the normal to an 12 trans- 
form Ni may be written in the form 


(61) ' Xt = Xcoss-|-sine(sinaX' — cosaX"). 


Since q = q u equations (36) become 


When the expressions (61) are substituted in (62), we find the 
following equations: 
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da 

du 


da 

+ d 


du 

don 


+ 


v 


lr sin 2 ft> 9lo f^ g -f i / "®sin(« + w)cot-^- 
Va) 9 v l 


~v — sin 2 to — f — K® sin (a — «)tan 


d U 


— — — eot-^-1^® cos (« + w ) 


du 


+ 

a log? 

1 1 — cos« 

du 

, 1 

a log? 

' 1 + COSf 

dv 


0 , 

0 , 

0, 

0. 


The condition of integrability of the first two equations is satisfied, 
and by means of them we show that the last two are consistent, and 
that w satisfies the tangential equation of N, namely (29) with 
Y — V / @®cos2«). Hence: 

If N is a ‘permanent net with the spherical representation (57), 
each pair of functions a and w satisfying (63) leads by quadratures 
to an H transform N L which is a permanent net; and the associates 
surfaces 2 and -S) of N and N\ have the same total curvature at 
corresponding points and can be so placed in space that they are 
the focal surfaces of an W congruence 4! ). 

Prom (37) it follows that the coordinates g lt £ x of -2, are 
of the form 

(64) = £ + sin* (cos«-X'-j- sin« A'"). 

Since w in (63) is not a general solution of (29), we say that 
the permanent nets whose tangential coordinates are X, Y, Z and 
a function w defined by (63) is a special permanent net. 

Suppose that A\ and are two ll transforms of N by means 
of functions a,, w t , e, (i— 1,2). In order that one of the oo 1 
-Q transforms N lt shall be a permanent net, it is necessary that 
? 12 = ?• Prom (39), (41) and (61) we have in this case 

w is (cos fi — cos e 2 ) = Wi [1 — cose t cos f 2 — sintj sinf 2 cos («i — « s )]. 


It is readily shown that this function w v , satisfies the corresponding 
equations (38), namely 

4J ) The existence of such W congruences was established by Bianchi 
Lezioni, vol. 2, pp. 74—80. 
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(66) 




Hence we have the following theorem of permutability: 

If N is a permanent net and N x and N 2 are permanent nets 
which are SI transforms of N by means of functions a lf e x and 
« 2 , w 2 , e 2 (*2^*1), of the oo 1 SI transforms N X2 one is a permanent 
net and it can be found without quadratures . 

Incidentally we have established the theorem of Bianchi 43 ): 

If 2 and 2 X are focal surfaces of a W congruence and 2 and 
2 2 are focal surfaces of a second W congruence such that the total 
curvatures of 2 , 2 X and 2 2 are the same , there can be found ivithout 
quadratures a surface 2 i2 of the same total curvature such that 2 1 
and 2 n are focal surfaces of a W congruence t and likewise 2 2 and 2 n . 

When in particular q = const., N is the net of geodesics on 
a surface of Voss [§ 141]. In this case e is a constant. Each set of 
solutions of the corresponding equations (63) determines an SI trans- 
form Ni which is a net of geodesics on a surface of Voss. Moreover, 
these transformations admit a theorem of permutability. The associated 
W congruence is pseudospherical, and the preceding theorem is the 
theorem of permutability of transformations of Backlund [§ 121]. 

57. Transformations SI of a sequence of permanent 
nets. In § 56 we saw that in order to obtain an SI transformation 
of a permanent net Winto a permanent net N x , it is necessary and 
sufficient to take for the net A 7 ' parallel to N one of the special 
permanent nets determined by a pair of functions satisfying (63). 
Suppose now that we consider one of the deforms Nk of N (§ 55). 
The equations for the SI transformations of Nk analogous to (63) are 


9 

9 co 

4. 1/ sin 2 « 

9 l 

du 

du 


dv 

1 

do) 

1 / sin 2 (o 

8 ] 

dv i 

dv 


du 


d log Wk , s k 

r, COt - 

Vel 


*h 

2 


9 log?* 


— + tan-— V cos («,<—«) + — 


cos e k du 

9 


-fcosffc dv 


43 ) Lezioni, vol. 2, pp. 80—82. 



144 V. Transformations Q. W congruences 


where ©*, ©t and q u are given by (53) and (56), and analogously 
to (48) we have 


(67) 


tan 2 * — 


k U — 1 +kCk 


fcy+i 


-kci 


When the expressions for ©k, ©k and Q k are substituted in the first 
two of (66), we find that a k — a is a solution, if 


B 

coth (p • tan — = tan — , 
2 2 


which is consistent with (67), if we take 

kc k (1 — ck) = 1. 


On this hypothesis the last two of (66) are reducible to 


( 68 ) 


I dlogWk dlogw 1 JJ' k 

du dll 2 1 — kU’ 

Slog^ft 91ogw . 1 V'k 

di ~~fv *"2" 1 + kV’ 


of which the integral is w k — <nvV (1 — kU) (1 -\-kV), where <r is 
a constant. We shall show that when a = (1 — 7cc) -1 the corre- 
sponding net N k parallel to N k is applicable to N'. To this end 
we remark that the second fundamental coefficients ( D k )' and (D k ) r 
of the net with the spherical representation (53) and determined 
by w k are given by [cf. § 67] 


(69) 



9 8 wfc , mV dm Jin' dm_ 
du * + ll Ifc du " t "l 2 (k dv 

dhvtc _|_ J22I' dm . I22|' dm 
dv * ^ 1 1 ifc du ' I 2 I* dv 


®kWk, 

&kWk, 


where the symbols j are formed with respect to (53). When 

we put k — 0 in these expressions, we obtain the expressions for 
the coefficients (JD)' and {D")' for N' by definition. 
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When the epressions (66) are substituted in (69), we deduce 
the relations 

(p k y i —ku = c py my 1 +kv = (p ff y 

w k 1 — kc w 7 w k 1 — kc w 


From (49) and (54) it follows that we must have 


(Ac)' = ] 

Hence 

(Z)) '’ (W = V 

1 1 — kU 
1 + kV 

(70) 

V\l — kU) (1 + kV) 

Wk ^ 1 -kc 

w. 


In § 27 we saw that if N(x) and N k (x k ) are applicable nets, 
and N' (x f ) and N k {x' k ) are a pair of applicable nets parallel to N 
and N k respectively, the F transforms, N x and N k ,i of N and N k deter- 
mined by the nets iV 7 and N k and the function 0' =^x k — ]£x' 2 
are applicable to one another. In order to apply this result to 
the present case we calculate the expression for O'. From [§ 67] 
we have 


^X k — W% + 

2*?*= w % + 



®k 


d W k 
dll 


-2 


dwk 


[•(£)’ 


-2S 


d u 

dw dw 
du dv 



Substituting the values from the preceding equations, we find that 


0' = 


w 2 sin 2 » 


1 — kc 


■§* 


@© (U+V) sin 2« 


— V^©cot-^-sin(« — a ) U'-\- Qc 1^© tan-^-sin(« + «) V' 


We note that k appears in this expression only in the factor 
k/( 1 — kc), and consequently it does not appear in the equation 

s 

cct — x — -od, since 0 also involves this factor. Hence as k 
0 


10 
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varies and consequently Nk, we And that all the transforms Kk,i 
are applicable to iVi 4 *). 

58. Transformations n in point coordinates. Nets in 
relation O. In § 28 we saw that if N(x) and N (x) are two nets 
corresponding with orthogonality of linear elements, that is are in 
relation 0, they have the same point equation, say 

. 9*0 9 log a 9 0 , 9 log 6 9 0 

dud v dv du~^~ du dv' 

Moreover, if h and l are any solutions of equations (I, 13), the 
corresponding parallel nets N'(x') and N'(x) are in relation 0, 
and O', given by 

(72) 6' =2}x'x', 

is a solution of the common point equation of N' and N' (cf. § 28). 
Furthermore, if 0 is the solution of (71) corresponding to O', then 
the nets N t (.r, ) and N, (x, ) defined by 

0 , _ _ 0 

(73) x t — x ~rx , X\ — x x 

6 6 

are in relation 0 and are respective F transforms of N and N. 

Suppose now that N and N are nets in 3-space. Then, as 
follows from [§ 157] they have equal tangential invariants; similarly 
Ni and N x , It is our purpose jto show that N and N x are in 
relation S2 , and likewise N and and thus obtain the equations 
of transformations S2 in terms of the point coordinates. 

If N(oc) is any net^with equal tangential invariants, and N(x) 
is in relation 0 with N, we have [cf. § 157] 


(74) 

dx 

du 

rM 

° du 

- a z 

- y 'TZ 

dx 

dv 

- dy 
^ 2 ^ 

- dz 

and 







(75) 

dx 

du 

— z - y - 
Zq du 

dz 

_2/0 9 u’ 

dx 

dv 

- Zn ^L 
Zo dv 

dz 

Vo dv’ 


44 ) Cf. Transactions, vol. 19 (1918), p. 179. The existence of transformations £ 
of permanent nets for which © = 0, © 4= 0 is established also ; the restriction in 
the theorem of page 183 is not necessary, since the second of equations (61) 
should include the term — V'/(l + cos <r) V. 
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where x 0j _y 0 , Fq and x 0 , y Q , z 0 _are the point coordinates of the 
surfaces 2 and 2 associate to N and JV, and the asymptotic lines 
on 2 and 2 are parametric. From (74) and (75) we have also 


(76) 

2^o 

dx 

9 u 

= 0, 

2£o 

dx _ 
9 v 

= o, 

(77) 

2*0 

dx 

9 u 

= 0 , 

2*o 

dx 
dr ~ 

^ 0 , 


Consequently x Qj Vo, F 0 and x 0 , y 0 , z 0 are direction-parameters of 
the normals to N and iV respectively. Furthermore, if the ex- 
pressions for the derivatives of y and z as given by (74) are 
substituted in (75), we have in consequence of (77) 

(78) x 0 x 0 + y 0 yo + ^o^o+ 1 == 0. 

Hence 2 and 2 are polar reciprocal with respect to the imaginary 
sphere 45 ) 

(79) x 2 +y 2 + z 2 - hi ----- 0. 

If N f and N f are nets parallel to N and N by means of the 
same pair of solutions h and l of (I, 13), we have 


(80) 

dx _ 


dy' 

- 9 z' 

dx 


dy' 


9 z' 

9 u 

= 

du 


dv 

— ,'o 

9 v 

-Vo 

dv ‘ 


For the 

F transforms N t 

and Ni 

defined by 

(73) we 

('Q1 \ 

dxi 


dy\ 

- dz t 

dx\ 


dy\ 


dl. 


Yu “ 

- Zoi 

da 

~ yoi Tu’ 

9 v 

^01 

dv 

yo i 

9 v ’ 

(82) 

dx x 


d]Ji 

dZi 

dx ± 


djh _ 


dZy 

du 

= *01 

du 


9 v 

= *01 

dv 

yoi 

dv 1 


where xoi^yoi, zoi and x 01 , y 0 lf z 0 1 are the point coordinates of 
surfaces 2 t and 2 L associate to N x and iV r L witli their asymptotic 


45 ) Darboux, Lemons, yol. 4, p. 67 ; also [Ex. 15, p. 391]. 


30 * 
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lines parametric, and they are direction-parameters of the normals 
to N { and N,_ respectively. Moreover, we have analogously to (78) 


(83) Xoy ,Toi 4* ?/oi 2/oi + ^oi *oi 4~ 1 — 0. 

Prom (81) we have 

rail dXl d Is d JL (ih d A d -li d Ji\ 

' ' 3 u dv dv du 2ol \ 3?( dv dv dul 


On differentiating (73) we obtain 


dxi 

i 

K) 

/ ' d6 ' 4 

8aA 

dx x 

i 

du 

0' 2 

\ x Tu- & 

dul’ 

dv 

d' 8 

dx t __ 

1 I 

K) 

(a? ~~ — o' 

\ du 

dx'\ 

dxi __ 

i 

du 

0' 8 ' 

dul’ 

Ir ~ 

o n 


, 30' 

x - 


dv dv I 




When these expressions and analogous ones in y t and 7i are sub- 
stituted in (84) and 0' is given the value (72), the resulting equation 
is reducible, by means of (80) and the fact that xo,yo,Zo are direction- 
parameters of the normal to N', to the form 


(85) 

Similarly we have 

(86) 


- x'yo—y'xo—z' 

z ° l ~ — v-' 

ZjX x o 


*01 


x' l/o— y'xo—z' 


lx' 


x„ 


From (85) and (86) we have 


(87) ai) ^oi +2/o yoi 2 oi + 1 0, aJotfoi+f/oyoi+^o^oi-M — 0. 


Consider now the surfaces 2 and 2 t , The quantities x n> y«, Jo 
and x 0 i, you Jou are direction-parameters of the normals to these 
respective surfaces. Moreover, from (78), (83) and (87) it follows that 

Xo (a^oi Xq) 0, Xq\ ( -if ) i Xo) 0. 

Consequently 2 and 2 t are the focal surfaces of the congruence of 
lines joining corresponding points on these surfaces, and it is 
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W congruence, since the asymptotic lines are parametric on 2 and 2,. 
Hence from the last theorem of^ § 53 it follows that N and N, are 
in relation Si, andjalso N and N,. 

When a net Wwith equal tangential invariants is known, the 
associate surface .Scan be found by quadratures [§ 78]. Then by 
equations (74) we obtain a net, N, with equal tangential mvariants, 
which is in relation 0 to N. Each net N' parallel to N leads by 
a quadrature to an Si transformation of N and N. Hence: 

Each net parallel to a net N with equal tangential invariants 
determines an Si transformation of N, and the determination of 
the point coordinates of the transform requires only quadratures* 6 ). 

59. Transformations Si and K of the focal nets of 
a W congruence. We have seen that the surface 2 of the 
preceding section is associate to the surface 8 on which N lies. 
Since this relation is reciprocal, there exists a surface 8 in relation 0 
to 2; its coordinates, x, y, z, are given by quadratures of the form 
(analogous to (75)) 


M — z 2y? ®£o 

du dii y dll’ 


dx dy 0 dz 0 

do dv y dv ’ 


From these equations and (75) we see that S can be so placed 
in space that 

(88) x = xfzijo — yz 0 . 

From [§ 157] it follows that the asymptotic lines correspond on 8 
and S the surface on which Jv lies. Also since x 0 , yo, z 0 and x, y, z 
are direction-parameters of the normals to S and 8 respectively, 
it follows from (88) that 8 and S are the focal surfaces of a W 
congruence. 

Since 8 and 2 are in relation O, there can be found by means 
of equations analogous to (74), the coordinates y 0 , z 0 of a sur- 
face 2 associate to 8; moreover, from [§ 156] it follows that the 
parametric curves on 8 and 2 form nets with equal point invariants. 
Furthermore, since 2 and 8 bear to 8 and 2 relations analogous 
to the relations of 2 and 2 to S and 8, it follows that 2 and S 
are polar reciprocal with respect to (79). 


46 ) Cf. the first theorem of § 53 . 
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When the net N is subjected to a transformation Si, in accord- 
ance with the preceding section, we get surfaces S u S u ^ 1 , 
and related to one another as in the preceding paragraph. 
Since S and 2, and St and are polar reciprocal with respect 

to (79), it follows that 2 and are in_the relation of a trans- 
formation K (V, Ex. 11). Moreover, 8 and St being associate 
to 2 and respectively are also in relation K (II, Ex. 18). Further- 
more, iS', and Si are the focal surfaces of a IF congruence. 

From [§ 172) it follows that if S and 8 are the focal surfaces 
of any IF congruence, it is possible to find by quadratures two 
surfaces S and 2' associate to one another and in relation 0 with 
8 and 8 respectively. If 2 is referred to its asymptotic lines, the 
parametric curves on S and 8 form nets with equal tangential and 
point invariants respectively. Hence: 

A W congruence admits of transformations into IF congruences 
such that one pair of corresponding focal nets are in relation Si 
and the other pair in relation K* 1 ). 

6o. Nets with equal point invariants and equal tan- 
gential invariants. In consequence of [(38) § 83] equations 
[(36) § 83] can be written in the form 

~h l0 *- D “ ~h log . jr,' agD " = ~L loeU - 

Hence : 

When a net has two of the following properties, it has the third 
also ; equal point invariants, equal tangential invariants, isothermal- 
conjugate . 

We consider such a net, and put 

/ 12] _ 3 lo g Kg |12] alogl^g n-— _n" 

11/ Tv ’ 12/- 3 « ’ * 


From [(3) § 63] and [(13') § 64] we have 



47 ) Of. Demoulin, 1. c., p. 276. 
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Consequently the point coordinates of the net satisfy the equations 


(89) 


where 


9*0 . dH _ 9 log r 80 9logr 8 0 
9 u a 9 r 2 du 9 u dv dv’ 

8 2 0 _ 9_log Vj_ 9 0 8 log Kg 90 

9 m 9 r 9 du du dv ’ 

<== HD 
Q 


Prom § 25 we have: 

7/ jV(a?) is a net with equal point and equal tangential in- 
variants, a parallel net of the same kind is given kg the quadratures 


dx 1 dx 9 x 1 9.r 

du Q 9 u ’ 9 v g dr' 

In order to establish transformations F of a net N of this 
type into nets of the same kind, we consider N expressed in terms of 
homogeneous coordinates, the point and tangential equations being 


(90) 


a 8 0 , 9]Og dtf 9 log Vq 9 0 

dudv dv du du dv ’ 

9 2 A 9 log I f 9^.9 log V q 9 A . . 

dudv dv du du dv ^ 


It is readily shown that the equations 



and similar equations in y u z u w x , Y u Z x and W, form a completely 
integrable system. For each set of solutions the function^^Zj 
is constant. Consequently each set of solutions, for which 
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(92) 

defines a net N t for which these functions are the point and tangen- 
tial coordinates. Furthermore, for a set of solutions the functions 

(93) f) x, X=]£Xcc l 

are solution of the respective equations (90), so that equations (91) 
are equivalent to (III, Ex. 25) and (36). Consequently N x is both 
a K and 12 transform of N f and therefore has equal point and 
equal tangential invariants. Hence, since (92) is bilinear we have : 

A net with equal 'point and equal tangential invariants admits 
oo 6 transformations K and -0 into nets of the same kind . 

If Ni and N 2 are two of these transforms of N, from (HI, 73, 75) 
it follows that for a net N 12 to be a K transform of and iV 2 , we 
must have 0 12 -\-0 2i = 0. In like manner for iV 12 to be an 12 trans- 
form we have from the equations preceding (21) that A 12 -f-A 21 — (). 
Hence from (23) we have ]? / X 1 x 2 -\-'£x 2 x l = 0. It is readily 
shown that the left-hand member of this expression is constant. 
Only when it is zero is there a net which is both a K and 
an 12 transform of jVi and N 2 , and then there are an infinity of 
such nets, since 0 12 is determined only to within an additive constant, 
but 0 2 i, A 12 and A 21 are then completely determined. 


Exercises. 


1. If x (1) , x* (2) , x (8) are the cartesian coordinates of a net N in 3-space 


and 0 is any solution of the point equation of N, then 


0x ,(1) dx^ 


00 

du 


du 


du 


du 


are tangential coordinates of a net. 


2 . A necessary and sufficient condition that the curves v = const, of a net 
be plane is that the minus first Laplace transform be a developable surface; the 
analytical condition is that the invariant H of the tangential equation of the 
net be equal to zero. 

3. A necessary and sufficient condition that the curves of a net be plane 
is that the tangential coordinates can be taken in the form 


Z=Ui+Ti, Y == U 2 ~f“ V 2 , Z^V 8+V„ 


where the IV s and F's are functions of u and v respectively. 
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4. When two nets N and Ni in relation F are subjected to a polar reci- 
procal transformation, the resulting nets are in relation jP; and the conjugate 
and harmonic congruences of the given relation F are transformed into the 
harmonic and conjugate congruences of the resulting relation F. 

5. In a transformation F defined by (11) the functions (~), . . . , (-y-) 

and (-j-)j • • • , (-j-) are tangential coordinates of the first and second 

focal surfaces of the conjugate congruence of the transformation. 

6. A necessary and sufficient condition that the transformation defined by 
(11) be radial is that A = aX + b F + cZ -f dW, where a, b, c, d are constants. 

7. When in (26) we take w = aX + b F + cZ, where a , b and c are con- 
stants, the conjugate congruence of the transformation consists of parallel lines. 

8. Show that the functions X\ and Xi given by (15) are tangential coor- 
dinates of the focal surfaces of the harmonic congruence of the corresponding 
transformation F. 


9 . Each solution of the adjoint of the tangential equation of a net determines 
a congruence harmonic to the net (cf. Ex. 8). What is the dual of this theorem? 

10 . If the direction equation of a congruence G is the same as the tangential 
equation of a net N, the determination of nets harmonic to G and congruences 
harmonic to N are equivalent problems, namely the solution of the adjoint of 
the given equation. 

11 . When a polar reciprocal transformation is applied to two nets in 
relation £, the resulting nets are in relation K , and conversely. 

12 . A necessary and sufficient condition that the axis curves of a net N 
form a net is that N have equal tangential invariants (cf. IV, Ex. 20, 22). 

13 . If four nets N, Ni, AT,, Nn form a quatern under transformations £ 
determined by tci, «?*, W 12 and W 21 , the four nets parallel to them determined by 
to i, i/]/m uh , m\ and l /]/^2 P 12 form a quatern; likewise the four nets 
determined by ic 2 , 1 f/~PP* w *i W 12 and l/]//>i pn W 12 . 

14 . LetAX^) be a net with equal tangential invariants and N(x) the net 
of the same kind in relation 0 to N, and N' (x'), N” (x") and N'(jx'), N"(x ") 
corresponding parallel nets to N and N. If we put 6 / = Xx x ', 0% = 2fr"ar", 
then the nets Ni(x\) and N 2 (x 2 ), where 


X\ — x — -Qf X , X 2 = X — ~Q ff x" 

are & transforms of N. If we draw through points of Ni and N 2 lines with 
direction-parameters of the respective forms (cf. § 21) 



where 6" and 0' 2 are solutions of the point equations of N " and N' corresponding 
to 0i and the point Mn of intersection of these corresponding lines generates 
a net Nn. Show that this net Nn will be an £ transform of N\ and N 2 if 


0"-f 0' 9 ~2x"x'+2x , x”. 
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15. Show that all the conditions of the preceding example are satisfied, 
if we replace 6" and 0' 2 by 0"+c and 0' a — c, where c is an arbitrary constant, 
and consequently there are oo 1 nets JVt 2 in relation £ with Ni and iY 2 ; that 
corresponding points of these nets .Y 12 lie on a conic through the corresponding 
points of N, N\ and N*] also that the tangents planes to these nets N 12 at 
coiresponding points form a pencil (cf. § 26 and II, Ex. 19). 

16. Let iY be a net with equal point invariants, Ni and be K trans- 
forms of N 1 and JY 12 one of the K transforms of Ni and J\ r 2 in accordance with 
the theorem of § 26; show that the tangent planes to the oo 1 nets Nn at 
corresponding points envelop a quadric cone (cf. Ex. 15). 

17. Prove directly that the surfaces 5 and S x of § 59 are in relation K. 

18. Two nets N and N with equal tangential invariants which are in 
relation 0 determine twelve surfaces forming a closed system of Darboux [Ex, 19, 
p. 391]; similarly two nets Ni and Ni which are £ transforms of N and N deter- 
mine a second system; find the relations between the two systems of surfaces 
other than those treated in § 59. 

19. If S and 8 two surfaces in relation O are referred to their common 
nets, N (x) and N (x), the equations of the form 

x = x + ex , 

where e is an infinitesimal, define a surface S which is an infinitesimal deform 
of S, and the parametric curves form a net N [cf. § 158]. If N'(x r ) and N'(x') 
are corresponding parallel nets to N and lY respectively, the equations of the form 

x — ex' 

A 

define a net N' which is an infinitestimal deform of N f . Then equations of 
the form 

x . 0 

jc l==x — —x , 

where 0 r = ^x'x\ define a net J$i, which is an F transform of N and an in- 
finitestimal deform of Ni whose coordinates are given by (73). 

20. When the spherical representation of a permanent net is such that 

(£ 0, 0, the parameters can be chosen so that either (i) /> = a, a constant; 

(ii)/> — v\ (iii) p = u + v. In these respective cases the coefficients of the 
spherical representation can be given the respective forms 


(i) 

(ii) 

(iii) 


C = — , 8 = - 

V 


3 = 
d(p 
Tu' 


COS 2 (o ; 



e = |£ 


8 


d 2 (p 
~dudv 1 




1 


Determine the conditions which w and <p must satisfy in each case. 
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21 . When the curves v — const, of a permanent net are represented on the 
gaussian sphere by isotropic generators, the coefficients of (52) are reducible 
to the form 


i = 0, 3f = 


(1 -H«y) 2 


03 = 


2V f 


Vv (1 +uv) 


+ Vi, 


where V and Vi are functions of v alone; also the tangential coordinates of 
such a net are given by 


a\ 


1 +uv 


+ b u Y~- 




1 + wv 


+ 


Z- 


a 8 


1 + uv 


+ &*, 


wy v 


1 + U V 


— <p . 


-0\ 


where <p and <p are arbitrary functions of u and v respectively, and the a’s and h’s 
are functions of v alone subject to the conditions: 





l 

4 

V«" 2 = 
1 

" V 2 ’ 


(V’v 

mV 

2) a *+ ! 


r 2 2_r 

v + ~vv + 


y" > 


( 1 = 1, 2, 3), 


the primes indicating differentiation. 

Drach, Ann. de Toulouse, ser. 2, vol. 10 (1908), p. 135. 



Chapter VI. 

Orthogonal nets. 


61. Nets 0 and p, O. Congruences I and p, I. A net 

N(x), whose cartesian coordinates x satisfy an equation 

8*0 9logff 9 0 . 9 log 6 8 0 

9 udv dv 9 u du dv’ 


is called an orthogonal net, or for the sake of brevity an 0 net 48 ), if 


(2) J5=2(|?)'*0, 


du 


f=2 


dx dx 
du dv 



The second of these conditions is equivalent to the requirement 
that oo, defined by 

(3) ‘2 w — £x* 


is a solution of (1). We say that a net N is p, 0, if its point 
equation (1) admits p — 1 solutions, y P -i linearly independent 

of the x’s, such that 



We call the y’s the complementary functions 49 ). This means that 
— 2y i is a solution of (1). It is understood that none of 

48 ) The results of §§ 61 — 65 are due to Guichard, Annales de L’Ecole 
Norm. Sup., ser. 3, vol. 14 (1897), pp. 467—516; vol. 15 (1898), pp. 179—227. 

49 ) Note that if each y be replaced by iy, where i 1 — — 1, a net p, 0 is 
the projection in n-space of an 0 net in (n+p — l)-space. It is this point of 
view that Guichard takes in considering these systems. 
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the y’s are constant. Hence if we have a net so that the x's and 
p — 1 functions y satisfy 2 X ^ — 2y 3 — const., we say that the 
net is p, 0 and not p-\- 1, 0. 

We say that the equations 

(5) y t = «iiy x + . . . + (i — 1. . .p— 1), 

define an orthogonal substitution, when the constants ay satisfy 
the conditions 

(6) 2 a h = 1, 2 « ij <*ik = 0, O’ + h). 

i —1 i— 1 

When such a substitution is effected upon the complementary 
functions y of a net p, 0, we have 2 y* =2 V 3 and consequently 
the functions y serve equally well as complementary functions. 
When there is a linear relation between the y’s, such as 


(7) «i2/i+ . . . +a p -i y P -i= a, 

where 2 <*i 4 1 0, that is, when the relation is non-isotropic, we can 
assume that 2h a t — 1> so that in the new variables y, we may take 
y p _ 1 = a where a is a constant. Hence the net is p — 1, 0. 

If, however, 2 a ? — 0, that is, if the relation is isotropic, we 
can choose the orthogonal substitution so that (7) is reducible to 


dp— 2 yp— 2~l” dp— i yp-i — d, 


where now «%_:> + = 0. Hence 

yp-i — dbi^p-2+h, 

where 6 is a constant. Since any complementary function may be 
replaced by itself with an additive constant, we have 

y\ + • • • • -\-yp - 1 = y\ + • • • • +$-»• 

Hence the net is p — 2, 0, and we have: 

When for a net dpparently p, 0, there is an isotropic linear 
relation between the complementary functions, the net is in fact 
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p — 2,0; when there is a non-isotropic linear relation , the net is 

p—l, 0. 

We say that a congruence is I, when its direction-parameters X 
satisfy the conditions 

£ x* — 

(8) Izmu s'mu 


Since the X’s satisfy an equation of the form 

(-O') 9 8 0 9 log A 90 , 9 log-B 90 

9 m dv dv 9 m 9 m dv 

it follows from the first of (8) that 

( 10 ) Zjtit =0 - 

du dv 


It is readily seen that these conditions are satisfied also when 
each X is replaced by IX, where A is any function of u and v. 

A congruence is p, I when there are p — 1 functions Y satis- 
fying (9) such that 


The functions Y are called the complementary functions of the con- 
gruence p, I. We have also 

^ ^ 9 m dv ^ 9 m dv 


When a congruence is 2, 1, we may choose for the parameters 
the Z’s divided by the single complementary function. In this 
case we have 


2 


9Z 9Z 
du dv 
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so that a congruence 2, 1 is the generalization of the normal con- 
gruence in 3-space. 

62. Nets conjugate to congruences I and p , I. In § 5 

we saw that if 6 is a solution of (9), the functions x' defined by 


(14) 


are the cartesian coordinates of a net N' whose radii vectores from 
the origin are parallel to the lines of a congruence O of direction- 
parameters X. 

If G is a congruence I, we have from (8) 


(15) 
and 

(16) 


2v s - o 




dx 

dv 


— 0 . 



0, 


Hence N' is a net 0. In consequence of the second theorem of 
§ 5 and the last of (16) we have: 

All nets conjugate to a congruence I are 0. 

If G is a congruence p, I, the p— 1 functions y' defined by 


(17) 


f 

V = 


Y 

e 


are solutions of the point equation of N'. In consequence of (11) 
and (12) we have 


(18) 


All)’ All) 

**o, 

A 

dx'\ 
dv j 


^ dx 

dx’ 

y 3 y' 

3 y 

= 0. 

^ 9m 

dv 

^ 9m 

dv 


0 , 


Hence in general N' is a net p, 0. When, however, 
(19) 0 = aiFi+ . . . + ap-iYp-i, (2«? + 6) 
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there is a non-isotropic linear relation between the functions y' , 
and N' is p — 1, 0 (cf. § 61). When in (19), 

(20) = 0, 

there is an isotropic linear relation between the functions y' , and N f 
is p — 2, 0 . 

We have shown that the nets conjugate to the given con- 
gruence are parallel to nets of the type (14), and are given by 
equations of the form (I, 12). By means of the same equations 
we obtain p — 1 functions y from the functions y\ It is readily 
seen that these functions satisfy equations of the same form as (18). 
Hence the nets conjugate to the congruence are of the same type 
as the parallel nets N\ In accordance with the fifth theorem 
of § 5 there are oo 1 of these nets parallel to each net N' . If we 
call them a parallel family , we have: 

Of the nets conjugate to a congruence p, /, there are 
qop~ q parallel families of nets p — 2, 0, 
go p— 2 parallel families of nets p — 1, 0, 
the others are p , 0 . 

In particular, we have: 

Of the nets conjugate to a congruence 2, I there is one parallel 
family of nets 0 , and all the others are 2, O. 

The nets 0 arise from the case when 6 in (17) is equal to F. 
For a congruence 3, 7, when 6 is equal to Fi+ i Y 2 or Y 1 — i Y 2 
condition (20) is satisfied, and only in this case. Hence: 

Of the nets conjugate to a congruence 3, I there are 
two parallel families of nets 0, 
oo 1 parallel families of nets 2, 0, 
all the others are 3, 0. 

63. Orthogonal determinants. Since F— 0 for an 0 net, it 
follows- from (I, 3) that a and h in (1) may be chosen so that 

(21) a = VlZ, b = VO, 

in which case the normal parameters ? and rf of the net, given by 
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are the direction-cosines and are in the relations 
(23) = = 

In this case (I, 6, 7) become 


1 8 VO 

VE 9m ' 


a = 
dll 

l a VE 

m = — 

VQ 9»> 


Consider now the orthogonal determinant 


*1 

XI. 

.... X” 


XI . 

X” 

V 1 V 2 

A n — 2 -cl- n — 

\ r n 

- * * * A n-2 

I 1 

s 2 .. 

.... 

1 9 

.... rj n 

of u and v 

satisfying 


n u n n 

(27) 2xf= 1, Zxix< = Q, 2s*n = 0, Z^i = 0. 

7 = 1 7 = 1 1 = 1 7 = 1 


Therefore we may look upon these functions as the direction- 
parameters of n mutually perpendicular lines. Since the first deri- 
vatives of the X’s of any row are direction-parameters of some 
direction in the space, they are expressible as linear homogeneous 
functions of the other terms of the same column. It is our pur- 
pose to show that there is a set of X’s such that the latter ex- 
pressions take the simple form 

(23) ^ = a k $, = (fc=l,2,....»-2), 

and 

(29) = -'EauXk-mri, = —2foX k -ng, 

OU Jc OV . fc 

11 
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the ?, tj and the X's in each equation having the same superscript, 
and au, bk, m and n being the same for all values of the super- 
scripts of and the X’s. 

From (24), (28), and (29) we get 


9 a g 

dudv 


dll 

du 


rj + mn? 


; = — 2(^j^Xk-{-akbkii — mbkXilj — ri~j + mn%, 
= -^Xu+M-n^-i^ + nn, 


d^Xk 

dudv 


dak 

dv 


? + a k ni] = 



+ b k m £. 


Since there are n equations of each of these types, obtained by 

letting the superscript i take values 1,2, n, the following 

2w-f-3 relations must be satisfied: 


(30) 


dak 

dv 

dm 


, dbk 

= mhk • Si- 

8n 


+ 

9 v dv 


: na k , 

0. 


In consequence of (25) the last of these is equivalent to 


(31) 


9 / 1 

9 VE\ 9 | 

( i 

dVo 

dv \ VO 

dv ) du ■ 

\Ve 

d u 


4 ~^d k bk 


= 0. 


Whenever we have a set of functions satisfying these equations, 
the system (24), (28) and (29) is completely integrable. Moreover, 
from the form of the equations of the system it follows that each 
set of solutions satisfies the conditions 


^Xi *- f ?'*+ rf — const., 

k 

%■{+ & &+ vW — const. 

k 


(32) 
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Hence by a suitable choice of the constants of integration the 
functions will satisfy (27). It can be shown, as in the case of 
three dimensions [cf. § 65], that the most general solution can be 
obtained from a particular solution by effecting an orthogonal 
substitution with constant coefficients on the elements of the 
determinant thus 

(33) 

7=i 7=i 7=1 

A determinant of the type (26) satisfying the conditions (24), 
(28), (29) and (30) is called an orthogonal determinant in space 
of n dimensions. 

Suppose we have 2 n functions £ and tj satisfying conditions 
of the form (23) and (24). We inquire whether there exists a corre- 
sponding orthogonal determinant 4 for which these functions are 
the elements of the last two rows. 

By purely algebraic processes we can find n(n — 2) functions 
Yj, (i — 1, . . . . n; j = 1, . . . . n — 2) such that 


Y\ ... 

... Y n x 

Yh-2. 

T 

8 si 

: 

g 1 .... 

... S n 

g 1 

... JJ n 


is the determinant of an orthogonal substitution. Since 


we have equations of the form 

dY) 

~k 


(34) 


= Zw = o, 

i=l J i=l J 

rm 

ZPjuYl + Aj?, 


du 

dY* 


8g< 

du 

dtf 

du 


dv ~k 

= —ZakyL 


2Q Jk Y£ + BjV, 

mrf, 


n i 

dv 




dtf 

dv 




= -2B k Y l k —n&, 


11* 
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where i = 1, . . . n ; j,k = 1, . . . n — 2 0 + k). Expressing the con- 
dition of integrability of the first two equations, we find that the 
functions P, Q, A, B must satisfy the following equations : 


(35) 


y v Pji- j u Qji = ZQju ■ Bui ~ZP ju • Qui, 

— Z/Bju Bk + Aj n, 

= ZQjicA k +B jm . 

a v k 


We are interested, however, in seeing whether there is a set 
of F’s for which the first two of (34) shall assume the form (28). 
Suppose we put 


Xh — lA Y[ + y\ Fg + 


-I -1ft- 


li =1,2 

U= 1,2 


n 

n 



where the if s are the elements of an orthogonal substitution of 
order n — 2. These functions A)* serve with the £’s and if s to 
make A (26) the determinant of an orthogonal substitution of order n. 
We have accordingly in the general case equations of the form (34). 
If, however, we wish the first two to be of the form (28), the 
functions y must satisfy the equations 


(36) 


du 


+Zy) B t = o, 

J= 1 J J 


dv 


+Z t/j Qji = o. 


The conditions of integrability of these equations reduce to the 
first equation (35). But all of the latter are satisfied, and hence 
there exist solutions of (36). Hence we have the theorem: 

When 2 n functions ? and y are known satisfying (23) and (24), 
there exist functions A'j which with £ and rj form an orthogonal 
determinant A. 

From the form of (36) it follows that the functions y are 
determined to within an orthogonal substitution with constants 
coefficients. The effect of such a substitution on the y ' s is equi- 
valent to an orthogonal substitution of the form 
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v'« Jy«i x* 

*~k k I 

;=i 

on the elements of the columns of the matrix of the first n — 2 
rows of 4. Hence the last two rows of an orthogonal determinant ■/ 
determine J to within such an orthogonal substitution with constant 
coefficients effected upon the matrix of the first n — 2 rows of J. 

When an 0 net is known, the functions £ and rj can be found 
at once, and the further problem of putting its determinant in the 
canonical form requires the solution of 2 (n — 2) completely integrable 
equations of the form (36). Gnichard 60 ) calls this a problem of 
the order n — 2. In particular for a net in 5-space this is equi- 
valent to finding the direction-cosines of an 0 net in 3-space when 
the rotations of its trihedral are known. In [§ 65] we saw that 
this requires the solution of a Riccati equation. 

64 . Determination of 0 nets. We consider now the deter- 
mination of the 0 nets corresponding to a given orthogonal deter- 
minant. Evidently the coordinates r of any net N are expressible 
in the form 

n — 2 

7 ) Xu- + q £ -f r »/ , 


the superscripts of x, X, '£■ and ?; being the same, and p k , q and r 
being functions of u and v independent of the superscript of x. We 
have now to find the conditions to be satisfied by^, q and r in 
order that (37) be the equation of the net. 

By differentiation of (37) we find 


dx 
9 u 


n — 2 


z Si [~i;~ n ’‘ q ) Xk+ s (? ^ 


dq 
d u 





dv k= 1 \ dv 


\ r)* k + ? (fj -rn) + V (Z\ P k + y- + nq)- 


Equating these expressions to those of (22), we see that we 
must have 


s ») L. c., p. 500. 
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(38) 


d Pk 

du 


a k & 


li 

du 

Br 

du 


d p k , 

= i>r ’ 

dq_ 
dv 


nr , 


«* p k —mr+ VH, 

-SKp~^q+ v ^ 


mq 


dr 

dv 


where m and n are given by (25). 

By differentiating these equations, we find that they form 
a completely integrable system, and consequently their solution 
involves n arbitrary constants. 

We find also that a function pk and the n functions X{ are 
solutions of the equation 

(39) 9 2 0fc __ 9 log Ok d_9k , 9 log he d f) k 

dudv dv du du dv 


Suppose now that we have a solution of any one of these n — 2 
equations, say pi. From the equations 


9 pi 

du 


= “Kb 


dpi 

dv 


hr 


we find two functions q and r. Then from the other n — 3 equations 
of this type we find by quadratures the functions pk . When these 
values are substituted in (37), we have an 0 net corresponding to 
the given orthogonal determinant. Hence: 

The determination of the 0 nets corresponding to a given ortho- 
gonal determinant is equivalent to the integration of any one of 
the n — 2 equations of Laplace (39). 

We shall speak of pk and X\ as the tangential coordinates 
of the 0 net defined by (37). 

From (3) and (37) we have 

(40) 2w --= £p& 4- g * + »•*. 


Making use of (38), we find 
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As an immediate consequence of these equations we have the 
theorem: 

A necessary and sufficient condition that an 0 net corresponding 
to a given orthogonal determinant be such that Sx 2 is constant is 
that its coordinates be given by 

n - 2 

(42) x = ]£ekXk, 

k = 1 

in which the es are constant . 

When we have a solution 6 of the point equation (1) of an 
O net N, the functions q and r given by 


(43) 


do_ 

du 


CEq, 


do_ 

dv 


V Or , 


satisfy the fourth and fifth of equations (38). These functions and 
the functions pk (h — 1, n — 2) obtained by the quadratures 


(44) 


9 pk 
du 


— Clkq, 


dpk 

dv 


hr, 


determine an 0 net N', whose coordinates are of the form 


(45) ./■' — ^j)k Xk + q'^-'r rq, 

and which corresponds to the same orthogonal determinant as X. 
Since the jr/s are determined only to within additive constants, 
there are oo«- 2 nets N' corresponding to a solution 6 of (1). 

From (41) and (43) it follows that when 9 = m, N' coincides 
with N. When 9 is a constant, we have the case of the preceding 
theorem. Hence we have: 

Each solution of the point equation of an 0 net N other than 
o) given by (3) leads by quadratures alone to co n ~ 2 nets N' corre- 
sponding to the same orthogonal determinant as N. 

By means of (40) and (41) we establish the converse theorem: 

Each net parallel to an 0 net N gives by quadratures a solution 
of the point equation of N. 

65 . Congruences conjugate to O nets. From § 5 it follows 
that the direction-parameters of any congruence conjugate to an 
O net N can be chosen so that they are the cartesian coordinates 
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of a net N' parallel to N, and therefore corresponding to the same 
orthogonal determinant. These nets N' are of three kinds. 

1°. When the coordinates of N' are of the form (42) with the e’s 
in the isotropic relation 

(46) 2(% = 0, 

the congruence is I. Evidently there are co n ~ i such congruences. 
2°. When in (42) the constants satisfy 

(47) £4=1, 

the congruence is 2,1; there are oo n ~ s such congruences. 

3°. For the others, if we put 

Xi =- A Y, = J (2 x'*+ 1 ), Y t -= ~ (2 1 ). 

we have 



Hence all the other congruences are 3, 1, and we have : 

Of the congruences conjugate to an Onet in n-space, oo” 4 are I, 
oo” -3 are 2, 1, and all the rest are 3, 1. 

In view of the second theorem of § 64 and the above results 
we remark: 

1°. In 3-space of the congruences conjugate to an Onet, one 
is 2, 1 and the others are 3, 1. 

2°. In 4-space of the congruences conjugate to an 0 net, two 
are I, their parameters being Xif- iX t and X x — iX 2 ; co 1 are 2.1 
and the others are 3, 1. 

66. Transformations F of an O net for which the con- 
jugate congruence is normal to the net. A congruence of 
direction-parameters X is said to be normal to a net N{x), if 


(48) 


ZA=0, Zx 


da 


dx 

dv 


0 . 
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When we take for the direction-parameters the cartesian 
coordinates x' of a suitably chosen net N' parallel to N, these 
equations of condition may be replaced by 


, dx 


x 


du 


0, 


, dx 


X 


d v 


0 , 


from which follow 
(49) £x' i = h, 


dx' dx' ^ 

^ ~du ~dv ~~ ’ 


dx dx 
du 9 v 


0, 


where k is a constant. Hence the congruence is I or 2, 1, according 
as k is zero or not, provided that 


(50) 




0, 


which we assume to be the case. Furthermore from (49) we see 
that N and N' are 0 nets. Hence : 

A congruence conjugate to a net for which (50) holds can he 
normal to N only in case N is an 0 net ; then the congruence is 
I or 2, 1. 

Conversely : 

A congruence I or 2, 1 is normal to the 0 nets conjugate to it. 

If a congruence G conjugate to an 0 net N is normal to N, 
it follows from the second theorem of § 64 that the coordinates x 
of the parallel net N determining the congruence are of the form 


(51) 


n — 2 

x = ^euXkj 
/c= i 


where the e’s are constants. By differentiation we have in con- 
sequence of (22) and (28) 

dx * dx dx __jdx 
du du’ dv dv’ 


n— 2 


ekcik 


VW 


n — 2 


e/ch 

i Vg' 


(52) 
where 

(53) 
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An F transform N 0 (xo) of N for which ft is the conjugate 
congruence is given by (§ 15) 

(54) x n — x 

e 


where 0 is a solution of the point equation of N, and 
(55) 


3 0 _ • 90 
3 u — ’ ' 9 H ’ 


3(9 _ * 30 
dv dv' 


If pic are the solutions of (43) and (44) for this function 0, we 
find that these equations are satisfied by 


(56) 


fc=i 


i efcjM/o 


We assume that it is this value of (9 which is used in (54) to 
determine A 7 0 (cf. § 17). 

Prom (II, 9) we have 


(57) 


dX » ^ Z L d0 Q dx \ 
3 u o s \ 0W 3«/ > 


and consequently 


3xo a I * 3 0 - 3 a; \ 

dv 0 * \ dv 3?;/’ 


(58) 



3*o 

dv 



d_0 3(9 
3m dv 


\' * dx ~ d 0 \' » 3 x x 3d 

— Zj x T - ® "T 2j x ~~ d 

^ du ^ 


3(9 
3 m 


3 m 3m 


When the congruence is I, that is when (46) holds, then 

v3*0- = 0, whatever be 0. Hence all the F transforms are 

du dv 

0 nets (cf. § 62). 

When O is 2, I, that is when (47) holds, we have from (58) 


(59) 


2 


0#o dx 0 
du dv 


d0 Q dOp 
du dv 


where 0 O , given by 
(60) 


0 O — 


0 
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is the solution of the point equation of N 0 which determines N as 
an F transform of N 0 (§ 16). Since (59) is the condition that 
£x* 0 — 0* be a solution of the point equation of N 0 , we have 
that N 0 is a net 2, 0, 6 0 being the complementary function. Further- 
more from (54) and (60) we have 

(61) x 0 y — 0*. 

From (44), (56), (59) and (60) it follows that, when 6 in (43) 
is constant, N 0 is an 0 net and is parallel to N (§ 16). Hence: 

The F transforms of an 0 net for which the congruences of the 
transformations are normal to N are 0 nets and 2, 0 nets; when 
the transform is 2, 0, the complementary function is equal to the 
distance between corresponding points on N and the transform . 

When in particular 6 = w, we have from (52) 
where « is the corresponding solution of (55). Hence y'.xt — $i, 
that is, the hyperspheres with centers on N 0 and radii given by 
0 O pass through the origin. Each of the oo»- 8 congruences normal 
to an 0 net is conjugate to a net of this kind 51 ). 

67. Transformations F of 0 nets into 0 nets. In § 65 
we saw that in n-space the congruences conjugate to an 0 net 
are I, 2, 1 or 3, 1. In the preceding section we discussed the 
transformations F of 0 nets for which the congruence of the trans- 
formation is I or 2, 1. We consider now the case where the con- 
gruence is 3, 1. We recall (§ 62) that in addition to N and its 
parallels there is one other family of parallel 0 nets conjugate to 
the congruence. We shall make a study of the transformation F 
of N(x) into one of the nets of the second family, say N (xi). 

We recall from § 15 that the coordinates of N are given by 


(62) 


Xi = x — 

e , 
"7*’ 

where 



(63) 

dx 

du 

h ^ X 
du’ 

dx 

dv 


M ) Similar results follow when 0 — (x — a) 2 , where the a’s are con- 

stant. In this case the spheres pass through the point whose coordinates are 
the a’s. We shall refer to this as the case where 0 =*• w. 
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and 

(64) 

Also we have 

9 6' _ , 9 6 
du ~ h du’ 

dd f _ do 

dv ~ dv ’ 

1 ^ 

1 

jdo’ ,dx!\ 

' du du)’ 

dx f G 

du e 7i h \ 

dv ~ e’H 

r and a having the values 


(66) 

1 

II 

Cl = 10— O’ 


dr dv I 


From (65) it follows that a necessary and sufficient condition 
that iV r i be an 0 net is that 


dd' 9 6' v 

(67) 


9 ' d JL y r > dx ' f / 9 e ' y x >< dx 

* du ^ dv ° dv ^ du 


This equation is satisfied by 


( 68 ) 


6 ' : 


4-2V’. 


The coordinates x! of the net N' parallel to N which are the 
direction-parameters of the congruence of the transformation are 
of the form 

(69) x' = ^p k Xk-\- q%-\-rij, 

where pk, q and r satisfy equations (38) with E and G replaced 
by E' and G', the first fundamental coefficients of N'. Hence 
equation (68) may be written 

(70) 6' = i- 2x'* = y (2*1+ r 2 ). 

The corresponding function 6 of the transformation is given by 
the quadratures (64), which are reducible by means of (38) to 

(71) |i = VEq, = VOr. 

du * dv 
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From these equations and the results of § 64 it follows that 0 is 
the solution of the point equation of N which determines N'. Hence 
0 is given by a quadrature and the additive arbitrary constant leads 
to a family of parallel nets N x (§ 16). Accordingly : 

Each net N’ parallel to a given 0 net determines oo 1 parallel 
O nets each of which is an F transform of N; they are obtained by 
a. quadrature. 

Conversely, if 0 is any solution of the point equation of N other 
than o), and N' is any one of the oo”- 2 nets parallel to N determined 
by 0 (§ 64), the function f defined by (70) satisfies the corresponding 
equation (64). Hence: 

Each solution of the point equation of N other than m leads to 
oo”— 2 0 netsNx ) which are F transforms of N; the coordinates x x 
are given by 

(72) -.i\ — x — 2 
where 



( 73 ) 


/ 

X 


=2fx t + 

k"l 


Ve ' Vo dv V ’ 


the functions p k being obtained by the quadratures 


(74) d lji __ 

K dv Ye 3 u’ dv Vo 9v’ 

Moreover , all of these nets (j\ ) are harmonic to the congruence 

harmonic to N determined by 6. 

68. Transformations R. The nets N 0 and Ni defined by (54) 
and (62) respectively form with N a triad (§ 20). From (51), (69) 
and (56) we have 

(75) x =2} e k Pk = e - 
Consequently we obtain from (65) and (60) 

2 ( z ,—®,) 1 — (|) = C 
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From these equations and (61) we remark that the hyperspheres 
with centers at points of N 0 and radii determined by 0 O are tangent 
to N and N t . Since there are oc^- 8 congruences 2, 1 conjugate 
and normal to N, there are oo n ~ Q nets N 0 forming such a triad 
with N and N t . Hence : 

If N and N t are two 0 nets in the relation of a transformation F, 
for which the congruence is 3,1, there are oo n ~ 8 two-parameter families 
of hyperspheres tangent to N and N x ; the locus of the centers of 
the hyperspheres of any family is a net N 0 which is 2, 0, the com- 
plementary function being the radius of the hypersphere; the nets 
N, Ni and N 0 form a triad under transformations F. 

In view of this result we call the transformation from N into 
Nx a generalized transformation of Ribaucour 52 ), or simply a trans- 
formation R. We call the corresponding net N 0 a central net of 
the transformation . 

From (63), (64) and (68) we have 


(76) 


^ f dx 90 ^ , dx 9 6 

^ X ~du~~du ’ ^ X ~dv~~dv' 


By means of these equations, (57) and (75) we find that 


2V^ = o, 

** 9 u ? 


j 9^o 
0?; 




0. 


Hence : 

The tangent planes of N 0 are normal bisectors of the joins of 
corresponding points of N and N±. 

Also it follows from § 17 that: 

Corresponding tangent planes to N, N x and N 0 meet in a line 
generating a congruence harmonic to each of these nets . 

By means of N f we can obtain a transformation R of any net 
parallel to N (§ 67). From the above results we obtain the theorem: 

When a transformation R of a netNis known, a transformation R 
of any net N parallel to N can be found by a quadrature; the 
transforms of N and N are parallel, as are also corresponding 
central nets of the transformations . 


62 ) In his study of cyclic systems Ribaucour considered two-parameter families 
of spheres in 3-space upon the sheets of whose envelope the lines of curvature 
correspond. The relation between the two sheets has been called a transformation 
of Ribaucour, 
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When in particular N is N', the transform of N is the origin, 
as follows from (62). This is the case treated at the end of § 66 . 
From (II, 1) and ( 68 ) we have 


Hence: 

When N and Ni are Onets in the relation of a transformation R, 
the nets N' and N[ whose coordinates are direction-parameters of 
the congruence of the transformation may he obtained from one 
other by inversion. 

In § 75 we shall show that only for certain types of 0 nets 
do there exist transformations F into non-parallel 0 nets which 
are not transformations R. Hence: 

In general an inversion is the only radial transformation of 
an 0 net into an 0 net 

The function <>h, where 


(77) 


2o) t =^x\, 


is a solution of the point equation of N u We wish to show, 
furthermore, that «, is the transform of w by an equation analogous 
to (62), namely 

(78) m 1 — co — Y m ', 

where «' is defined by 


(79) 


3 ft/ 3 co 

Hu = h Ju’ 


do)' u> 

dv dv' 


When the expression (62) for x t is substituted in (78), the latter 
reduces to 

(80) 0 + o’ — £ xx' — 0 . 


By differentiating the left-hand member of this equation we find 
that it is constant. Hence the additive constant of »' can be 
chosen so that (80), and consequently (78), is satisfied. 

69 . Transformations R in another form. From (65) 
and ( 68 ) we have 
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If we choose the algebraic signs of and so that 


(82) t = e' 

we have from (66) 


V¥< — 'Vt- 


m 


■m 


If we define a function w by 

(84) e' = Ow, 
equation (70) becomes 

(85) ”ZpI+ »- 8 — 2 e w = o. 


The equations (62) of a transformation R may be written 


1 / n—2 

Xl = x— — \. Ep k X k +q§ + ri 


where the functions involved satisfy (85) and 

f d ± = VEq, 2L = VGr, 

du * dv 

d Pk d Pk j 

— — = a,, q, — = b,. r, 

d u K dv K ’ 

= -2\ Pk --±=.*¥A r + w(VE+ VE\\ 


d q _ 1 dVO 

dv J/j? du 
»— 2 

- = — 2 KPk — r 
') t=\ * * l 


l dVO 


d lo gw 

du 




VE 8« 

\ 9 logw 

► * 9v 


1 dVE 
Vq~ dv q ’ 

q-\-w (V # + ^ (?i), 


J/tfiy 58 ). 


53 ) The expressions for - and ~ f°h° w fro® (64), (71), (83) 

and (84), and those for -E^- and -E— are obtained by differentiating (85). 
ou ov 
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The integrability conditions of this system of equations are satis- 
fied provided that 6 is a solution of the point equation of N and that 


( 88 ) 


dVjk = vw ( 1 9 VE 

dv M J f Q 9v 


aKgi 

dv 


= VE, 


/ 1 

\ J/]? 9m 


(KB+Kg)f), 


as can be verified readily with the aid of (21), (30) and (31). More- 
over, any set of functions satisfying (87) make the left-hand member 
of (85) constant, as can be shown by differentiation. 

If we write 

(89) l G lh , 


it follows from (65) and (82) that 
(90) i'i — f y x — '£, tji 

if w r e define functions X^k by 


T r -+ 


(91 ) X ltk = P fx-X k (k = 1 w — 2), 

the functions i',, tj, and A), k satisfy equations of the form (27), 
By differentiation we have 


(92) 
where 

fh = n-^(VO+ VO,), m, = m ~(VE + Ve\), 


agi 


d jL 

— »h£i, 

dv 

= Wi *h, 

du 

dXi , k 


dXi t k 


du 

— ai t k 

dv 

= h,k Vi 


«M = a k — J f(VE+ V E,\ K k 


e 

Pk 


b k - £ ~(V~G+ V Gi). 

n 


Hence (§ 63) the functions Xi )k are the elements of the 

orthogonal determinant corresponding to N,. 
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70. Inverse of a transformation R. Let q~ 1 , r~\ 
w ~ 1 denote the functions determining the inverse transformation by 
means of which N is obtained from N u so that 

* = • 

When this expression for ( x — x x ) is equated to that given by 
(86), and Xi tk , ?, and ip are replaced by their above values it is 
readily found that 


P k l = QPk, q X = Q9, r 1 =Qr, w l -=—ow, 


where <? is to be determined. When we require that these functions 
and 0 _1 satisfy an equation analogous to (85), we find that 
0 —1 = — qO. Comparing this with (II, 19), we have q — 1/0'- 
\/0w. Hence 


(94) 


v-l 


PI 1 


Pk 

Ow’ 


r 

Ow’ 


w 


1 . 


q " 1 

1 

o’ 


q_ 

Ow’ 



By means of (93) we show that these functions satisfy a system 
of equations of the form (87) for N t . 

From (51), (54), (56), (60) and (91) we find 


(95) .'■() On Xl k, 

which shows that the parameters of the congruences conjugate to 
Nt and N 0 and to N and N 0 are the same linear functions of the 
quantities Xi,k and Xk respectively. 

71. Transformations R in tangential coordinates. Let 
Pk, Q and R denote the tangential coordinates of an 0-net Nix). 
They satisfy (cf. § 64) 


9P/c 

du 

— akQ, 

CD 

II 

= b k R, 

d co 

du 

= Veq, 

d co 

= Vgr , 


( 96 ) 
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where « is given by 

(97) 2« = 2>ft + Q 2 + -R i '- 
Also we have 

(98) x = £Pk X k +Q$ + Hr,. 

Equation (80) may be written 

(99) o)' =2 JP k p k +Q,q + Hr — 0 , 

where p k , q , r and 0 determine a transformation R of N into an 
O-net Ni {x x ) y whose coordinates are of the form 

(100) a* =2 Pi.* Xi, fe + Qt $1+Pi Vu 

the functions Pi,*, and R x being the tangential coordinates of A 7 , . 
In consequence of (86), (90) and (91) we have 

(101) Pi,*=-#P k -P K , Qi= ~rq—Q, R\~ —,-r—R. 

These formulas and (91) define the given transformation R in terms 
of the tangential coordinates of N and 

72. Theorem of permutability of transformations R. We 
apply the theorem of permutability of transformations F to the 
case of transformations R, and assume that N t and N 2 are two 
R transforms of N determined by functions 0, and 0 2 respectively, 
and nets N' (pc') and N" (x"). 

Now the analogues of (68) are 


(102) 

2x'*= 26[, 


;" 8 = 26”. 

Making use 

of (II, 31), we obtain 




0 0i 'v* f d X 
dll " du 

0 01 

dv 

— V r 'l£ 
~^ x 8v > 

(103) 

0 0 g , f dx 

.Tu — Ju’ 

0 02 

dv 

** dv 


12 ' 
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By means of these results we establish by differentiation that 
Z :r' x " — 0'i — O'i is constant. 

From the above and (II, 33) we have 

(104) 2 (x'n* - 2 (Zx x"- 6 [ '). 

V\ 

The functions 6" and O 2 are determined to within additive constants. 
Hence there are 00 1 cases for which 

(105) Z x x"— e'{— e' 2 = 0 . 

Then, as follows from (11,38), 

( 106 ) e[’’ = \-Zwr-. 

Hence, by § 67, N ljs is an 11 transform of A). 

As (105) is symmetrical in functions of the two transformations, 
Nn is an U transform of N» also. Consequently: 

If N\ and JS r e are K transforms of an 0 net N, there are oo 1 
0 nets N\i which are II transforms of A’, and A*, and they can be 
found by quadratures 84 ). 

The transformations from N into A 7 , and A r 2 are given by 
equations of the form 

(107) x t = x- ~ (Zp iik X k fqf + ri y) (/ = 1, 2), 

where the functions y, q and r are solutions of (87). 

If we write the coordinates of AT ' (x"’), which are the direction- 
parameters of the transformation of N t into a net A r 12 , in the form 

(108) x"' = Zpu,kXi,k-\- qis%i + n»^i, 


84 ) This theorem is the generalization for n-space of the similar theorem for 
3-space established by Bianchi by applying the Lie line-sphere transformation to 
the theorem of permutability of TV congruences; cf. Rendiconti dei Lincei, ser. 5, 
vol. 13 1 (1904), p. 361. 
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it follows from (II, 33), (90) and (91) that 

/ inQ N 02 02 02 

(109) p 12 t k — k —P% j k, qit = ?i — ft, r l2 —- 7 ^— r 2 . 

0i 0i 0i 

These quantities satisfy the relation 


2p\k 4 " 512 Tn — 2 0I2 , 

k 

and also because of (II, 37) the equations 


9 012 
du 


— V Ei q 12 , 


0 012 
0 V 


VGir 


12? 


$Pi2,k 

du 




dpi2,k 

dv 


fa ,k /*i2’ 


The tangential coordinates of N n are given by the following 
formulas which are analogous to (91) and (101): 


( 110 ) 


Y Pl2 t k rn y p ^3 p 

Ai2,/c — ~ZttT X l M ,/<> -*12, k — ~ a , n PV2 } k — *l,ki 

012 012 


Qi2 a ,ft Qly 
012 


iti2 n w~ r li -Bl? 

012 


where 0" 2 ' is given by (II, 38) and 

,, 0i / 


( 111 ) 


j/? 

0)1 =• 00 


01 


When these expressions and those from (101) and (109) are sub- 
stituted in 

(fi'ix " — O" x')pi, k (O'l'x — 0[x' r )p‘i, k 


( 112 ) 


Xn, k = Xk- 


0[0'n 


V — P I - ( -2l ) l,fc+ •f-lfe fc ,, _ . . . -‘taffl + 

X 12, k x fc~T r V “l /ji > 

01 012 01 012 


Rv> = R- 


Sl t i\ + ii x r t 

at n’H > 


where 

(113) 


i2, = 0\<x>" , /i s = o'i y 


we find that they are satisfied. 
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Since the first of (112) involves the direction-cosines of N, 
the coordinates of N' and N" , and solutions of the point equations 
of N' and N", we have the theorem: 

If N, Ni, Ni, Nn form a quatern under transformations R, N 
is any net parallel to N, and N t and N t are R transforms of N 
parallel to 2Vi and Ni respectively, lines drawn through points of 
Ni and N s parallel to the joins of N, and Ni respectively with Nu 
meet in points of a net N ri parallel to Nu. 

73 . Cyclic congruences. Let N(x) he any net and IVifo) 
an F transform defined by (62). The tangent planes to N and N t 
meet in the lines of the congruence harmonic to N determined 
by 0; the coordinates y and z of the focal points F, and F t of 
the congruence are of the forms (II, 22) 

, 9 dx 9 8x 

(114) y = X - ll - dv , g = x - w — 

dv 3m 

If M and M, denote corresponding points of N and N u a necessary 
and sufficient condition that F t M = F L Mi is that 


dv dv 


Hence in order thatFxJf = F, Mi and F t M = F 2 Mi, it is necessary 
and sufficient that 

O' — x' 2 , or- £x' 2 — 0, 

where c is a constant different from zero. In this case N' is an 
0 net, and N and N are 0 nets. Consequently (§§ 66 , 67): 

When N and N t are in relation F a necessary and sufficient 
condition that each of the focal points of the harmonic congruence 
of the transformation be equidistant from the corresponding points 
of N and is that N and N, be 0 nets in relation R, or con- 
jugate to a congruence I. 

We consider the case for transformations R. In consequence 
of (22) and (87) the expressions (114) are reducible to the forms 


015) 


y = x — R t q, z — x — Ri ?, 



where 

(116) 
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R, = 


0 

? 



r 


From these equations and the preceding theorem it follows that 
the hyperspheres, Si and S i: with centers at the focal points and 
of radii Ri and pass through corresponding points of N and of 
each of the oo n - 2 R transforms of N by means of 0 (§ 67). More- 
over, since 

(in) 2(y-z)* = K+K, 


Si and Si meet orthogonally. From the fifth theorem of § 10 and 
the second of § 67 it follows that the hyperspheres with centers 
at the focal points of any congruence harmonic to an O net N and 
passing through points of N meet orthogonally and pass through 
the oo"- 2 R transforms of N determined by the solution 8 of the 
point equation of N which determines the harmonic congruence. 
We call them focal hyperspheres of the congruence. In 3-space 
Si and Si are spheres meeting in circles orthogonal to go 1 R trans- 
forms of iV, that is in circles of a cyclic system. Conversely, in 
[§177] it was seen that the 0 nets orthogonal to the circles of 
a cyclic system are harmonic to the congruence of axes of the 
circles. Hence we say that for space of any order any congruence 
harmonic to an 0 net is a cyclic congruence. 

From the last theorem of § 13 we have the theorem: 

If the direction-parameters X of a cyclic congruence are solutions 
of the equation 


(118) 


3*0 _ 3 log A 3 0 . 3 log if 3 0 . , 
dud v dv du du dv ’ 


then 

(119) B\ 


where U and V are functions of u and v alone respectively. 

In § 16 we show that the condition (119) is characteristic of 
cyclic congruences. 

If we put X — y — z, equation (117) is a special form of (119). 
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Jn fact, from (1,54,55) we have 


If we express the condition that X satisfy (118), we liave 
(121) R t = AU, R 2 — BV, 


where U and V are functions of u and v alone respectively. 

74. Multiply cyclic congruences. Let N and A 7 , be two 
0 nets in relation F and let 0 denote the harmonic congruence 
of the transformation F. If N and N t are R transforms of one 
another, the focal hyperspheres with centers on the focal nets 
of G and passing through points of A T also pass through the corre- 
sponding points of Ay. If, however, A) is not an R transform 
of A 7 , then there are at least two pairs of focal hyper, spheres 
associated with G. If we denote by R t and R 2 the radii of the 
focal hyperspheres passing^ through points of Ay, it follows from 
(121) that Jit, — UyRi and R., = 1) R.,. where U, and V, are functions 
of u and v alone. From (111) it follows that E* — R\ + R\. 
From these two conditions we find that the functions R must be 
of the forms 

(122) R y = Ul, R 2 — VX ; R x = l\ U*-c, R 2 - + /. I V s 1- c. 

where c is a constant and X is to be determined. 

From (114), (115) and (122) we have 

3d E 0 dO Y^ G 0 

3m ~ ~~u~ T ~dv T~T 


Since 0 must satisfy the point equation of A', namely 


(124) 


3 8 fl _ Slog VE_ dd_ , 3 log VG dO 
dll 3 v dv 3 m 3 m dv’ 


we must have 


V 1_ 3 VE 

IT Yci ’ 


3 0 _ U 1 dV'Q 

dv l0g X — V vf ~~d~u 



75. Transformations F of 0 nets into 0 nets 


185 


The condition of integrability of these equations is 


(i26> a It i i Ve \ = a lu i < 

dv\u Vg dv j du\V VE 
From this equation and (31) we have 


dVa\ 


du 


(127) 


17 V 


(f/ s +^ 8 )' 

9 Vo 


1 9 VE \ 

dv \ Vo 9 v I 


Ve vu 

(Z7 2 + V 2 ) 


■ vv 


1 9 Vjl 

Vo dv 

1 9 VO 


-U*]£a k b k , 


du \ Ve du 

- Ul V - V*2a k b k . 


Ve 8 « 


Vo vv 


When a net N satisfies conditions (127), the function Oil is 
found from (125) by a quadrature and then 0 from (123) by an- 
other quadrature. Since these conditions do not involve the con- 
stant c in (122), it follows that: 

When a cyclic congruence admits more than one pair of focal 
hyperspheres cutting orthogonally it admits an infinity of pairs. 

In this case we say that congruence is multiply cyclic. 

The constant factor of integration of (125) can be taken equal 
to unity in all generality, but the additive constant in (123) gives 
a family of parallel multiply cyclic congruences. Hence: 

When an 0 net N satisfies the conditions (127) there is a unique 
family of parallel multiply cyclic congruences harmonic to it, which 
can be found by quadratures. 

75. Transformations F of O nets into O nets which are 
not transformations R. We return to the consideration of the 
0 nets N(x) and W,. (a:j) harmonic to a multiply cyclic congruence, 
and such that the focal hyperspheres of radii Ri and given by 
(122) pass through points of N x . If we put 



( 128 ) 
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then from (115) and analogous equations for N x we have 

B 3 dx Hi dxi Bi dx Ri dx x 


(129) X — — r- r — = X 1 .. v „ 

VG dv VG x dv 


VE 9m X ‘ VE x 9?f 
Substituting in these equations from (62), (122) and (65), we get 

x VE 


(130 )VE[ 


o' if 


-V IP—c, VG X —T y v V iJ r c. 


When these expressions and those given by (65) are substituted 
in (128), we get, in consequence of (63), (64) and (123), 


(131) 


1 

9 u \ 0 


\rl 


X 


, Ve x 



, Vg x 

V v r r /. 


If we put 
(132) 


VE X 
a U ~U ‘ o’ 


dQ _ Vg x 

9 v ‘ V O' 


we find that these equations are consistent, and that q so defined 
is a solution of (124). Consequently q', defined by 


(133) 


9g' __ , 9g dq' ^ 9 Q 

du 9 u’ dv ’ dv’ 


is a solution of the point equation of the net A". Hence the 
integral of (131) is 

(134) £x'* — c O' q 1 , 

where q' is determined only to within an additive constant. 

From (129) and (62) we have 

IE dx 6 , IE dxi R\ dx 0 , dx x 

Vg dv O' X ~ VG x dv ’ VE 9 m O' x ~ VEi 9 m ’ 


Squaring these equations and summing for the x’s, we have, in 
consequence of (122) and (134), 


(135) 22^1 = -£ 
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The coordinates x' of N' are expressible in the form (69), where 
the functions p k , q, r are subject to the conditions (cf. 35): 


136) 





d Pk 

d _Pk 





du ~ 

dv 

h r > 

Sq = 
du 

l 

ii 

a kPk~ 

i a Ve 

VO 9*-’ 

r + hVm, 

H 

dv 

dr __ 

1 

dVE 

dr __ 

_ V n 

1 

du 

' Vo 

dv 

q ’ dv~ 

k° kPk 

Ve 


i dVo _ . 
Ve 9 “ ’’ 

/~Q 

r^-q + lVCr. 


From (135) and (69) we have 


(137) 2 q 


±I9£ , 
in A + e l 




V \ X 


-A 

e 


Substituting these expressions in the last four of equations (136), 
we obtain 


138) 


h V E{U i — c) = U»2a k p k - UU'q + (JP + V 1 ) 


1 dV'E 
VO 9» 


l VO(V* + c) = V*Zb k p k -VV'r + (U* + n -pj 

In consequence of (30), (127) and (136) these expressions for h 
and l satisfy the equations 


< 189 > T, 


U-h) 


9 log VE 


dv 


li 

dll 


C h-l ) 


a log Vo 


du 


Hence equations (123), (125), and the following in which q, r, h 
and l have the expressions (137) and (138) form a completely 
integrable system: 


(140) 


d P,c 


du 

du 

d ft' 

du 


= h 
— h 



d Pk _ 


dv 

Ve x 


U 6’ 

dv 

Ve e 

dO f _ 

U X’ 

dv ~ 


fyfe r > 


— l 


Vo x 


V ft’ 

Vo x 


v e ‘ 
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In addition to c the complete integral of the system involves 
n + 1 constants of integration, since for each set of solutions the 
left-hand member of 

(141) 2 jpf c + 1 f + r 2 — c 0 Y = o 

is constant, and in order that (134) be satisfied, we must choose 
solutions satisfying (141). Therefore we have the theorem: 

If an 0 net N satisfies the condition (127), it admits cr> n ~- 
trans formations F into 0 nets, which are not li transforms of A; 
the harmonic congruences of these transformations are multiply cyclic. 

76. Nets 2, O. Let N(x ) be a net 2, 0 in n-spacc, tin* 
complementary function being y. Then x a) , . , x in \ iy are the 
coordinates of an 0 net N in n + 1 space. From § 65 it follows 
that there are co n ~ 8 nets N' parallel to A' for which 

(142) 2> ,2 =v/*. 


We say that such a net N' is a special net 2, 0. Hence there 
are oo w ~ 8 special nets 2, 0 parallel to N. If N f is a special net, 
we effect the transformation F of N by means of the solution y 
of its equation and the conjugate congruence of direction-para- 
meters x ' , so that the coordinates x x of the transform N t are of 
the form 

(143) xi — x — . 

y 

Tn consequence of (142) we have 

(144) — x) 2 — y a . 


Also in consequence of (142) and the equations 


(145) 


dx f 

du 



dx f _ i dx dy f ^ dy 

dv dv 9 du 1 du 7 


Zji __ f dy 

dv dv' 


we have from (143) by differentiation = 0, that is A T , 

du 9 v 

is an 0 net. 
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Consider two of these transforms N t and N% by means of 
two parallel special nets N'(x') and N"(x") satisfying (142) and 
'y' l x' n — y’ n . In consequence of (145) and analogous equations we 
find that 

(146) x" — y y" = v, 

where c is a constant. Since N x and A’ 2 are transforms of N by 
means of y, the nets N, N t and N s form a triad (§ 20), and iV* 
is an F transform of N by means of — y/y', and the corresponding 
solution — y" ty of the point equation of the net N[", parallel to 
N t , whose coordinates are given by (cf. II, 33) 

(147) X\ = x" — —7- x'. 

y 

In consequence of (146) and (142), we have 

Hence if c = 0, the conjugate congruence of the transformation 
from Ni into N 2 is I. If c ^ 0, N x and N 2 are in relation B (§ 67). 
Hence in consequence of (144): 

If N is a net 2, 0 in n-space, the complementary function 
being y, the net N admits c© n— 3 F transforms Ni which are 0 nets 
and the corresponding points of these nets lie on the hypersphere 
of radius y and center at the corresponding point of N; moreover*, 
any two nets N t and, N 2 are R transforms, unless the congruence 
of lines joining corresponding points of N x and N 2 is I. 

When, in particular, N is a net 2, 0 in 3-space, it follows 
from the last remark of § 65 that there are two special nets N' 
parallel to N. Moreover, there are no congruences I conjugate 
to an 0 net in 3-space (§ 65). Hence: 

If N is a non-special 2, 0 net in 3-space , the complementary 
function being y, on the envelope of the spheres of radius y and 
centers on N the parametric curves form 0 nets in relation R ivith 
one another and in relation F with N. 

We return to the consideration of a net N in n-space which 
is 2, O, the complementary function being y. Let N' be a parallel 
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net; then equations (145) hold. II 6 and O' are corresponding 
solutions of the point equations of N and N\ the equations of 
the form (62) define an F transform of N, and the point equation 
of Ni. admits the solution 

e , 

yi = y—jy • 

From these equations we have 

(148) ^x\ — y\ =^'-y ! -2y(2»'-!/!/') + ^ y'*). 


Since ^x i —y i is a solution of the point equation of N, the 
function a ’ defined by 


(149) 



da' 

dv 



is a solution of the point equation of N'. If N' is a special net, 
a solution of (149) is a' — 2(^xx' — yy'), and equation (148) 
becomes 


(150) 


,x: 


~yl= s 2^—y a 



Consequently ^x\ — y\ is the solution of the point equation of A, 
corresponding to the solution ^x } — ?/ of the point equation of N 
whatever be 6. 

If N' is not a special net, a solution of its point equation is 

e' = \{2 l x n -y ,i \ 

and the corresponding solution of the point equation of N is given by 

du ^ a u y du’ dv ^ dv J dv' 


In this case a solution of (149) is 

rf'= 2{^xx' — yy' — o). 

By means of this function equation (1 48) is reducible to (150). Hence : 
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If N is a net 2, 0 and iY' is a parallel net which is not special , 
an F transform N x of N which is 2, 0 can be found by a quadrature; 
if N 1 is special, each solution of the point equation of N determines 
an F transform which is 2, 0 . 


Exercises. 


1. A net N' parallel to a net N which is p, 0 is p, 0, the complementary 
functions of N f being solutions of its point equation corresponding to the com- 
plementary functions of N. 

2. Of the 0 nets corresponding to a given orthogonal determinant, those 
defined by 


n — 2 




1 



0 , 


where the e’s are constants, lie on the hypercone 2x 2 = 0, and any such O net 
is so determined; for such a net 

VE=le }; a k , VG=2e k d k . 

k k 

3. If N is an O net on the hypercone 2x 2 = 0, and G is any congruence 
conjugate to N, the develop ables of G meet the hyper cone in a net which is an 
R transform of N\ for this transformation 

e — ^ e kPk’ "' = 0 . 

4. If N\ and N 2 are R transforms of a net N and all of these nets lie on 
the hypercone = so also do the nets Nn which are .R transforms of Ni 
and JVi, in accordance with § 72. 

5. A congruence parallel to a cyclic congruence is cyclic, and for 00 1 of 
the parallel cyclic congruences the circles of the cyclic system pass through 
a point (cf. § 13). 

6. The equation of Laplace satisfied by the direction-parameters of a multiply 
cyclic congruence has equal invariants. 

7 . If N is an 0 net harmonic to a multiply cyclic congruence 6r, any net N' 
parallel to N possesses the same property, and the multiply cyclic congruence 
harmonic to N' is determined by the solution of the point equation of N f corre- 
sponding to the solution determining G. 

8. Any congruence parallel to a multiply cyclic congruence is multiply cyclic. 

9 . If N is a net 2, O and Ni is any O net conjugate to a congruence 2, 1 
conjugate to AT, the distance between corresponding points of N and Nt is the 
complementary function of N. 
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10. In order that the first and minus first Laplace transforms of a net N 
with point equation (1) be 0 nets it is necessary that a and b can be chosen 
so that 


(i) 


/My y/ /da \ 2 

^\du' “~V0w/ 7 " \dv ) ““ \dv/ * 


From (I, 3) it follows that we must have 


(ii) 



db da d 2 b 
du dv dudv 



db da d 2 a 
du dv dudv 


d 2 a yd# 9ac\ 
dudv ^ du dv / 
d 2 b y dx dx\ 
du dv ^ du dv' 


The consistency of the equations (ii) necessitates the condition 


(iii) 


db da / a d 2 a , d 2 b 

du dv'b a ) a dudv dudv‘ 


When this condition is satisfied, the equations 


(iv) 


3l0g<r 1 db 91o gtr 

du a du 1 dv b dv 


are consistent (Gf. II, Ex. 12) and (ii) may be replaced by 

8 2 


(v) 


i9x dx , d 2 . 
1 du dv ~ a dudv 


When (i), (iii) and (v) are satisfied, the net N possesses the desired property. 
We call it a G net. 

1 1 . The point equation of a G net N admits the solutions 


0i — 2x 2 — a 2 , 02 = 2x 2 — b 2 . 


The first Laplace transform of 0i is 2x\ and the minus first Laplace transform 
of 0 a is JSscij, where x x and x~ x are the coordinates of the first and minus first 
Laplace transforms of N. 

12. Any net parallel to a G net is a G net. From (II, Ex. 12) and (iii) 
of Ex. 10 it follows that two of these parallel nets have point equations with 
equal invariants, and are associates of one another. If the point equation of 
one of them is written 

n 9 2 0 __ 91og<r 90 91og<x 90 

1 dudv dv du du dv 1 

in place of (i) and (v) of Ex. 10, we have 
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y/8*\« / 9<r \ 2 y 9j? dx 

<n) w ’ ^\Jv/ “ w ’ " a» 


ja 2 _ 

dudv 


logtf. 


A net fr of t|^s type we call a net 6r 0 . 

13. The point equation of a net 6r 0 admits the solution 6 0 = ^x 2 ~-<r 2 . 

The first and minus first Laplace transforms of 6 0 are 2xl and 2x1 lt 

14. Show that the radial transform of a net G 0 by means of the function 

0 0 = 2x 2 — <r 2 is a net G Q . 

.15. If a G net N is subjected to a transformation F for which the direction- 
parameters of the conjugate congruence of the transformation are the coordinates x' 
of one of the nets 6^ parallel to N and the function O' of the transformation is 
2x' 2 — fT 2 , the transform is a G net, and its Laplace transforms are R transforms 
of the corresponding Laplace transforms of N. 
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Chapter VII. 

Transformations of Ribaucour. 


77. Orthogonal determinants and 0 nets in 3-space f 

In the case of 3-space an orthogonal determinant is of the form 






XV. . 

..X 

(1) 



J = 

S 1 

..V 





v \... 

■ ■V 

Now 



dX _ 

v jC 

dX 




dll 


dv 

(2) 



3? V 

— — — — aX — tun, 
du " 





dy .. 

- = m,$, 
du 

di 1 

dv 

— ~ 

whereas it follows from f§ 65] that 



a — 


D 

iVe 

b - 



Ve 

Qy ’ 

(3) ' 

m = 

l dVE 
VO dv ’ 


n = 


da 

mb, 

db 


dv 

du 


— by, 

ny, 

bX—nl 


0 1 

dv 


D" 


VO 

1 a Vg 

VE du 
na. 


Vo 


Qi 


where and Qt are the radii of principal curvature of an 0 net 
corresponding to J. 

When an orthogonal determinant is known, the coordinates of 
a corresponding net are of the form (cf. VI, 37) 
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(4) x = PX+Q$+R V , 

where, as follows from (VI, 38), P, Q and R satisfy 

I aP D n dP = D " 

I 9« “ VE q ’ 9* VO ’ 


dv 1 dv | f E du 

m p __i - Yjl q -l vq 

dv Vq VE 9m VT 


78. Transformations R in 3-space. In 3-space the equations 
of a transformation R of an 0 net N ( x ) are of the form 



j)P 


3 m 

3 Q = 

i> p 

3 m 

Kp V 

3P _ 

1 dV~E 

3 m 

K 

<B| 

CD 

C5 


*■1 = *— — (p x +q$ + rti), 


where, as follows from (VI, 87, 88), the functions satisfy the equations 

( 90 ./-s 00 ,/-*• 


m q , h. 

0i dv 


VOr, 

Vo 


i_I vj- rJrw (VE+v%) - 8 i = - 1 -Ai£» r 

9m ?1 P WO 9m + n ^ 1,f dv VE 9m ’ 

dr 1 3 VE dr VO 1 dVO , ^ 


1 3 Vo 


CO' 9m VO 9m 3m 0s P We 9m 
8l °g w = yvl ■ 9 J2 S» = Wo 

du *>’ «*> 


q+w(V&- \-V (?,), 


0 ’ 3tT~ = I’ 


dVE, /7 - f 1 d_VE 

dv V ^VWo dv 


3 V Ei 

dv 

dVOi 

du 




13 * 
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and also from (VI, 85) 

(8) r+r/M- r*— 2w» = 0. 

Prom (VI, 93) we have that the principal radii of curvature 
of the net jVj, denoted by o,, and o, 2 , are given by 


V% 

Qn 


Ve 


<h 


£ 

6 


(VE + 1 


E), 


V ~ G ' = Vo) 

<?12 ^2 " 


From (VI, 54, 56) we have that the coordinates x 0 , y 0 , z 0 , of 
the central net and the radius B of the spheres, are given by 


(10) a' 0 — ;/• — — A', B — — . 

V P 

We recall from § 68 the following theorem: 

When a transformation R of a net N is known, a trans- 
formation R of any parallel net N can he found by a quadrature; 
the transforms of N and N are parallel, as are also the central nets 
of the transformations. 

The equations of the transformation of N are 


where w satisfies equations of the form (7). Since (8) must be 
satisfied, we have 

Ow = Ow. 

Also we have the theorem: 

When N and Ni are in relation R, the nets N f and N[, whose 
coordinates are direction-par ametm of the congruence of the trans- 
formation, may he obtained from one another by an inversion. 

Conversely: 

If two 0 nets N f and are related by an inversion each net N 
parallel to N f admits an R transform parallel to N[ which can 
be found by quadratures. 
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From (VI, 91) we have that the direction-cosines of the normals 
to a net N and to an R transform A', are in the relation 

(11)- X, = — O' = w 0. 

From (VI, 28, 74) we have 


dx 

_ V E’ 

dX 

dx 

vw 

OX 

du 

a 

dul 

dv 

h 

dv 

dO' 

_ V E’ 

dp 

dO' 

CG 1 

dp 

dll 

a 

du’ 

dv 

h 

dv' 


where ii"and G f are the first fundamental coefficients of N f . Hence 

(11) is of the form (II, 2), and we have : 

When N and N\ are in rela tion R, their spherical representations 
are in relation F. 

Conversely, we have the theorem: 

If N(x) is an orthogonal net on the unit sphere and N'(x) 
is an O net with this spherical representation, the equations 

( 12 ) 

define an orthogonal net, A) (.r, ) on the sphere such that iV and, A\ 
are in relation F. 

From (11) and (VI, 99, 101) it follows that the distance from 
a point of any 0 net A 7 to the corresponding tangent plane to an 
11 transform A, is given by 

(13) 2X C'i - •'■) - A + P — jrZ.r.T' = - 1 ~, 

79. The cyclic system associated with a trans- 
formation R. If N and iVj are two 0 nets in relation R, the 
circles orthogonal to N and Ni at corresponding points have for 
axes the lines of the harmonic congruence G of the transformation, 
that is the harmonic congruence determined by the solution 0 of 
the point equation of N (§ 73). In § 64 we saw that there are 



198 


VII. Transformations of Ribaucour 


oo 1 nets N' parallel to N determined by 8. By the last theorem 
§ 67 each of these nets N' determines an E transform N x of N 
and all of these transforms are harmonic to G. Consequently the 
above circles are orthogonal to all of these nets N x and therefore 
form a cyclic system [§ 174]. Incidentally we have established 
the theorem: 

If N is an 0 net and G any congruence harmonic to it, the 
circles with lines of G for axes and passing through corresponding 
points of N form a cyclic system. 

We call the planes of the circles orthogonal to two nets N 
and N x in relation R the circle-planes of the transformation. From 
the second theorem of § 11 it follows that the circle-planes envelop 
a net N. Since the circle-plane at a point M of N is determined 
by the normal to N at M and the line joining corresponding points 
of N and N% it follows that any point on the circle-plane has 
coordinates of the form 

(14) x — ,7’ -\-j x + k X, 

and the direction-cosines of the plane are proportional to r £ — qy. 
In order that the point M{x) be the point of contact of the plane 
with its envelope, the functions j and h must be such that 


2; W - 9 ,)|| = o, »*-«)£ = «• 


dx 


By differentiation we find 


(15) 


VtiU+jh- 

du 1 J 


dx 

dv 


Vg\i +ji- 




)’ i+x '-u + 


X 


3 k 
dv ' 


Hence j and k are determined by 


(16) l+jh— f = 0, 1 fjl — ~ ~ 0, 

Qt Qt 

and we have 


( 17 ) 


dx f dj - v dk 
— = x ~ + X~. 
du du du 7 


dv dv dv 
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If equations (16) are differentiated with respect to v and u 
respectively, we get 

(i a\ i. d J _ 1 d} ‘ — n / Id 1 M _ a 


‘f-u. 

3 v pi 3 r 


3 u p 2 3 m 


Making use of these relations, we find from (17) by differentiation 


a / i y 

' 3 u 3 v dndv" 


Hence j and 1c are solutions of »the point equation of N. We shall 
show that o). defined by 

(20) w O’ j -f" 0, 

also is a solution. In fact, we find that 



Moreover, the linear element of N may be written 

(22) <fS*= dk li +2djdw. 

If we put 

(23) j — m in, 2 oo — m — in. 
equation (22) becomes 

(24) (fs 2 — dk 2 + dm 2 + dn 2 . 


Since k, m and n are solutions of the point equation of N, they 
are the coordinates of a net applicable to N. 

This result is in accord with [§§ 141, 176] where it was shown 
that the planes of the circles of a cyclic system envelope a net 
corresponding to the developables of the congruence of axes. More- 
over, it was shown that the applicable net is known intrinsically 
when the cyclic system is given, and conversely when the appli- 
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cable net is known a cyclic system can be found directly. For 
the sake of brevity we say with Guichard that a net is C when 
it admits an applicable net. 

We have just seen that X is a net C. It is harmonic both 
to the congruence normal to N and to the congruence O of the 
transformation from X into X x (§ 11). The coordinates of the 
focal points of first rank of these two congruences are of the 
respective forms x-\-q x X and x — o' I h (1,87). By means of the 
preceding formulas we prove the theorem: 

The normal congruence and the congruence G are the harmonic 
congruences of N determined by the solutions m -f in and h of the. 
point equation of N. 

Moreover from § 11 it follows that the defived net of X by 
means of m.fi-in and /»* -f- const, is parallel to N. 

Conversely, any net harmonic to a normal congruence G' ft is 
enveloped by the planes determined by ff 0 and by any congruence 
conjugate to a net X normal to G 0 . But in § 65 we saw that 
any other congruence conjugate to N is 3, 1, and consequently 
leads to a transformation li of X. Hence the resulting net harmonic 
to G 0 is a net C. Since the determination of congruences conjugate 
to N is equivalent to finding nets parallel to X, we have: 

The nets harmonic to a normal congruence are nets C: their 
determination is equivalent to finding nets parallel to a net orthogonal 
to the congruence: when such a parallel net is known, the corre- 
sponding harmonic net follows directly and the coordinates of the 
applicable net can be found by quadratures 50 ). 

8o. When the circle-planes of a transformation/? pass 
through a point. Consider in particular the case for which the 
circle-planes pass through a point. From (17) it follows that,; and k 
are constant. If the point is taken as the origin, we have from (14) 
that in all generality we may take 

(25) p = P— d, q = Q, r = P, 

d being a constant. 


**) In § 117 it will be shown that every net C is harmonic to oo 1 families 
of parallel normal congruences. 
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From (VI, 96) and (7) it follows that 6 — m — c, where c is 
a constant. 

From these results and (10) we have 


6 -2d~- -f 2 c. 

p V 


Hence the spheres cut the fixed sphere with center at the origin 
and radius r 0 under the constant angle e, where 


r* — - 2 c, >o cose = d. 


Conversely, it can be shown that when the spheres of a trans- 
formation R meet under constant angle a fixed sphere with center 
at the origin, the functions of the transformation are of the form (25). 

It is evident that any 0 net admits such transformations R. 
In consequence of (25) the coordinates of any point on the line 
of the congruence G of the transformation li are of the form 
(1 -\-X)x'- ] r<Z- X. When X — — 1 , the point lies on the sphere of 
radius d with center at the origin and describes the spherical 
representation of N. These lines meet the same sphere again in 


the point of coordinates d • 



which describes the spherical 


representation of iV, (cf. 11). 

8i. The circles K and congruence K. Let X, (,/•, ) and 

X -2 (a' s ) be two R transforms of an 0 net N{x), and write the equations 
of the transformations in the general forms 


^ — 0 1 w,, 

<= \ ^ 6 z wg, 

where X" (x 1 ) and N" {x") are the nets parallel to N determining 
the conjugate congruences of the transformations 66 ). If 0" and 
are solutions of the point equations of N" and N' respectively corre- 

56 ) Cf. Jonas, Sitz. Berl. Math. Gesell., vol. 14 (1915), p. 109. 
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sponding to the solution 0 x and 6* of the point equation of N, and 
the additive constants are chosen so that 


(27) «"+ = 2>V', 

then as shown in § 72 the oo 1 nets A 7 12 , defined by (XI, 46), namely 


( 28 ) 


I (01 02 0‘2 0l)x (0*2 01 0\02)x' 

.r 12 ~ x -| 


01 0*2 — 01 0*2 


are 0 nets in relations Ji with and N». 

Consider the circle K through three corresponding points, 
M, Mi and M 2 of N, iV t and N t . The coordinates of its center 
are of the form 

(29) .r-Mx'-f 

where A and /< are determined by the condition that the lines 
joining the center to the mid-points of the segments MM l and MM S 
are perpendicular to these segments. These conditions are reducible 
by means of (26) to 

(30) 2Ad{ -j- (i x" -j- Oy = 0, l£x'x"-\- 2 /< 0" -f- 0» — 0. 

In like manner the condition that the line joining the center 
to the mid-point of the line joining il/ x to the corresponding point 
of one of the nets jV 12 is perpendicular to this line is 

+ w + fix"- Xi + X pj x'i" - 0. 

By means of (II, 33, 36), (VI, 106), and (27) we find that this 
condition is satisfied when (30) hold, and consequently the corre- 
sponding points of each of the nets N 12 lie on K . Hence: 

If N, iVi, N 9 , N x2 are four 0 nets in the relation of a qua tern 
tinder transformations R, four corresponding points M, M u M 2l M i2 
lie on a circle K; the four corresponding points on any four of the 
possible oo 1 nets forming a quatern with N, N* are in 

constan t cross-ratio 57 ). 

57 ) The last part of this theorem is due to Demoulin, Comptes Rendus, 
fol. 150 (1910), p. 156, and is left as an exercise. 
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If we put (§ 21) 


(31) 

6 c — 01 + (c — 1 ) 02 , 

II 

a 

+ 

Ci 

1 

then 

(32) 

flf = jzA 

]£ x (c) x » = e’ c ' + 


Hence the transformation F determined by O c and the congruence 
of direction-parameters x (c) is a transformation R. Moreover, if 
N c is the transform, each of the oo 1 0 nets N iS are R transforms 
of Nc, and consequently corresponding points of N, N u N 2 , each 
of the co 1 nets N c and each of the co 1 nets N l3 lie on a circle K. 
Hence: 

If (>i and 0-i are solutions of the point equation of an 0 net N 
determining two R transforms, corresponding points of N and of 
the o° l R transforms N c of N by means of 0, 4 (c — 1) 0 8 lie on 
a circle K, upon which lie also the corresponding points of the oo 1 
0 nets which are R transforms of all the nets N c . 

Let Nc, and Nc, be any two of these transforms of N, and 
let A'o, and iV 02 be the central nets of the corresponding R trans- 
forms, both being conjugate to the congruence normal to N. From 
the third theorem of § 68 it follows that the tangent planes to 
iVoi and N 0 2 meet in the axis of the circle K, and consequently 
these axes form a congruence K harmonic to the nets N 0 1 and N ot . 
Since the congruence K is determined by the circles K, we have 
that it is harmonic to the central net of the transformation R of N 
into any net N c . Since N and any net JVj a may be looked upon 
as R transforms of a net N c , it follows that the central net of the 
transformation from N c into any net .V, a is harmonic to K. 

From § 23 it follows that corresponding tangent planes to N, 
to all the nets_j\c and to all the nets N lt meet in a point gene- 
rating a net N, the derived net of N determined by 8, and 0 2 . 
Since the tangent plane of a central net passes through the inter- 
section of the tangent planes to N and a transform N e , a point 
of N is on the corresponding tangent plane of each central net 
of all the transformations R. Consequently the congruence K is 
conjugate to N. Hence: 
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Corresponding tangent planes of N, the oo* nets N c and the 
co 1 nets N 12 meet in a point generating a net N conjugate to the 
congruence K of the axes of the circles K through corresponding 
points of these nets 5 *). 

Since the congruence K is harmonic to the nets N ou and N 0 t t 
and the tangents to the curves of these nets at corresponding points 
lie in the principal planes of N at the corresponding point, the 
focal points of K lie in these principal planes. In order to obtain 
the coordinates of these focal points, we remark (§ 78) that the 
coordinates of A 7 01 and N 02 are of the forms 


•**01 


A 

Pi 


X, 


'*02 


x-^X 

P2 


The point equation of N 0i admits the solution fl 0 i = 0 2 —0 ] p 2 /p l . 
and from § 19 it follows that N 02 is the ^transform of N 0 u by 
means of 0 O i. Hence from (II, 22) and (7) we have for the coor- 
dinates of the focal nets Ffyy), F 2 (y 2 ) of the congruence K, that 
is the intersections of the corresponding tangent planes to N 0 i and 
N 0 2 , expressions of the forms 


l 


!)\ = ^oi 


floi dxp i 
BOoi du 
du 


y2 — ^oi 


_0_oi_ 

9flot 

dv 


9'**oi 

dv 


x _|_ ( 0±Pi — (h]h) l + (02gi ~ Ai g a) X 
X Ih <h —IhQi ’ 

x , ( (kjh — QaPi) n + (f>i n — r 2 ) x 


From the preceding theorem it follows that the normals to all 
the nets N c and to all the nets N l2 at points of a circle K are 
tangent to the sphere 8 with center at the corresponding point on N 
and passing through K. Moreover, the normal to any net N c meets 
the normal to any net N u , in the center of the sphere tangent 
to N c and Hence these normals lie on a hyperboloid of 

revolution to which S is tangent along K, unless all the normals 
lie in the plane of K. We consider the latter possibility. 


s8 ) Cf. Demoulin, 1. c., p. 310. 
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If a, ft, y denote the direction-cosines of the congruence K, 
we have in consequence of (26) and (27) 


(34) «, ft, y 


___ y z " — y"z , z' x ” — z" x, x y" — x”y 


14 -(»!'+ »$)•]* 


The direction-cosines of the normals to N c and N i2 are of the forms, 
by (11), (31) and (VI, 112), 

A'e - (c-l)x")-X, 


Xi 2 : — X -f - 


(oW — fl£V)i?i + (fl{V— e [x ff )p 


a' a” a" a' 
vi v 2 — "l "2 

In consequence of (VI, 69) we have 


Ex, a = -2x„« = -~na-xs£i — 

Hence either all the normals lie in the plane of the circle K, or 
none do. In order that they do, we must have 

( 35 ) qi r 2 — q 2 r L = 0 . 

From § 79 it follows that this is a necessary and sufficient condition 
that the circle-planes of the transformations of N into Ni and N 2 
coincide. If we replace (35) by q 2 — lq u r 2 = lr u from the sixth 
and seventh of (7) it follows that A is a constant, which may be 
taken equal to unity. Then we have 

(36) q t = q t , r 2 = r t , p 2 = p 1 + d, 0 2 — 0 X + e, 

where d and e are constants. When these expressions are sub- 
stituted in (33), the latter become 
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Hence the congruence K is harmonic to the 0 net of coordinates 
x — eX/d, that is K is a cyclic congruence (§ 79), and the net is 
orthogonal to the circles of the corresponding cyclic system. 
Accordingly we have the theorem of Demoulin 59 ): 

If N is any 0 net and N x and N 2 are two R transforms of N, 
the circles K determined by corresponding points of N, N x and iV 2 
are of two kinds; T, if the circle-planes of the two R transforms 
are coincident, the normals to the oo 1 nets N c and oo 1 nets N 12 lie 
in the planes of the circles K, and the congruence K is cyclic, the 
circles of the cyclic system being concentric with the circles K; 3°, if 
the circle-planes of the two transformations R are distinct, the normals 
to the nets N c at points of a circle K form one set of generators of 
a hyperboloid of revolution, and the normals to the nets N X2 the othe)' 
family of generators™). 

82. Transformations D m of isothermic surfaces. From 
(VI, 81) it follows that a necessary and sufficient condition that 
the correspondence between the two surfaces of a transformation R 
be conformal is that r 2 = a 2 . From (II, 8) and § 4 it is seen that 
r and a cannot be equal. Also from § 25 it follows that when 
x -f o' = 0 the transformation is K and the 0 nets N and N x have 
equal point invariants, that is they are isothermic. Hence we have 
the theorem of Cosserat 61 ): 

In order that the correspondence between two surfaces in relation R 
be conformal it is necessary and sufficient that both surfaces be 
isothermic . 

We proceed to the consideration of these transformations 

VE= VG= e* 

a function thus defined. Now the point equation 

dj_0 = djp 9(9 . djp 90 
du dv dv da du dv' 


•°) Cf. § 108. 

6I ) Annales de la Faculty des Sciences de Toulouse, vol. 8 (1894), p. E. 13. 


and put 

(37) 

where i p is 
of N is 

(38) 

,9 ) L. c. 
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Comparing this equation with (II, 79), we have 


(39) - = we- 2 *, 

Q 

where m is a constant. 

From [§ 65] it follows that the Codazzi equations of N are 


1_/A 

\ = l\ 

1\ dtp 

A/A 

\ = 

(A_A 

dv \Q t 

/ Ua 

qJ dv’ 

du 

1 

\Qi Q» 

from which it follows 

that 




(40) 

dKo __ 
du 

du 

3 K 0 _ 

dv 

== er 

2 ^ AA 

dv’ 

where we 

have put 





(41) 

JTo= - 1 - 


L = e>* 






\^2 

Qil 


dip 
3 u ’ 


Expressing the condition of integrability of (40), we find that L is 
a solution of (38). 

The net conjugate to the congruence normal to N which is 
in relation K to N, that is the harmonic of N with respect to the 
centers of curvature of N, is given by 

(42) r + -~-X. 

J'O 

From this result, (40) and (II, 82) it follows that the functions 6 
and 0 of this transformation K are 


(43) 


L B = ^ 

2m’ 8 2 ' 


We return to the consideration of transformations B of N and 
introduce the function v by means of the equation 


* e ' 

% = •- = »)'. 

6 


( 44 ) 
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We have from (II, 82) 


(45) 


dv __ -2 < f > 3 0 
3 3 m 


<r*g, 


dv_ 

dv 


e-*r. 


Comparing these equations and (7), we get 
(46) \ / E l = — 1/ = —er*. 

V 


In terms of these functions equations (7) become 


(47) 


3 e 

3 it 
dp 
3 u 


e*q, 


e* 


3 6 

dv 


e+r. 


dp 






dq_ 

dv 


3 0 
3?* 


r. 


_3r 
3 m" 


30 
3?; * 


jb- 

3?; 


03^ 


30 


3 m 


q + m (e+ v — 


dv 

Jn = 6 


3r 
3 r 


and (6) assumes the form 
(48) r, =-- ,r- 


mv 


(pX~r (['■£ -f nf). 


It is readily found that equations (47) form a completely inte- 
grable system, and that for any set of solutions the left-hand 
member of the following equation is constant: 

(49) p i + q a + r 2 — 2 m 6 v — 0. 

The complete integration of (47) involves five constants in addition 
to m. When these constants are chosen so that (49) is satisfied, 
three of these constants are essentially arbitrary. Hence we have 
the theorem of Darboux 62 ): 


B2 ) Annales de L’Ecole Norm. Sup., ser. 3, vol. 16 (1899), p. 503. 
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An isothermic net admits oo 4 transformations JR into iso- 
thermic nets. 

These transformations have been called D m by Bianchi 63 ). 
83. Theorem of permutability of transformations D m . 

We consider two isothermic nets, N L and N 2 , transforms of an iso- 
thermic net N by means of two sets of solutions, 0 i9 p t , q v r v m i 
(i 1,2) of equations (47) and (49), and apply the results of 
§§21,72 to obtain a theorem of permutability of transformations D m . 

From (VI, 105) it follows that the additive constants of inte- 
gration of 6'2 and 0 " must be chosen so that 


(50) 


Pi Pi + (p <H + >1 = 02 + tti. 


Since in the two transformations of A r \ve have taken q — e^/mi, 
equations (IT, 92) become 


0 

aw' 



= — m l c“-* 0i 


a_ 

8 u 



8 

dr 



0i 


0i 


= nii e 


0i 


d v 



From these and analogous equations in 0 2 , we find that the left- 
hand member of the following equation is constant; we consider 
in particular the case when 

(51) 0 2 j 4-012 r, — 0. 


From this equation and (II, 36, 48) we have 

(52) m x 0i2 = nin 0 J2 {m x r 2 — ^~) = ~~ — m x * a j, 

from which follows, when 0 2x and 0" 2 ' are replaced by their values 
(II, 38, 43), 

(53) m 2 (v 2 0 X + v x 0 S ) = m 2 02+ nit 0". 


63 ) Annali, ser. 3, vol. 11 (1905), pp. 93—158. 

14 
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(55) 


From (VI, 83) it follows that for any transformation B 

—■ = Mil Vi ( Vj2-\- V Hi) Qi, 4^ = m i v > ( + V(h) 

3 u av 

(54) ' n n 

9 ~ = » ; 2 ( V E-\- V E 2 ) q u = nu v s ( V G -f V G. 2 ) 

on ov 

When equations (50) and (53) are solved for 0 2 and 6”, and the 
results are substituted in these equations, the latter are satisfied. 
Since 0'{ and 0' 2 are completely determined there is only one trans- 
form Nu, which is isothermic. 

Making use of (54), we find 


3 | 

(0ii\ 

V\ t 

102 \ 

d 1 

(9 vl\ 

J 02 \ 

3tt* 


= 


"H 

dv 

\oJ 



In consequence of (VT, 109) the expressions for and yy 

analogous to the last two of (47) differ from the right-hand members 
of (55) only by the factor m 2 . Consequently 

(56) 0\2 — 012 "is, 

and the transformation from N into Nu is In like manner 
the transformation from N into Nu is D mr 

By means of (51) and (52) the expressions (II, 46) for the 
coordinates of N i2 are reducible to 

, m 2 0 i x'—m l 0i x” 

(M) ■‘" = x+ m t e t W-m.t,y,r 


Making use of (50) and (53), we reduce this equation to . 


(58) 


m% — W| nh 0± x — m t 0\ x" 

m i mt Pi Pi + qi Qi + n r s — »i t 0\ v 2 — m 2 0 2 1 \ ' 


From this it is seen that we must have m* f m,. Hence we have 
the following theorem of Bianchi 64 ): 


64 ) L. c., p. 120. ' 
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If N is an isothermic 0 net , and N± and N 2 are two isothermic 
0 nets obtained from N by transformations D mi and Dm* there can 
be found ivithout quadrature an isothermic 0 net such that Nu 
is a Dm, transform of N x and D mi transform of iV 2 . 

84. Special isothermic nets in 3-space. In § 81 it is 
shown that in order that two transformations E have the same 
circle-planes it is necessary that 

(59) 0 2 = 0i +j, P 2 = Pi + k, q 2 = ft , r 2 = n , 

where j and k are constants. In § 119 we shall show that in the 
tangent planes of a deform of a quadric, meeting the circle at 
infinity in four distinct points, there are eight points which describe 
isothermic surfaces, any one of which is in the relation of a trans- 
formation E with three others, the corresponding cyclic systems 
admitting the tangent planes to the surface for circle-planes. We 
apply the preceding results to the determination of all isothermic 
surfaces admitting two transformations D m for which the circle- 
planes are the same. 

From the last of (47) it follows that v 2 — v x + n, where n 
is a constant. Moreover, since (49) must be satisfied by both 
transformations, we must have also 

k 2 

(60) Pik + -j = m 2 (0! +j) (v x + n) — 6 X v x m t . 

When this equation is differentiated with respect to u and v, the 
two resulting equations are equivalent, by means of (47), to 


2(m a — mi)v 1 + 2m 2 n — — kK 0 , 2 (m 2 — m t )Bi + 2 m 2 j — kL , 


where jST 0 and L are defined by (41). These equations may be 
replaced by 

(61) O t = L + e, v x = —K 0 +/, 


where e and /are constants. From the last two of (47) we find that 

dKn a 7T_ 

(62) q t — — e* — — , >\ — - 


du 7 


dv 


14 * 
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In consequence of (40) these functions ^satisfy (47), if we take 

(63) py = -±LK* + g, 

where g is a constant. In order that (49) hold we must have 


(64) e 2 * 


dK 0 y idK n y 

3 u r\ dv / . 


+ j Kl V f A A'o L -( 2 A JT 0 + 2 CX + 1) -- 0, 


where 


(65) .4 - - 2 m t — g, B w, c, 6' = — m,f. I) — / — 2 mi c /. 

Eliminating’ e, ,/ and g from these equations, we have that 
must satisfy 

(66) (A — 2m) s m — Z)w? f 2 if (7 = 0. 


If then a net AT satisfies the condition (64) where A, B, C, D are 
constants, there are in general three solutions m of (66). When 
these are substituted in (65), we have three sets of values of <\ 
/and g and the corresponding functions (61), (62) and (63) deter- 
mine transformations of N into three isothermic nets such that 
the circle-planes of the three transformations are the same. The 
foregoing results are due to Darboux 66 ). Bianchi 66 ) also has con- 
sidered these surfaces, and in order to put in evidence the essential 
constants appearing in (64), he refers to such a surface as a special 
isothermic surface of class (A, B, C, D). 

85 . Complementary transformations D, n of special 
isothermic nets. The three nets obtained from N by the trans- 
formations determined by the values (61), (62), (63) have been 
called the complementary nets by Bianchi. We shall show that 
they are special nets of class (A, — B, —C, D). In fact, in con- 
sequence of (9) and (46) we find that the functions Ku, 1 and 
for one of these nets N u defined by equations analogous to (41), 
have the values 

, an \ v — v 1 L + 2p 1 T 0 1 ZTo + 2p 1 

( 67 ) Ko,i — , Li = — — — • 


65 ) L. c., p. 507. 

66 ) L. c., p. 130. 
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From these and the foregoing formulas we find 


L\ — e — 


ef+2g 




*0,1+/ = 


ef+ 2(j 


*o,i Lx + g — (<?/+ 2 g) 


lh 

VxOx' 


From these expressions and (VI, 94) it follows that N may be 
obtained from N x by a transformation D mi determined by the 
functions 


0—1 : 


L 




r r i=— (*o,i+/X PT 


K 0 i iL,+^) 


Since the effect of changing the signs of e and / is to change the 
signs of B and C, but not to affect (66) we have that N t is a special 
net (A, — B y — C 9 D ). 

Now we show, as Darboux has done 08 ), that the circle-planes 
of a complementary transformation envelope a surface applicable 
to a general quadric. To this end we make use of the results 
of § 79. From (VI, 83) and the preceding formulas, we find that 
for the present case 

h — m(v + 0<r 2 ^), I — m{v — 0c~~ 2 ^), 

. e — 0 _ 20 _ __ 2 ff -\- of — ve 

^ m(Of — evf 1 Of — ev J w Of — ev 


From (23) it follows that if we put 


a* — A*, y + i z = j, // — i .2 - 2 cr), 

the point (x, y , z) describes a surface 2 applicable to the envelope 
of the circle-planes. When the above values of j, k and m are 
substituted, and 0 and v are eliminated, we find that 2* is the 
quadric 

( y — iz)[x-\- 2m{y + iz)] = 2 yx 2 + 2 ex -\-2m{2g f ef) x (y + iz). 

* 

67 ) If 2 g -f ef — 0, N\ has constant mean curvature and the corresponding 
equation (64) is ~ AK Q1 L \ — 2BK 01 -' < 2CL\ + D = 0 whiHi is 

satisfied because of (65). 

68 ) L. c., p. 508. 
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86. Transformations D m of special isothermic nets. 

Let N be a special isothermic net of class (A, B, C, D ) and N x 
a complementary transform by means of the functions given by 
(61), (62) and (63). We shall show that it is possible to find solutions 
0*, Vi, q s and r 2 of equations (47) such that the net N 2 is a special 
isothermic net. This is done by finding under what conditions 
a net iV 18 , arising from N, and N 2 in accordance with the theorem 
of permutability of § 83 is a complementary transform of N a . 
From (II, 43), (VI, 109) and (52) we have 


7 2l 


9 0i e 


Pn 


0 " 


02 


TTlh—Pl, 


m x $i\ 


_L 

m 2 



e, I 


Also from (50) and (53) we obtain 

(m 2 — m,) 0[' — m 2 ( p x p 2 -f Qi q 2 -f >\ > * — ?»i v 2 0, — m, v v 0 a ). 
The analogues of (67) are 

v __ v 2 L-\-2p t T ___ OiK 0 A-2pi 

Ko ’ 2 — 0* - 7 , • 

The equations 

(68) 0*i= L 2 - \-e, y*i = KojAr.f, Pn — -^-Ko^JLt g, 


are consistent with the above results, provided that 
(69) p x pi -f- q x q 2 + r x r*— wt* Mi + v x 0 2 ) + (wt*— m x ) (v 2 e -f 0*/+ 2p 2 )=0. 

By differentiation we find that the left-hand member of this 
equation is constant for each set of solutions 0*, v 2 , p it q 2 and r e 
of (47). Hence if the constants entering in the latter are chosen 
so that (69) is satisfied, the net N n is a complementary trans- 
form of N t . The latter is a special isothermic net of class (A, 
— B, — C, D ). Hence we have the theorem of Bianchi 69 ): 

Of the oo 4 isothermic nets obtained from a special isothermic 
net of class (A, B, C, D) by transformations D m , oo* are nets of 
class (A, —B, — C, D). 


° 8 ) L. c., p. 141. We note that Bianchi showed that N, is of the same 
class as N. This is due to his choice of directions in the trihedron of A,. 
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87 . Transformations D m of minimal surfaces. A minimal 
surface is isothermic, and the spherical representation of its lines 
of curvature is such that we may take [§ 1091 


(70) 


V E __ VG 
Qi ~~ Qi 


where VE = Vq = e'K From (9) and (46) it follows that the 
transform is minimal, if v = p, and only in this case. The equations 
of such a transformation are: 


(71) < 


Iff 

dll 


dr 

da 


dO 

a u 


S’ 


a- 


d8_ 

dv 


Sr, 


dp 

du 


— (ft 

e v q, 


He 

dv 



— e r -f m p- f c ^’O), 


H 

dv 


dip 
dii r * 


dip_ 

~dv 


dr 

Jv 


e ^ p — q + rn (e^’p — e ^ 8). 


These equations form a completely integrable system. Since 
i? 2 +ff 2 +t' 2 — 2mpd — 0 must be satisfied, we have: 

A minimal surface admits 00 8 transformations I) m into minimal 
surfaces' 10 ). 

From (56), (52) and (VI, 109) we have r 13 — — Pxz? and 
therefore: 

If a minimal surface is transfm'med into minimal surfaces 
and S 2 by transformations D„ h and D m „ there can be found 
without quadrature a minimal surface which is a D m% transform 
of Sx and a D mi transform of $ 2 71 ). 

88. Transformations E m of 0 nets with isothermal 
spherical representation. Since the spherical representation of 
the 0 net on a minimal surface is isothermal, each transformation 
D m of a minimal surface into a minimal surface leads by a 
quadrature to a transformation R of an 0 net with isothermal 
spherical representation into an 0 net of the same type, in accor- 

70 ) Bianchi, Rendiconti dei Lincei, ser. 5, vol. 8 l (1899), p. 151. 

71 ) Cf. Bianchi, 1. c. 
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( 75 ) 


dance with the first theorem of § 78. These transformations were 
studied by the author 78 ) and later by Bianchi 78 ), who called them 
transformations E m . In this section we show that these trans- 
formations are the most general transformations R of 0 nets with 
isothermal spherical representation into nets of the same kind. 

The tangential coordinates of N satisfy (V, 29) with o = e 2,;> 
and y = 0. From (VI, 94) we have that the functions w and w 1 
of § 52 are p and p/9' respectively. Hence if a transformation R 
of N is to be a transformation Si, that is if A 7 , is to have isothermal 
spherical representation, its tangential equation must be of the form 

9%_ , 8J', dii , WiJA = o 
du dv d v du du dr 

Prom (V, 35) it follows that i/'i can be chosen so that 

(72) 

if we take 

(73) 

If in accordance with (9) we put 


- ib, __ 'fr 


mp 

Y’~ 


vO 


0 ' = M/1'0. 


(74) V E, + V E = P e"> + -- e" •> , V (,\ f 1 U = p - * - - e ~ 

v p v p 

we find that the last two of equations (7) are satisfied, and con- 
sequently the following system of equations is completely integrate: 


00 

du 


V Eq, 


dd_ 

dv 


I Or, 


dp_ 

du 


c * q, 


dr 


— r * r, 


H 

du 

dr 

du 


e tJ) p — r -)- m Ip <r 

d v \ 


dx t 

dv 


dr_ 

dv 


V 

dip ' 
du 


dq 

dr 


diff 

du 


i\ 


q + vi ip e' 


Or 


dv 

du 


Or 


>**+ — <r*—V~Ev , 

p 1 


dv 

dv 


-i- [p< *- 


dv 


P 


— P 


<~ ,! ’ j 

V Gv 


n ) Transactions Amer. Math. Soc., vol. 9 (1908), pp. 149—177. 
73 ) Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 371. 
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From these equations we have 


( 76 ) 


d 

a u 



= eP( h 


a 

dv 



== <?♦■/*, 


and consequently 0 r/p is a solution 6 of the point equation of the 
minimal surface N with the same spherical representation as N. In 
terms of this function the above expressions for the derivatives 
of q and r assume the same form as (71). Consequently the trans- 
formation of N by means of p, q , r , 0 is a D m into a minimal 
surface. Hence we have the theorem: 

When an 0 net N with isothermal spherical representation admits 
a transformation'll into anetN x of the same kind, the minimal surface 
parallel to N is transformed into the minimal surface parallel to N\ 
by a transformation D m . 

Conversely, if N and N x are 0 nets on minimal surfaces in 
relation D m > and N is a net parallel to N, the set of functions p , q, r 
of this transformation and 6 and v , where Or = Op determine trans- 
formations E m of N into go 1 nets N x parallel to N x . For 0 is 
determined to within an additive arbitrary constant by the first 
two of (75) and then v is fixed. Hence: 

An 0 net with isothermal spherical representation admits oo - trans- 
formations E m > for each value of m. into go 1 parallel 0 nets of the 
same kind . 

From these results and the fifth theorem of § 78 we have: 

An isothermic net on a sphere admits oo 3 transformations V into 
isothermic nets on the sphere. 

Consider a quatern of minimal surfaces in accordance with the 
last theorem of § 87, and four nets N, N Xi N 2 , N l2 parallel to the 
O nets N, N u N 2 , N X2 of the minimal surfaces in accordance with 
the last theorem of § 72. 

From (56) it follows that 


0 X 2 - — m 2 0 X 2 p x g , 02i — ni x 0 2X p2 Xj 

whereas and 0 2X determine the transformations from N x and N 2 
into JV 12 . From equations analogous to (76) and (49) we have 


012^12 Pl2 012 ? 


021^21 — ~ p2\ 021 • 
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Hence, since 0"{ = 0[" and 0"i" — 02i", 

0i2 m% 012 ^ 12 , 02i' == rrhdnVn, 

and consequently we have the theorem: 

If Ni and jV 8 are obtained from an 0 net N with isothermal 
spherical representation by transformations E m , and E„ h , there can 
be found without quadratures a net N v > of the same hind, such that 
Nit is an E m , transform of N L and an E mt transform of N t . 

8g. Nets SI. By definition an 0 net N is a net SI if there 
exists a net N 0 with equal point invariants conjugate to the con- 
gruence O normal to N. Let N be a net SI and let 0 O be the 
solution of the point equation of N, namely 

) 9 8 0 9logl V'E_ 90 i 9 log VG 90 

3 udv dv 3 u 3 u dv' 


by means of which N 0 (x 0 ) is obtained from N by a transformation F. 
The equations of the transformation are of the form 


(78) 

where 0 O is defined by 


(79) 
and 

(80) 

since [§ 51] 
(81) 


9 0o 

9m 


d_X 

du 


Xq — X 

-tx, 


00 

h l e \ 

9 0 o _ 

du 

dv 

1 


y 

\ ■ ■ * 

Q i 


1 dx 

dX __ 

Qi du’ 

dv ‘ 


90o 

"do ’ 


1 

V 


1 doc 
Qt dv ' 


If the point equation of N 0 is written in the form 


9*0 

du dv 



d0_ 

du 


+ y-l°grft, 


90 

dv’ 


(82) 
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we have from (77) and (II, 12) 
(83) 


Go Go 


where U and V are functions of u and v respectively, and from 

(n, 8) 


(84) 


ao -~(^ +eo )- 


When these expressions are substituted in (83), we obtain 


(85) d 0 =d 0 ^VE- Qi WG 


K - uvVMieiz^ 

QxQ^VVG—UVeY Q ° UVEqz—VVGqY 


The Codazzi equations for N are [§ 65] 


( 86 ) 


(I'A 

1 9 VE 

9 \VG\ 

1 dVG 

\ 1 

Qt dv ’ 

du \ • 

Ql du 


When we require that the function (85) satisfy (79), we find, in 
consequence of (86), * 


(87) 


9 log Gp UV E Ql q 3 9 

9m ~~ VVG Qi—Qa du 


© + i l ° ^UVE-VVH), 


9 log d 0 

dv 


VVO QiQ* 9 / 1 \ 

UVE Qt~Q i dv W 


+ j^log(uVE—VVG). 


The condition of integrability of (87) is 


( 88 ) 


9 ITJVE QiQi 9/1 

\\ 9 ivvo q iQ3 9 /in 

dv \ vVG Ql— Qt 9m \p, 

ill du\uVE Qt~ Qi dv\Q s lJ 
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When this condition is satisfied, we find that 0 O given by (87> 
satisfies (77), and consequently N is a net Q. Hence we have the 
theorem of Deraoulin 74 ): 

A necessary and sufficient condition that an 0 net he a vet ii 
is that (88) he satisfied. 

In consequence of the second theorem of § 25 wc have that 
when N is a net ii, there is a second net N , a with equal point 
invariants conjugate to the congruence 0 normal to iV, and that 
the points of N 0 and N a on a line of G are harmonic to the focal 
points of G on this line. Since the coordinates of these focal 
points are of the forms, x -j- y. A' and x -j- A', we have from (7H> 

and the analogous equations for N n , namely 

the equation 

(89) 0 m 


<JCq o — OC ~ 


x. 


Q 2 


uV e+q^vVg 


Q 1 Q i {UVE+VVG) 


The equations analogous to (87) are obtained from them by replacing 
V by — V. From these equations we have 


(90) 0 a> 0 o = U*E—V*G, 


?0> UVEq 2 +WGq, ' 


Since N 0 and N 0) are conjugate to the normal congruence to N. 
they are nets 2, 0 , the respective complementary functions being 
0 0 /6 0 and OjOu (§ 66). Conversely, if N 0 is a net 2, 0 with equal 
invariants, the two sheets of the envelope of spheres with centers 
on No and radii given by the complementary function of iV 0 are 
surfaces S2 in relation R. 

The foregoing results may be stated as follows: 

When a net N is a net J2, the nets with equal invariants eon- 
jugate to the congruence normal to N can be found without quadratures ; 
these nets are 2, 0. Conversely , when a 2, 0 net No with equal invariants 
is known , there can be found without quadratures two nets SJ, in 
relation R, whose normal cmgruences are conjugate to N 0 . 


74 ) Comptes Rendus, vol. 153 (1911), pp. 590, 705, 927. 
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From (II, 87) it follows that the net No {x' 0 ), where 

dxp 1 3 Xo 3 x'o 13 a’ 0 

3 a Qo 3 u ’ dv Q 0 3 v ’ 

has equal point invariants. From § 76 we have that N'o is 2, 0, 
the complementary function t' being given by a quadrature, and 
that the sheets of the envelope of the spheres with centers on 

N'o and radius t' are parallel to the corresponding sheets of 

the envelope of the above congruence R of spheres with centers 
on N 0 . Hence:' 

When a net SI is known, a parallel net SI can he found by 
quadratures. 

go. Transformations R of nets SI. Let N be a net SI 

and Aj an />’ transform of N by means of a set of solutions 

S, p, q. r and w of equations (7) and (8). As in the preceding- 
section, we denote by N 0 one of the nets with equal point in- 
variants conjugate to the congruence normal to A’; it is an F trans- 
form of N by means of 0 O and 0 Q . In accordance with the theorem 
of permutability of transformations F (§ 21) there exist oo 2 nets 
Noi, which are F transforms of N 0 and N x . 

From (11) and §21 it follows that if we take 0 — p we 
obtain oo 1 nets N 0i conjugate to the congruence normal to N u 
as the additive constant of O'o varies. We seek the conditions 
that one of these nets be a K transform of N, and thus has equal 
point invariants, in which case A\ is a net Si. 

From (II, 43, 44) we have that the functions 6 0l and 6o” of 
the transformation from N 0 into a net N 01 are given by 


( 91 ) e 0 1 = 6 - pt ^ 7 = p, 

Oo Oo 

and from (II ? 53) and (80) we have 

n Oo 4" h 0 o — Oo 4" 1 0 o 

L ___ 7 P* 

// 0 1 - , to i — 

r o 


(92) 


o'o 
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with 

(93) 


9 0o" _ 9 0 qi 

8 M fl ° 1 0 U 


0 0Ql" 

dv 


l 0 


9 0qi 

! 011 


A necessary and sufficient condition that iV 0I be a A trans- 
form of jV 0 is that (II, 81) 


(94) 


7 mOoi i OJ'i" 

“oi — — ; r "7 » 


?0 t'Ol 

where m is a constant. 


h i : 


md 0 _i_ _j_ Co” 


Co 


0oi ’ 


From (II, 36, 38) we have that the functions 0 1O and 0"o' of 
the transformation from Ni into A r 01 have the form 


(95) 


0 , 


0 0Jl 

0 mv ’ 


a’" 
010 ■ 


00 


P 0« 


mvO ’ 


where 0' — mv 6. 

When we equate the expressions (92) and (94) for h ni and l<n. 
the resulting equations are reducible by means of (VI, 83), (91) 
and (95) 


(96) 


uVe^ — uVe 


0io 0oi i /~~ 0 0io 


#o v I ' co 


FK(? x = - vVg^ + 

#0 VrQo 


Oo i 


-V* 

■v co ■ 


00 001 ’ 

0 010 
00 001 


From (91) we have by differentiation 

9 0qi 
0 u 

0 0 O i 


0 V 


V* L 


1 

00 o’ 

u \ g 

0o 

Ve 

da t 

-VRL 

__P_ 

1 

dOp' 

V [ r 

0o 

Vo 

dv 


By means of these equations and the last two of (97), which are 
obtained by differentiating (95), we find that the expressions (96) 
satisfy the last two of (7). Hence the following system of equations 
in which E l and O x have the form (96) is completely integrable: 
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du 

dr_ 

du 


d6_ 

du 

dp 

du 


dq _ VE 


= VEq, 

Ve 

Ci 

i 0 Ve 


<h 


00 

dv 

dp 

dv 


VOr, 

Vo 

Qi 


dq 


Ci 

1 


Vo 


VO 

Ve dr 

q, 


r + mviVE+VEi), 

dv dv 


l dVo 


V E 9 « 


VO 


1 0 Vo 


dv 
dv_ 

du 

dOio ; 

du 

d Qio 


dv 


Q* 


vr-a, 


dv 

dv 


Ye 9m 

Vo, 


q + mviVO + VO,) 


vr 

T’ 




2_(n /) \ _L _L_ ^ 

0 ( ® 10 <, o)+ l /^- 0w Ji 


(010 0o) 


1 1 

00 o l 

1 Vo 

dv - 


When we have a set of solutions 0, v, p, q, r, 0 1O satisfying the 
quadratic relation 

(98) p* + q 2 +r l -2mv6^0, 


the R transform N, is a net Si, and the coordinates of N, are given 
by equations of the form (48). The same functions multiplied by 
the same constant determine the same transformation. Hence in 
addition to m there are four significant constants of integration, 
and consequently: 

A net Si admits oo 5 transformations R into nets Si u ). 

From (II, 86) (91) and (95) we find that the function p, 0 for 
iV 10 has the expression 

(99 ) [/7~_ _ C0o _0»0o 

V QoO'oT V eo 0'ei'i V^mvee^' 

91. Theorem of permutability of the transformations 
of nets Si. Let IV be a net Si, and N, and A T . two R transforms 
of IV by means of functions 0,-, m, qi, n, n, di 0 , mi (i — 1, 2), solutions 


75 ) Of., Transactions of the Amer. Math. Soc., vol. 16 (1915), pp. 275— 310. 
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of (97) and (98). We wish to show that of the oo 1 () nets W l2 , 
which are R transforms of N x and N 2 in accordance with § 72, 
one is a net 22. 

Consider the nets N 10 and A r 20 which are K transforms of A 7 0 
by means of the pairs of functions 0 01 , iv 0L and 0 O2 , w 02 . From 
§ 24 we have that there is a net A T 120 which is an F transform of 
each of the nets A 7 i 2 , N i0 and N*o> and the functions 6[ 0 and 020 
of the respective transformations from N 10 and N 2 o are given by 


Oo O01 iv 01 Oqi — tv x (do O01 0 12 4 ~ #i 0 io Oo 2 6 % 0 1O 0 oi )? 

Oo 002 W 02^02 — IV 2 (0q 002 021 4~ #2 020 001 0\ 0 2 o 002) • 

MQreover, from (II, 91) it follows that Ai 20 will be a K transform of 
N x o and A T 20 , and consequently have equal point invariants, if 

nii 00 2^02 + ni 2 0oi u’oi 0. 


Substituting the above values in this equation, we reduce the 
resulting equation to 


(100) 


m 2 0 2~) m, 0\ 

+ ^2 


m l ?n 2 I 

Tr 


OjL O 10 O 02 
" >01 ' 


02 020 001 n 

n W lV02O" 


02 (010 0 O ) 
0o) 


If this equation is differentiated with respect to u and r, we find 
that the resulting equations are satisfied identically. 

Since 02 and Q” are completely determined by (50) and (100), 
only one of the nets N 12 is an SI net. Hence we have the theorem: 

If N x and A 7 2 are 12 nets which are R transforms of an SI net N, 
there exists a unique SI net N X2 which is an R transform of N { 
and N 2 ; moreover , A r 12 can he found, directly, as soon as the coordinates 
of N x and N 2 are known . 

92. Surfaces of Guichard of the first kind. In order 
that the 0 net A r on a surface S be defined by 

| Y' E— e^sinhtt, YG — e^ cosh <*, 

| — = e“^(coth cc -f- h), — = e~ * (tanh a + h\ 

1 £1 Qi 


( 101 ) 
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it is necessary and sufficient that h, ? and a satisfy the equations 

9? 


( 102 } 


dh , ik i n 

— = (coth« + A)-^ f 


9 h 

Tv 


(tanh a +70 


9 s g 


dv 1 

dS da 


a? a? , a? a« , . , 

h co til a — \- tanh a - — - — , 

dn dv du dv dv du 


dudv 

d 2 a d 2 a w » 

9n a + g"s + coth « j- + tanh a 


9 S | 

'9« 8 


9 s ? 




csch s « 


3 a 9j_ 
9w 9tc 


-f sech 2 a -f (cosh a + 7* sinh a) (sinh a h cosh a) — 0, 

ov d v 


as follows from the Codazzi equations (86) and the Gauss equation 
[§ 64]. These equations are satisfied also by £, a , 7*, where 


( 103 ) 


o' = e~ s a — /a, 


1+A’ 


An O net A r parallel to N is defined by 


^ G — — (fi cosh a, 

1 = (tanh a 4* 7*). 

02 

By means of (101) and (104) we have 

0i q 2 +Q*Qi = — 2. 

Following Calapso 76 ) we call S a surface of Guichard of the first 
kind , and the parallel surface# its associate (cf. VII, Ex. 28). 

When the expressions for IT E, 1 / Q, q x and q 2 from (101) are 
substituted in (88), this condition is satisfied, if we take U — V— 1. 
Hence we have the theorem of Demoulin 77 ): 

The surfaces of Guichard of the first kind are surfaces /i. 
From (87) and (85) we have 

(105) 0 O = e*, 0 O = 1 — K IT Q 0 — 


004) 


i l E — <* sinh a 


^ (coth a -f- h ), 


76 ) Annali, ser. 3, vol. 11 (1905), p. 211. 
77 > L. c. 


15 
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We apply the results of § 90 to establish transformations B of 
surfaces of Guichard of the first kind. Analogously to (105) we have 

0io= A 0lo = 1 — hi. 

From (95) it follows that 

(106) h t + —■ e*' = h -f- ^ 


where t is thus defined. Now 0 O i — 0 — e^p/( 1 — h), and conse- 
quently (96) are reducible to 


(107) 


where 


= 1-0 

< f — cosh « -f* t sinh a, if> — sinh a -f- 1, cosh a. 


Since y* — — 1 — f®, when we require that O x — Ei — <?*\ 
we get 

(108) = (<*— 1). 

If we put Vpio — e*' +a '/m(hi — 1) in (99), we obtain 


(109) = 

t-t-1 

Hence we find 

V Ei — e* 1 sinh a,, = — e^ 1 cosh «!. 

Furthermore, equations (9) are satisfied by 


V El 


YK 

Qit 


Q a 


(cosh «j -f sinh aO, 


sinh«i + Aicosha,. 
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Hence the surface Si is a surface of Guichard of the first kind. 
By means of (108) the expressions (107) are reducible to 

VEi — — jj- (yt -f- ip), V Gi = — e~^ <p). 

Consequently the functions determining a transformation R of 
a surface of Guichard of the first kind into surface of this type 
are solutions of the completely integrable system: 


( 110 ) 


30 A . , 30 

-r— — Slim « q, — — 

3 u dv 

~ — — (cosh « + h sinh a)q, ~ « + h cosh a) r, 

H 

du 

-\-m [— 0e~^ (<p t + if>) -(-ve^sinha], 

3 q I ,, 3? , 3«\ dr 

~r~ — coth« 
dv \ 


(cosh a -\-h sinh a) p - 


■(' 


= e^ cosh ex r, 


, i dg da 
tanha -- — h — 
dv 1 dv 


, dcc\ dr dg . dcc\ 

+ — r. — = tanha- f- — ]q, 

du) du \ dv dv !* 

= (sinha + ^cosh«)p — |coth«~— + 


-fm [ — Oe ^ +^e^cosh«], 


dv 

du 


e H<ft+ip)q, 


d v 

Tv 


c *(M>t + <p)r. 


The equations of the transformation are of the form (48) in these 
functions. Accordingly we have the theorem 78 ): 

A surface of Guichard of the first hind admits oo 8 trans- 
formations R m , for each value of 0, into surfaces of the same kind . 

When 8 is transformedinto S u the associate surface 8 is 
transformed into a surface S l7 parallel to S lf by means of the 
functions p, q, r , 0_and v , where in consequence of (49) 6v= 6v. 
The equations in 0 are 

sinh an, = — e^coshar, 

du ^ dv } 


78 ) Annali, ser. 3, ?ol. 22 (1914), p. 205; also Transactions of Amer. Math. 
Soc. vol. 17 (1916), p. 68. 


15 * 
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It is readily found that 
e — v — 


e ’ 


vO 2 

vB — p 2 ’ 


The associate of S\ is determined by equations analogous to (103), 
namely 


■ = *-*(1 -A;)- 




C a ‘ - 


1 —hi 
1 -p h\ 


■= c u 


t -4* 1 




t — 1 


1 + t — - P q(>'' 


hi — hi. 


If this associate is to bo the R transform of S by means of 
(9, v, p, <j, r, then analogously to (106), (108) and (109) we must 
have 

hi + J'-A = h + lL<f=t, 

0 0 

(t 2 — 1), e a ' — e~ a -t — — . 

* t + 1 

It is readily shown that these expressions are equivalent to the 
preceding. Hence: 

When a surface of Guicliard of the first kind is transformed into 
a surface of the same kind , the associate surfaces are in relation R 19 ). 


Exercises. 

1. If N is a net 2, 0 the complementary function being the lines of 
curvature on the sheets of the envelope of the spheres of radius y and centers 
on N are represented on the unit sphere by the central projections on this sphere 
of the two special nets 2, 0 parallel to N\ the coordinates of the spherical 
representations are x'/y’ and x" /y" . 

2. Corresponding tangent planes to two pairs of O nets in relation R whose 
central nets are parallel are parallel. 

3. A necessary and sufficient condition that the spheres, tangent to a sur- 
face S and with centers at the mid-points of the segments of the normals to S 


79 ) Annali, 1. c. p. 209. 
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included between the centers of principal curvature of S, determine an R trans- 
form of 8 is that the lines of curvature of 5 have isothermic spherical representation 
(cf. § 6 and I, Ex. 8). 

4 . A necessary and sufficient condition that the spheres tangent to a sur- 
face S with centers at points harmonic to the points on S with respect to the 
centers of principal curvature determine an R transform of S is that £ be an 
isothermic surface (cf. § 25). 

Darboux, Annales Norm., ser. 3, vol. 16 (1899) p. 504. 

5 . Show that the first three theorems of § 81 are equally true for the 
transformations R of nets 0 in w-space. 

6 . For a system of circles K of the second kind (§ 81) the focal points of 
the congruence K are harmonic to the foci of the meridian sections of the hyper- 
boloid of revolution whose generators are the normals to the nets No and N\ 2 . 

Demoulin, Comptes Itendus, vol. 150 (1910), p. 159. 
^7. If N is an isothermic O net, the point equation of N admits the solution 

60 — e 2 ^ (— and the corresponding parallel O nets NqCxq) are defined 

'P 1 /V 

by equations of the form 


x Q = 


(Y«,jr. + c)x + e<’ 



dJu 

dv 


where c is an arbitrary constant and K 0 = — -f- — . 

Pi P-2 

8. If N is an isothermic 0 net defined by (37), the Ohristoffel transform N 
[§ 159] is defined by 


Ve = —V G = e~ 


— 2 \J> 

Pl^Pl* \ 


P 2 = P'l^ 


-2t!> 


Show that if Ni is a D m transform of N, a D m transform Ni of N is given by 

= p, q — q, ~r — r, 0 = v, V — 0, m = m, 

and that Ni is the Christoffel transform of A r i. Also if M, Mi and A/, Mi denote 
corresponding points on these nets, the product of the segments M Mi and M M\ 
is equal to 2/m. Bianchi, 1. c., p. 105. 

9. If M , Mi, M2 , M11 are corresponding points of four nets satisfying the 

theorem of permutability of transformations Pm (§ 83), the cross-ratio ( M Mn, 
My M2) is equal to m 2 /mi. Demoulin, 1. c., p. 157. 

10 . Show that the 0 net of a minimal surface may be considered of class 
(0, 0, 0, 0) (§ 84) and obtain the results of § 87 from those of § 86. 

Bianchi, 1. c., p. 149. 

11. From [§ 125J we have for a surface of mean curvature K 0 = 1, 

— = e“^sinh^, — = cosh^. 

P\ Pi 

In this case from (47) it follows that 6 — v + 2p = a, where a is a constant. 
Show that when a == 0, the mean curvature of Ni is — 1. 
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12. Show that the 0 net of a surface of mean curvature 2T 0 = 1 may he 

considered a special isothermic net of class ( — J, 0, 0, |), and apply the results 
of § 86 to obtain those of Ex. 11. Bianchi, 1. c., p. 151. 

13. The Christoffel transform of a special isothermic surface of class (^4, B, 
C, D) is a special surface of class (A, — C, -—D, D). Bianchi, 1. c., p. 131. 

14. If from a special isothermic net N of class (^4, D, C, D), we obtain 

two nets of Ni, Ni, of class ( A , — 2?, — C, D) by transformations Dmx and Dm,, 
the surface Nn is of class (A, D, C, D)- Bianchi, 1. c., p. 146. 

15. Determine the special isothermic surfaces for which the circle-planes 
of the complementary transformations pass through a point. 

16. Show that the nets N ' of transformations D m of isothermic nets and of 
transformations E m of O nets with isothermal spherical representation have the 
property 

D'— G' — 2 m (x' 2 -{- z' 2 ). 

Calapso, Annali, ser. 3, vol. 26 (1917), p. 168. 

17. If A r i is a Dm transform of an isothermic 0 net N, an isothermic 0 ridt N 
is defined by 


V E = V G = 


e ’ 


1 . e 

T>~ p + W' 


i , e 

*=“ — P H • 

P 2 p2 


Bianchi, Annali, ser. 3, vol. 12 (1906) p. 22. 

18. If N and JVj are two 0 nets in relation E mi the minimal surfaces 
JS* and -2i, whose asymptotic lines have the same spherical representation as the 
curves of N and N\ respectively, can be so placed in space that they are the 
focal surfaces of a W congruence (§ 53). 

19. When two 0 nets N and A r i are in relation E m , the spherical repre- 
sentation of these nets are isothermal orthogonal nets on the unit sphere in 
relation F , and these two nets are related conformally. The equations of the 
transformation are of the form 


Xi=-X+-^( P X+ q $+rr,) t 


where 6, v, p , q and r are solutions of (75). 

20. A necessary and sufficient condition that the spherical representations 
of two 0 nets in relation R be conformal is that the transformation be Em. 

Annals, Ser. 2, vol. 17 (1915) p. 69. 

21. If four nets AT, ATi, A r 2, A r u, form a quatern under transformations Dm, 

and AT, is an Dm, transform, then the nets A T 3, A r i3, A23, AT' of § 24 form a simi- 
lar quatern. Transactions, vol. 9 (1908), p. 170. 

22. If N is an 0 net with isothermal spherical representation, the point 
equation of N admits the solution 0 o = D — D, and the corresponding parallel 
0 nets N 0 are defined by equations of the form 


*„ = be“* IVE+ V^GO + c] X-f 


1 

Ye 


i dE 

\a« 



1 

Yg 


9 E 
dv 


dG ] 
dv 1 




where c is a constant. 
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23. If in (88) we put ^ E ="^(2, U = — V= 1, this condition is satisfied, 
that is isothermic surfaces are surfaces S2. In this case 


0o 


«*♦ U- 



0^0 = - 00 


Pl + Pt 
2 pi Pi * 


In order that the transformations determined by (97) be Z) w , we must have 


0io v V^ 0 H“ 0o 0° l “ 0* 

24. Determine the character of the surfaces Q which are R transforms of 
an isothermic surface other than Dm transforms. 

25. If in (88) we put 

Ve= ya?=p. ie r'\ u = v — 1 , 


the equation is satisfied in consequence of (86); that is a surfase with isother- 
mal representation of its lines of curvature is a surface Q. In this case 
20 o = — 0o (pi 4-^-i); consequently the mid-point of the segment between centers 
of principal curvature of the surface describes a net N 0 with equal point in- 
variants ; also is at infinity. When we express the condition"^ Ei/pn = y~Gvlpvi 
we get 

2 e-^- + (yo~y-E) ( 1 — 52 .) +2 - = 0 . 

P ' “0 ! vy p 0 

By means of this relation the expressions (74) are obtainable from (96), and 
these transformations R m are E m . 

26. Determine the character of the surfaces 12 which are R transforms of 
a surface with isothermal spherical representation of its lines of curvature other 
than the E m transforms. 

27. If Si and S 2 are surfaces of Guichard of the first kind obtained from 

such a surface S by transformation E mi and Em,, there can be found without 
quadratures a surface $12 of the same kind which is in relations Em, and Em, 
with Si and 6Y Annali, ser. 3, vol. 22 (1914), p. 212. 

28. In order that the O net N on a surface S be defined by 


']/’ E = sin «, ]/ r G=e^cosa, 


1 , 0m 1 M 

— == e ? (cot <* + /*)> — “ e~ c (— taua + h), 
Pt P 2 


it is necessary and sufficient that h, £ and a satisfy 


9 2 a 

du 2 


dh d£ 

— = (A + cota)^-, 


dh 

dv 


(h — tana) 


9£ 

dv' 


9*e 

dudv 


llll 

du dv 


+ cot a 


9a 9£ 9a 9g 

JUTv 1 


d 2 a 9 2 £ 


dv 2 


• tana 


9 2 e 


o 9a 9£ 2 

esc 2 a ^ - 2 (- sec 2 a 


9m 2 1 dv 2 ^ du du 

(cos a -f h sin a) ( sin a — /* cos a; = 0. 


0a 3? 
9r 9v 
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These equations are satisfied by £, a and h defined by 


e f = e f (l + A 2 ), 


1 + h 1 
1 


[sin a (1 — h 2 ) — 2 ^ cos a], 


cos a = - -j-p- [cos a (1 — A 2 ) + 2 & sin a]. 


An 0 net AT parallel to N is defined by 


VE = sin a , == — cos a , 

A = c~^(cota’+/i), -A- = e ^ tana + h) 

Pi 


and p l p i +p 2 Pi ^ The surface /S' is called a surface of Guichard of the 

second kind, and S its associate. Calapso, Annali, ser. 3, vol. 11 (1905), p. 216. 

29 . Show that a surface of Guichard of the second kind is a surface Q and 
determine the transformations R of such a surface into surfaces of the same kind. 

Annali, ser. 3, vol. 22 (1914), p. 205. 

30 . A necessary and sufficient condition that a surface of Guichard of the 
first kind be a spherical surface [§ 115] is that e^ = a, h = 0, where a is 
a constant; then /?, = a tanha, p 2 = a coth a. In this case the associate surface 
is homothetic to the given one. 

31 . If & is a spherical surface (cf. Ex. 30), equations (106), (108) and (110) 
.are consistent when v = (a 2 p 2 — 6 2 )/0a 2 . Thus a spherical surface admits oo 2 
transformations R m , for each value of m 4= 0, into spherical surfaces. 

Annali, 1. c. p. 230. 

32 . For the circle-plane of a transformation 22,* of a spherical surface (Ex. 31), 
the functions j, k and w of § 79 have the values j = a J /2m0, k = —pa 2 /6, 
w = (0 2 —p 2 a 2 )/20. Consequently the planes of these circles envelope a surface 
applicable to the quadric of revolution x 2 + 2 m {y 2 -\- z 2 ) = a 2 . 

Annali, 1. c. p. 235. 

33 . If S is a surface of Guichard of the first kind and Si is an R m transform 
of the same kind, a surface of Guichard of the first kind is defined by 

Ye = — sinh a, Yg = Ar cosh 

U V 

Ar = Oe ^(l — 2m) |cotha + /i + 


Ar = 0e ^(1 — 2w) ( — tanh a + h + •— 

Pi \ v 


Calapso, Annali, ser. 3, vol. 29 (1920), p. 84. 



Chapter VIII. 

Circles and spheres. 

93. Coordinates of a sphere. The equation of a sphere 
in 3-space can be written in the form 

2 «t </i + 2 «s !/i + 2 a 8 ys -f i (y\ + y\ -f y\ + 1 ) 

( j +«5(y;+if:+»:-i) = o, 

where « lf . . . . , « 5 are constants, and i/ lt <y 2 , //« are current coor- 
dinates. We call the five constants « the coordinates of the sphere. 
If X\ , Xi, x 3 are the coordinates of the center of the sphere and R 
its radius, we have 



«i — hx if a 2 = hx it a 3 — hx„, 


ih 


(x\ + x\ + x\ — - R* + 1 ), «5 


-W + xl + z'-R*- 1 ), 


where h is a factor of proportionality. These equations can be 
written also thus 

_ “l __ _ , «8 

I a 5'T t<*i «5 + l a 4 « 5 + 4 

-- —7^, /* - -(«6+*«a 

« 5 - f - 4 « 4 

An exception arises when 

(4) “5 4* *’«* — 0, 

which is a necessary and sufficient condition that (1) defines a plane. 
From (3) we have 

a s + ««4 


( 5 ) 
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where we assume the sign of the radical chosen so that i? is 
positive for a real sphere. It follows that a necessary and sufficient 
condition that a sphere defined by (1) be a point-, or null-sphere, is 

(6) a? + a* + «? + «! + al = 0. 

• 

By definition the power of a point with respect to a sphere 
is the product of the distances to any two points of the sphere 
collinear with it, that is the square of the tangent to the sphere 
when the point is outside. Hence the left-hand member of (1) 
divided by i'a 4 -f-a 5 is the power of the point (y u //->, ?/ s ) with 
respect to the sphere (1). 

Consider the sphere (1) and another of center (x\, x\, xl) and 
radius E' defined by 

f 2 a\y l 4* 2 -f~ 2 ajy* -j- iu\ ( y\ + f/» + y\ + 1) 

() 1 +«\(,v\ J ry\ + v\- l) = 0. 


The angle under which they cut is given by 


( 8 ) 


COS0 — 


li*+R ,a — 'Zixi — ^) 2 

i=i 

2 RW 


With the aid of (3) and (5) one shows that this is expressible in 
terms of the coordinates « and «' of the two spheres in the form 

s 

i = 1 

In certain discussions it is advantageous to introduce a sixth 
coordinate « 6 defined by 

(10) ia e = jR(« 5 -f «« 4 ). 


( 9 ) 


COS0 


i2 


Comparing this equation with (5), we note that 


(ID 


«? + +«« = 0. 
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Now equation (9) becomes 
(12) cos0 = 


5 


i = 1 


« 8 «6 


94. Pentaspherical coordinates of a point. When the 
sphere (1) is not a null-sphere, its coordinates « may be chosen 
so that = 1 . These coordinates a are direction-cosines of 
a line in 5-space and from (9) it follows that the angle between 
two spheres in 3-space is equal to the angle between two lines in 
5-space whose direction-cosines are the corresponding «’s and « M s. 
Accordingly we can choose a set of five mutually orthogonal spheres 
in 3-space whose coordinates u,j satisfy the conditions 

(13) = 1, = 0 5 ). 

With this choice we consider the functions 
s 

14) = 2 '2 l u ijyi J ri u *i(y\ J ryl- s ry\ + 1) J r tt u(y\ J ry\ J ry\ — !)• 

t=i 

The right-hand member is the power of the point (y u y s , y 8 ) with 
respect to the sphere Sj, divided by its radius Ej = l/(«6; + *« 4 j). 
When 

(15) ««4;+«5./ = 0, 


the sphere Sj is a plane and A zj is the distance from the point 
(yu Uu y*) to the plane. 

The quantities zj(j — 1, ... . 5) are called the pentaspherical 
coordinates of the point, l being a parameter. In consequence 
of (13) we have the fundamental relation 

(i6) i>;= 0 . 

j= 1 

From equations (14) we have 

5 5 6 

!h = * 2j u ijZj, Vi = * Vs — ^2 a »J z J> 

j=i j = 1 J - 1 

5 B 

1 + h 2J( a aj + i a *j) zj = 0, y\ + y \ -f y\ = h 2j(«6j — i «4j) zj. 

1 j= 1 ;=i 
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Hence when five quantities satisfying (16) are given, they are the 
pentaspherical coordinates of a point, whose cartesian coordinates 
are given by (17) 80 ). 

As an immediate consequence of these results, we have: 

The equation of a general sphere is of the form 

(18) «l^l+«s2'a + + «5^5=0, 


I eh ere z, are the pentaspherical coordinates of a point on the sphere , 
and the a’s are constants. 

If Zj and z'j are the pentaspherical coordinates of two points 
M and M' , whose respective cartesian coordinates are yt and y'i, 
the distance between them is given by 

( 19 ) MM'^Ziyr-y'd*^ -2U'2z jZ S= lX'2( g j-W, 

i— 1 J= 1 j= 1 

in consequence of (17), where, because of (5) and (14) 

1 + = 9, 1 + = 0, 

j—ilij j= i ±tj 


Hj being the radius of the sphere of coordinates «j. 

If M' approaches M along a curve, the linear element is 
given by 


( 20 ) 


ds* 


^(dzjf 

j = i 


Zidzjf 

1 


z|r) 


When in (17) we take an~ 1(* = 1, . . . . 5), ajj= 0(* 4- j)r 
these equations reduce to 


(21) 


I. 


2/i — Xziy 2/2 — 2/a — ^£a> 

+ X(z 5 + iz A ) = o, yl + yl + yl = Afe — *>4). 


80 ) An exception is afforded by zj = a&j -f i a 4; - in which case the point is 
at infinity (cf. VIII, Ex. 1). 
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From (4) it follows that the fundamental spheres of coordinates 
ten, a i2 , a is are planes. In this case we say that the z's are special 
pentaspherical coordinates. For this case equation (20) reduces to 

< 22 > W =(OT- 


95. Pentaspherical coordinates of an O net. If y lt y 2 , y s 
are the cartesian coordinates of a point on a surface referred to its 
lines of curvature, the functions Xzj satisfy the point equation of 
the surface, as follows from (14); and consequently, if A involves 
u and v, the z’s satisfy an equation of the form 


(23) 


3 2 0 3 log a 3 9 . 3 log 6 9 0 

dudv dv 3 u da dv 


Conversely, if we have five solutions of this equation satisfying (16), 
say Zj, and an independent solution 1/A., then the functions z), where 
Zj A — zj, satisfy an equation of this form with c = 0, and con- 
sequently y u y 2 , y 3 , y\ + yl + y\, 1, given by (17) or (21), are 
solutions of the latter equation. Hence: 

If five particular solutions of an equation of the form (23) 
satisfy the relation 

(24) 4 + 4 + .. .. + 4 = 0, 


they are the pentaspherical coordinates of a surface referred to its 
lines of curvature. 

If the invariants of (23) are equal, the 0 net is isothermic. 
In this case the equation is reducible to the Moutard form 


(25) 


a 2 <9 

3 u dv 


= Me. 


Hence : 

If an equation of the Moutard form admits five particular 
solutions Zj satisfying the relations £}zj = 0, tlw quantities are the 
pentaspherical coordinates of an isothermic net. 

96. Congruences of spheres. When the quantities a in (1) 
are functions of two parameters Wi and v,, we say that (1) defines 
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a congruence of spheres. When the «’s are independent, we can 
find by differentiation alone an equation of the form 


D 


9*0 


du\ 


2E 


9*0 


9 U\ 9 Vi 


•F 


9*0 


dv ? 


G 


90 


9 Mi 


H 


90 


dVy 


-K0 = 0, 


of which the five functions « are solutions. If we take as in- 
dependent variables u and v, defined by 

U — <p (tti, Mi), V — Ip (Mi, Mi) 

such 'that and ip satisfy the differential equation 


D 


(W +2£ - 


9 ip 9 (p 




0, 


9 u x 9 Mi 

the above equation is transformed into the Laplace form 
9*0 _ 9 log A 90 9 log .6 90 


( 26 ) 


9 m 9 m 


9 m 9 m 


9 m 


CO. 


The determination of u and v requires the integration of the 
differential equation 

(27) Fdu\ — 2 Ed u x d v x +D d mJ = 0. 

The curves on the envelope of the spheres uniquely defined by 
this equation are called the principal curves. 

We assume hereafter that the parameters of a congruence of 
spheres are such that the spherical coordinates a satisfy an equation 
of the Laplace form (26). Then the principal curves on the envelope 
are parametric. The equation of the congruence is of the form 

6 

(28) — 0. 

i=l 

We consider the congruence of spheres defined by (28). As 
u varies a sphere touches a tubular envelope along the circle C-i, 
given by 

(29) 


2«iZi = 0 , = °> 
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and as v varies, along the circle C x given by 


(30) 2« iZi = 0, et = 0. 

The intersections A x and of these circles are the points of tan- 
gency of the sphere (28) with the envelope of the congruence of 
spheres, that is, the points defined by 

(31) = 0, = ti — 0. 

The circles (29) and (30) are called the focal circles of the first 
and second rank respectively of the congruence of spheres. 

Differentiating the first two of (31) with respect to v and 
making use of the third, we get 




dZj 

dv 


I ddCj dZi 

du dv 


0 . 


Hence as v varies the points A { and A 2 begin to move along the 
circle CL-i. Similarly as u varies, these points begin to move along Ci. 
But as u and v vary, the points A x and A 2 trace out the principal 
curves on the envelope of the sphere of coordinates a. Hence we 
have the theorem of Darboux 81 ): 

On the envelope of a congruence of spheres, when a displacement 
is made along one of the principal curves, the four points of contact 
of two infinitely near spheres with the envelope lie on a circle which 
is a focal circle of the congruence , 

We have also from the above that the line A X A 2 and the line 
A[A 2 , joining nearby points, meet in the plane of C - 1 or Ci as 
v or u varies. Hence these planes are the focal planes of the 
congruence of lines A X A 2 . Accordingly in view of the preceding 
theorem we have the theorem of Ribaucour: 

TJie chords of contact of the spheres of a congruence with its 
envelope genwate a congruence whose focal planes are the planes of 
the circles of contact u = const, v — const,, and the developables 
of the congruence are parametric. 


81 ) Lemons, 2 ud ed., vol. 2, p. 335. 
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97. Derived congruences of spheres. Since the five 
functions « satisfy equation (26), they are the direction-parameters 
of a congruence G of lines in 5-space. Con- 
versely, the direction-parameters of such a con- 
gruence determine a congruence of spheres in 
3-space. From (1, 60) it follows that the direction- 
parameters of the congruence G, and G— 1 of 
tangents to the curves of parameter c on the 
first focal surface of G and of parameter u on 
the second focal surface may be given the 
respective forms 



(32) 


3 , «i 
“‘U '»« A’ 


3 , 

Hn ' 


xiiese congruences anu in ;j-space curresp 
gruences of spheres in 3-space with the respcctiv 

2 a i4: Zi== °> 


(33) 


2j <h log j, ‘ Zi - () - 


Hence we speak of these congruences of spheres as the first and 
minus first derived congruences of the congruence defined by (28). 

Evidently the circles (29) are the intersections of corresponding 
spheres of the given congruence and its minus first derived con- 
gruence, and similarly the circles (30) of spheres of the given con- 
gruence and its first derived congruence. 

Consider now the congruence of spheres defined by the first 
of (33). As it varies, a sphere describes a tubular surface, to which 
the sphere is tangent along the circle defined by (33) and 



which is readily seen to be the circle (30). In like manner for 
the congruence of spheres defined by the second of (33) as v varies 
a sphere describes a tubular surface to which the sphere is tangent 
along the circle (29). 
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From (3) it follows that a l9 « 3 , a 2 , 
— ( a 5 + i <*i) are homogeneous coor- 
dinates of the center M of the sphere. 
Since they satisfy equation (26), M 
describes a net N. When we compare 
(32) with (III, 2) we remark that the 
centers M t and M— i of these spheres 
describe nets which are the first and 
minus first Laplace transforms of N. Since the lines and 

MM X are necessarily the axes of the circles (29) and (30) respectively, 
we have the theorem: 

If 6 is a congruence of spheres, and G—i and G y its minus first 
and first derived congruences, as u or v varies a sphere describes 
a tubular surface tangent to the sphere along a circle ivhich is the 
intersection of the sphere and the corresponding sphere of the minus 
first or first derived congruence respectively . The centers M, M—\ 
mid Mi of corresponding spheres describe nets in 3-space forming 
a Laplace sequence, and the joins MM - 1 and MM y are the axes 
of the circles of intersection. 

Consider further the circle (29). We saw in § 96 that its 
plane is the focal plane of the congruence A t A 2 tangent to the 
second focal surface of this congruence. Hence on the envelope 
of the plane the parametric curves form a net N. This circle lies 
also on the corresponding sphere given by the second of (33). If 
B x and B 2 are the points where this sphere touches its envelope, 
this plane is a focal plane of the congruence of lines B y B 2 and 
N is the first focal net of the congruence. Hence: 

The planes of the focal circles of either rank of a congruence 
of spheres envelope a net whose tangents are the chords of contact 
of the spheres and the corresponding derived congruence of spheres 
with their envelopes . 

98 . Congruences of circles. By definition the circles of 
intersection of corresponding spheres of two congruences of spheres 
determined by the congruences of tangents to a net in 5-space 
form a congruence of circles , for which the spheres are the focal 
spheres . The centers of the spheres are the focal points of the 
congruence of axes of the circles (§97). Moreover, as we have 
just seen, the planes of the circles envelop a net, whose tangents 





10 
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meet the circles in the points where the focal spheres touch their 
envelopes. Equations (29) define a congruence of circles, as do 
also equations (30). Moreover, any congruence of circles may be 
so defined. 

When for the congruences of circles CL 1 as defined by (29) 
the parameter v varies, the circles C-i(u, v) and v + dv) 

meet in the points, A x and where the sphere of parameter u 
touches its envelope; they are defined by (31). When the parameter u 
varies, the circles CL x (w, v) and CL i ( u+ du, v) meet in the points, 
A[ } Ag, of intersection of the spheres of parameters 


(34) 


dec I d 2 CC; 

du ’ du 2 ' 


Hence as u and v varies the circle CL i meets the infinitely near 
circle in two points. 

Consider, conversely, a two parameter family of circles such 
that as either parameter, u or varies, two infinitely near circles 
meet in two points. Hence as u or v varies the axes of the circles 
generate developables. Let F x and F 2 be the focal points of this 
congruence. The spheres S x with centers F t and containing the 
circles of the system envelope, as u varies, a tubular surface tangent 
along the circles. If the equation of the spheres S x is ~ 0, 

o 0 . 

the circles are defined by this equation and —Zj — 0. 

du 

In like manner, the spheres & with centers F 2 and passing 
through the circles envelop, as v varies, a tubular surface to which 
they are tangent along the circles. Thus the circles are defined 
also by 

2*iZi = 0 , = °> 


where the first equation defines the spheres S 2 . 

Since the circles are the same in both cases, we must have 

9 A ] _L /) 9cf » 1 Q 

—— — Icti+mPi, -r— = + 

du dv 

But from § 2 it follows that the ce’s and /3’s are direction-para- 
meters of a net in 5-space. Combining this result with the second 
theorem of the preceding section, we have: 
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A congruence of circles is characterized by the property that 
as u or v varies a circle meets the infinitely near circle in two 
points , which are the points of intersection of the circle and the 
tangents to the net enveloped by the plane of the circle . 

We call these points the focal points of the congruence of 
circles. 

99. Congruences of spheres and circles in cartesian 
coordinates. Prom (3) it follows that the cartesian coordinates 
xi, x 2 , x 3 of the center of the sphere, and also the function 

(35) 20 = *;+*:+*:— -B* 

are solutions of the equation 


(36) 


9*0 9 log a dO 9 log b 9 0 

dudv dv dll du dv’ 


where as follows from (3) and (26) 


(37) 



b 


B 


h ' 


Conversely, if x lt x 2 , x 3 and 0 are four solutions of an 
equation (36), it follows that the quantities a defined by (2) are 
solutions of an equation of the form (26). Hence: 

If 0 is a solution of the point equation of a net N, the spheres 
with centers on N and radii given by 

(38) B* = x\ + *» + x\ — 20 

form a congruence upon whose envelope the parametric curves are 
the principal curves. 

As a corollary we have: 

The points of an O net in 3-space form a congruence of null 
spheres. 

When the equation of a congruence of spheres is written in 
the form 

(39) *)*— 22* = 0, 

16 * 
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the y’s being current coordinates, the equations of the focal circles 
C-i and Ci of the congruence are given by (39) and the respective 
equations 


(40) £+*£-* 2fc->£+*£-«. 


which shows that the axes of the circles are tangent to the curves 
of the net of centers. Since equations (39) and (40) are equivalent 
to (31), we have: 

Equations (40) define the focal planes of the congruence of lines 
joining corresponding points on the envelope of the spheres (39), the 
developables being parametric . 

By means of (38) equations (40) may be written 


(41) 

vi dx 

9 0 

9 u 

- 0 , 

V* 9# 

90 

dv 

= 0. 

If we 

write 

b 

9(9 

6>! = (9- 

a 

9(9 


0— i = 0 - 

96 

9 u 

du’ 

9 a 
dv 

dv’ 


in consequence of (I, 48), the preceding equations are equivalent to 


2y 


dx—i 

dv 




9 0 ! 
du 


= 0 . 


Hence : 

If 0 is a solution of the point equation of a net N, the spheres 
with centers on the minus first and first Laplace transforms of N 
and with radii given by the respective equations 


JE-i=2x-i—2 0-i, R\=’Zx ?— 20 ! 

meet the spheres with cmters on N and radius given by (38) in 
congruences of circles. 

When the central net N ( x ) of a congruence of spheres is an 
O net, the congruence of lines joining the corresponding points of 
contact on the envelopes of the spheres is normal, since the focal 
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planes are perpendicular. A surface N normal to the congruence 
is given by equations of the form [§ 67] 


x = WX+ 


8 W 1 dX 
du @ 9 u 


9 W 1 dX 
dv © dv’ 


where the X’s are the direction-cosines of the congruence and also 
of the normal to the given net N. The function W is to be 
determined by the condition that the point of N lies on the line 
whose equations are (40). Making use of (41), we find that this 
condition reduces to 


(42) 


dW_ _ dO _ 9F_90 

Ql 9 u ~~ 9 u’ Q 2 dv — 'dv’ 


where Qi and are the principal radii of curvature of N. Hence 
W is found by a quadrature. 

Conversely, if a net N parallel to N is known, we find by 
the quadrature (42) the radius of the corresponding sphere. Hence 
we have the following theorem of Ribaueour 82 ): 

If 8 and S are two surfaces with the same spherical representation 
of their lines of curvature, the normals of either are the chords of 
contact with their envelope of a family of spheres having their centers 
on the other surface; the radii of the spheres are found by a quadrature . 

ioo. Congruences R of spheres. We are in a position 
now to establish the theorem: 

If the principal curves form a net on each of the sheets of the 
envelope of a congruence of spheres, they are 0 nets in relation R, 
provided that the radii of the spheres are not constant. 

If the quantities y in (39) are the coordinates of the point of 
contact of the spheres with one sheet of the envelope, we have 

(43) 'Eiy—x) |J = 0, 2(y—x)f= 0. 


If equation (41) be differentiated with respect to v and u, respectively 
we obtain 

y n n 

^ dv du ’ ^ du dv 

82 ) Comptes Rendus, vol. 67 (1868), p. 1334. 
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Differentiating the first of (43) with respect to v or the second 
with respect to u, we get 


2(y—x)- 


j y 4- v 

dudv ^ da 


dv 


-^- = 0 . 


Hence if the y’s are to satisfy an equation of the form (36), we 

must have -~r~ — 0, which is the condition that the net 

du dv 

N(y ) be an 0 net. In consequence of this result the central net 
is 2, 0, and by the last theorem of § 66 and the second theorem 
of § 76. the theorem is established. 

By definition a congruence of spheres is a conyruence R if the 
central net N 0 is 2, 0 and the complementary function of iV 0 is the 
radius of a representative sphere. 

From § 68 we have: 

The spheres of a transformation R Jorm a congruence R. 

When two congruences R of spheres have parallel central 
nets we say that the congruences of spheres are parallel. Hence 
from the last theorem of § 76 we have: 

If G and O' are parallel congruences R of spheres and the 
spheres O' do not pass through a point, there can be found by 
a quadrature a congruence R of spheres G\ such that the central 
nets of O and <f are in relation F. 

In this sense the congruences G and G\ are in relation F. 

The spheres with centers on any surface 8 and passing through 
a point form a congruence R, the central net 2, 0 on 8 being deter- 
mined by the equation of the lines of curvature of the envelope 
of the spheres; it is the net on S determined by the function 
V 'x a + y* + z a (§ 3). In like manner the spheres with centers on 
a surface S and tangent to a plane n, or a fixed sphere, form 
a congruence R, the central 2, 0 net on 8 corresponding to the 
lines of curvature on the other sheet of the envelope. 

The spheres tangent to two fixed spheres form a congruence R 
with centers on a central quadric of revolution, whose foci are 
the centers of the fixed spheres. When one of the fixed spheres 
is replaced by a plane, the surface of centers is a paraboloid of 
revolution. 



101. Pliicker line coordinates 


247 


If the centers of the fixed spheres are the points (a, 0. 0) and 
( — a, 0, 0) and the radii are and r t , we have 

(x-ay-by' + z* -^ (S + e t r t )', (x + a)* + if + *■ = (R - + * r t )\ 

where — ±1 and ±1. From these equations it follows 
that 

a;* + //* + ,s 2 — R' 2 ^-. hr + c, R dr + e. 

where b, c, d and e are constants. Hence these two functions are 
solutions of the point equation of any net on the quadric. Similar 
results hold for a paraboloid of revolution. Consequently: 

On a quadric of revolution any net is 2, 0. 

Conversely, if every net on a surface 8 is 2, 0, the functions 
fy'-b — R i and R must be linear functions of the coordinates. 
Consequently : 

If every net on a surface is 2, 0, the surface is a quadric of 
revolution. 

IOI. Pliicker line coordinates. If r u r 3) x 3 , x 4 and y lt y t , 
!h> 25 are the homogeneous point coordinates of two points P and Q, 
the numbers p 12 , 2) 1S , p 14 , pn, pst, Pm defined by 

(44) pij = J ' Xj (i,j = 1 , 2, 3, 4, i b j) 

Vi yj 

are called the Pliicker coordinates of the line PQ. Evidently the 
ratios only of these coordinates are so determined. Since these 
ratios are unaltered, if x if x 2 , x t , are replaced by Ixi+pyi, 

. . . ., + any two points of the line determine the same 

set of line coordinates. The six coordinates satisfy the equation 

(45) Pia p 3 4 +Pl8 Pis +Pvt Pas — 0, 

as may be seen by expanding in terms of two-rowed minors the 
identity 


x 4 

x 2 

x 3 

^4 

y i 

2/a 

2/s 

2/4 

Xi 


x 3 

X 4 

25 

2/8 

2/3 

2/4 
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Conversely, if we have any six numbers pij satisfying (45), we can 
find two points, ( x lt x 2 , x a> 0) and (y u 0, y a , ?/ 4 ) satisfying (44), and 
consequently there is a line with these coordinates. 

Consider two lines p and p' meeting in the point (xi) and 
determined by Q (yt) and Q'(y'i). Since 



Xi 

X 2 

x% 

Xi 

2/1 

y 2 

y » 

y* 

x x 

x 2 

Xs 

Xi 

yi 

y'i 

y s 

y 4 


we have 

(46) pi2 p'm -\-px» p'42 +P 14 p-2s -\-pu p'\ 2 Pa p'is P2& p'u — 0, 

where p[j — (x, y) — x; yi). Conversely, if two sets of line coor- 
dinates satisfy this condition, any two points on one line are 
coplanar with two points on the other. The line coordinates 
of the line joining P and the point (hyi-\- py'i) are of the form 
Ipij -f yp'ij . Hence: 

A flat pencil of lines consists of the lines whose coordinates are 
i-Pij f yp'ij, if p and p' are lines of the pencil. 

Consider the lines of space whose coordinates satisfy a linear 
relation 

(47) a u pi. 2 -\- aaPisf a iS p u + a 12 p u -f ctisp^ + a u p ia = 0, 

where the a’s are constants. If (b x , b 2 , b s , b 4 ) is any point of 
space, the coordinates (x u x 2 , x s , x t ) of any point of the lines 
through the given point for which (47) holds, satisfy a linear 
equation whose coefficients involve the a’s and the b's. Hence 
all the lines through the given point lie in a plane. Consequently 
the lines satisfying (47) form a linear complex. The plane in which 
all the lines of the complex through a point lie is called the 
null-plane of the point. 

When the a’s in (47) satisfy (45), they are the coordinates 
of a line which all the lines of the complex meet. In this case 
the complex is called special. 
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102. The Lie line-sphere transformation. Consider the 
relation between two 3-spaces r and B whose cartesian coor- 
dinates Xi and Xi are in the relations 


| (Xi+ iX s ) -\-XzXi-\-xz = 0, 

1 (X 1 —iX s )x l —x s —X s = 0 88 ). 


To each point of either space corresponds a line of the other. 
If (xi) and (x'i) are two points of a line of r corresponding to 
a point (Xi) of B, we find that equations (48) and similar equations 
in x'i are consistent, provided that 

(49) j9is P»i — 9; 

here p tj = Xi x) — Xj x\ and x t = xi — 1 . Hence to the points of B 
correspond lines of the linear complex (49), which is called the 
complex of the transformation. If we have any line of the complex 
and substitute the coordinates of any two of its points in (48), we 
find the corresponding point in B. 

In like manner the coordinates Xi and Xi of two points in B 
whose line corresponds to a point in r, satisfy the condition 

2(Xi— Z{) 2 = 0, 

that is to a point in r corresponds a minimal line in B. 

' To the points of a line a of the complex (49) correspond minimal 
lines in B passing through the point A which corresponds to a. 
Also to the points of a minimal line M in B correspond the lines 
of the complex through the point of r corresponding to M. More- 
over, since the transformation is continuous, to the tangents of 
a minimal curve in B correspond the points in r of a curve whose 
tangents are lines of the complex (49). 

A general line in r is defined by 

^ | Pu + x s pu + p ls = 0, 

l Xi p Si + Xi Pi 8 +i?28 = o. 


83 ) Lie, Geometrie der Beruhrungstransformationen, p. 453 et seq. 
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Eliminating the x’s from these equations and (48), we get 

(51) 2 «, Z x + 2 « 8 Z a + 2 « 8 Z s + i « 4 (XI + X$ + XS + 1 ) 

+ « 5 (Zi‘+Z?+Z?-l) = 0, 

where 

/r , f JF»12 — «8+*'«6, Pl8=«l + *«2, Pli~ + 

(52) i 

l 1 > 84 — - «3 1 «6 , P42 — «1 2«2, j»28 = «5 <«4- 


Since the p ' s satisfy (45), the a’s satisfy (11), and consequently: 
To a general line in r correspond a sphere in II. 

From these results and (10) it follows that to aline of com- 
plex (49) of the transformation corresponds a null-sphere in B. 

From (46) and (52) it follows that to two intersecting lines 
of coordinates pij and plj correspond two spheres S and S' whose 
coordinates « and «' satisfy the condition 

(53) «x a J « 2 + -f a 0 == 0, 


that is, as follows from (12), the spheres are tangent. 

From (52) it follows that the line of coordinates pij, given by 


(54) 


p'vi — (( :i — iot e, pis — Pis, p'u pu, 

p'u — “s 4" * a a , p'i 2 — pr>, p'n ~ pis, 


corresponds to the sphere (51). The equations of this line are 


(55) 


I X1P12 + ■r-i P‘ii J rpi 2 0 , 

I X 2 pV 2 + XslH 2 -\-l> 2 S = 0. 


The lines of the complex (49) meeting the line (50) form a con- 
gruence. The line coordinates pij of a line of this congruence satisfy 
(49) and 

P84Pl2+P42Pl8+P23Pl4'fpi2P84 - l - Pl3P42-|-j>14P28 — 0. 


It is readily seen that all of these lines meet the line (55). Hence 
the lines (50) and (55) are the directrices of the congruence. We 
refer to two such lines as conjugate with respect to the complex (49). 
Hence: 
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To a sphere in R corresponds two lines in r conjugate with 
respect to the complex of the transformation. 

Prom the foregoing discussion it follows that to the points 
on the conjugate lines correspond the minimal lines of the sphere 
and to the lines of the complex meeting the conjugate lines corre- 
spond the points of the sphere. 

Consider two intersecting lines in r of coordinates pij and p\j, 
not of the complex (49), and the two tangent spheres corresponding 
to them. The homogeneous point coordinates of the centers, C 
and C' , of the spheres are («,, « 2 , a 3 , — — ?«,) and («j, «' z , «•'. 
— 1*6 — icc't), and the point of tangency of the spheres is the inter- 
section of the line CC' with either sphere. To a line of coordinates 
ipij -f pp'ij corresponds a sphere of coordinates X aif-pa'i. Hence: 

To a flat pencil of lines in r corresponds a pencil of spheres 
tangent to one another at the same point; moreover, the centers of the 
spheres form a linear pencil of points projective with the given pencil 
of lines. 

Prom (4) it follows that the sphere of the pencil which is the 
tangent plane to all the spheres of the pencil is determined by 
XI (i — (ets -j- i <* 4)/ (**5 *)- ioc 4 ). 

Suppose that this is the sphere of coordinates a. Prom (52) 
and (54) it follows that to a plane in R corresponds in r two 
lines of the special complex p vi — 0 conjugate with respect to the 
complex (49). All the lines of this special complex meet the line l 
at infinity in the plane x t 0, that is the line Xi = 0, xi = 0 ; 
this line is in the complex (49). Hence: 

To a plane in R corresponds in r two lines of the special 
complex pn = 0 conjugate with respect to the complex of the trans- 
formation, and to the points of these lines the two pencils of minimal 
lines in the given plane. 

Let g and g be the conjugate lines corresponding to a sphere 8. 
A line a of the complex (49) meeting g and g' corresponds to 
a point A of 8, and to the minimal generators of S through A 
correspond the points m and m' where a meets g and g . Since 
g and g' are conjugate with respect to the complex, all the lines 
of the complex through m' meet g: that is, m' and g determine 
the null-plane of m'. I 11 like manner m and g determine the null- 
plane of m. 
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If Si is a sphere tangent to S at A, the conjugate lines g x and g{ 
corresponding to <Si pass through m and m' respectively. Hence: 

To all the spheres tangent to 8 at A correspond a pencil of 
lines through m lying in the null-plane of m! and a pencil of lines 
through m lying in the null-plane of m. 

103. The Lie transformations of surfaces. A point and 
a plane through it constitute a surface element of which the point 
is the center. We consider the surface elements consisting of the 
points of a surface 2 in R and the corresponding tangent planes. 
By the Lie transformation the minimal curves of 2 correspond to 
two one parameter families of curves c and c' in r admitting lines 
of the complex (49) for tangents; these curves lie on two surfaces o 
and o'. To a point A of 2' corresponds a line a of the complex 
tangent to a curve c and to a curve c' at points m and m' corre- 
sponding to the respective minimal tangents to 2 at A. Hence o 
and o' are focal surfaces of a congruence of lines of the complex. 
Two nearby tangents to c determine a plane tangent to o', that 
is the null-plane of m in the tangent plane to o' at m! . In like 
manner the null-plane at m 1 is the tangent plane to o at m. The 
spheres tangent to 2 at A correspond to two pencils of lines with 
centers at m and m, as shown in the preceding section. Hence 
to the surface elements of 2 correspond two sets of surface elements 
whose centers are the points of o and o', and whose planes are 
the tangent planes to o and o' at corresponding points. Therefore: 

lAhen a Lie transformation is applied to a surface 2 in E, 
the two corresponding surfaces 0 and o' in r are the focal surfaces 
of a congruence of lines of the complex of the transformation; 
corresponding directions in the tangent planes to o and o' correspond 
to spheres tangent to 2; and the surface elements of 2 correspond to 
the surface elements of o and o ' . 

Thus the correspondence is a contact transformation. 

As a point m moves along a curve y on o, the tangent planes 
intersect in directions conjugate to y. Hence only in case y is 
an asymtotic line do nearby surface elements have a corresponding 
direction in common. Two nearby surface elements of 2 are 
tangent to the same sphere only in case the center of the element 
moves along a line of curvature of 2. Consequently we have 
the following important property of the Lie transformation: 
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The spheres with centers at (he centers of principal curvature 
of I correspond to the tangents to the asymptotic lines on a and o'; 
the lines of curvature of 2 correspond to the asymptotic lines on 
a and o', which are the focal surfaces of a W congruence consisting 
of lines of the complex of the transformation . 

Since the tangents to o' at a point m are projective with the 
centers of the spheres tangent to 2 (102), we have: 

The centers of spheres corresponding to conjugate directions at m 
are harmonic with respect to the centers of principal curvature of 2. 

104. Congruences R of spheres. W congruences of 
lines. Prom § 100 it follows that a necessary and sufficient 
condition that a congruence of spheres be R is that the radius 
R be a solution of (36), which from (10) is equivalent to the 
condition that he a solution of (26). Hence: 

A necessary and sufficient condition that a congruence of spheres 
be R is that the six coordinates of the congruence satisfying (11) 
be solutions of the same equation of Laplace. 

If and a\(i— 1 , . . . , 6) are the coordinates of two con- 
gruences R of spheres tangent to the same surface, we have 

^ce 8 — 0 , £ a ' 2 — Q, — 0, 

Hence the quantities and a\ are homogeneous coordinates of 
two nets, N(a) and N' (a'), in 5-space lying on the hyperquadric 

= 0, and in relation F for which the lines of the congruence 
of the transformation are generators of the hyperquadric (cf. Ill, 
Ex. 23). 

As an immediate consequence of the results of the preceding 
section we have the theorem: 

If two surfaces 2 and 2i are in relation R, and a, o' and o u o[ 
are the transforms of 2 and 2\ respectively by a Lie line-sphen'e 
transformation, the surfaces o and 01 are the focal surfaces of 
a W congruence and likewise o' and o[ moreover, o and 0 ' are focal 
surfaces of a W congruence consisting of lines of the complex of 
the transformation and likewise oi and oi. 

Conversely if o and o x are the focal surfaces of a W congruence, 
and 2 and .2i are transforms of o and o x by a Lie transformation 
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then 2 and 2i are in relation B. Hence we have the following 
theorem of Darboux 84 ) as a consequence of the preceding theorems: 

A necessary and sufficient condition that a congruence be 
a W congruence is that the Pliicher coordinates of the lines be solutions 
of an equation of Laplace . 

Since a W congruence is transformed into a W-congruence 
by a projective transformation, we have: 

A net N(x) in 5-space lying on a quadratic variety of four 
dimensions whose equation is 

(56) ^anx (i) x iJ) = 0 

represents a W congruence. 

From the results of § 38 we have: 

Each transform. F of a net representing a W congruence leads 
directly to a net representing another W congruence. 

Consider in particular a surface a upon which there lies an 
B net N (§ 45), that is a net for which the tangents to the curves 
of the net in each system form W congruences. When a Lie trans- 
formation is applied to o', to the tangents to either family of curves 
of N correspond spheres tangent to 2 with centers describing nets 
2, 0 conjugate to the congruence of normals to 2. Moreover, corre- 
sponding points of these central nets, C and C f f are harmonic to 
the centers of principal curvature of 2 and the nets have equal 
invariants (§ 25), that is 2 is a surface 42 (§ 89). Conversely, if 
a Lie transformation is applied to a surface 42, there result two 
nets B. Consequently we have the theorem of Demoulin 85 ): 

A net B is transformed into an 0 net Q by a Lie transformation 
and conversely. 

Since the nets C and C' are in the relation of a transformation K 
(§ 25), the coordinates and a\ (i = 1 , . . . . 6), of the spheres with 
centers on C and C ' tangent to 2 satisfy equations of Laplace 
with equal invariants. Conversely, if the coordinates a* of a sphere 
are solutions of such an equation, the central net C has equal 
invariants, and consequently (§ 89) the sheets of the envelope are 
surfaces 42. Hence : 


84 ) Lemons, 2 nd ed., vol. 2, p. 358. 

85 ) Comptea Rendus, vol. 153 (1911), p. 590. 



105. Harmonic congruences of spheres and circles 


255 


When the Laplace equation of a congruence R of spheres has equal 
invariants , the sheets of the envelope are surfaces 42, and conversely . 
As a corollary we have: 

A necessary and sufficient condition the a net be R is that the 
Pliicker line coordinates of the tangents to either family of curves 
of the net are solutions of a Laplace equation with equal invariants . 

105. Harmonic congruences of spheres and circles. 

Suppose we have a congruence of circles Ci, whose axes are tangent 
to the curves u = const, of a net N, the circles being determined 
by a solution 0 of the point equation of N, as discussed in § 99. 

Any net N conjugate to this congruence of axes is defined by 
equations of the form 

0i dx 

( 57 ) x ~ x ~Td[J^> 

dv 

where 0, is another solution of the point equation (36) of N (§ 8). 
90/30 

Evidently 0 given by 0 = 0 — 0i —j — -is a solution of the point 

equation of N. Hence the spheres S with centers on points of N 
and radii determined by 

' =20 


form a congruence. It is readily found that the circles C\ lie on 
the corresponding spheres of this congruence. 

We say that a congruence of spheres and a congruence of 
circles are harmonic , when the centers of the spheres describe 
a net conjugate to the axes of the circles, and the latter lie on 
the corresponding spheres 86 ): 

We may state the preceding results as follows: 

If a congruence of circles is determined by a solution 6 of the 
point equation of the net N ivhose curves u = const, are tangent to 
the axes of the circles , and 0i is the solution determining a net N 
conjugate to the axes , the congruence of spheres harmonic to the circles 
and with centers on N is determined by 


( 58 ) 


0=0 


0 ! 9 0 
90i 9 v * 
dv 


86 ) Cf. Guichard, Annales L’Ecole Norm. Sup., ser. 3, vol. 20 (1903), p. 197. 
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Consider the converse problem when the spheres are given 
with centers on a net N and radii determined by a _solution 0 of 
its point equation. A congruence O conjugate to N is obtained 
by drawing through points of N lines parallel to the lines joining 
the origin to points of a parallel net N' whose coordinates x' are 


given by 
(59) 


dx' ^ dx da s' 3a; 

3m 3m’ dv dv' 


A function 0' is given by the quadratures 


(60) 


3 0' _ 3 0 30' _ l 30 

dn du’ dv dv' 


From (I, 37) we have that the focal point generating a net N 
whose curves u — const, are tangent to the congruence O is given 
by equations of the form 

(61) x — x j-sc\ 

Moreover, 1 il is the solution of the point equation of N determining 
N as a Levy transform of N (§ 8), that is the function 0 t referred 
to in the above theorem. Hence it is readily seen that the function 

(62) 0=0 j9' 

enables us to express 0 in the form (58). Consequently the spheres 
with centers on the net N and radii determined by 0 meet the 
corresponding spheres of the given congruence in circles harmonic 
to the latter. Accordingly we have: 

The determination of congruences of circles harmonic to a con- 
gruence of spheres is the problem of finding congruences conjugate 
to the net of centers of the spheres and a quadrature. 

Since 0' is determined by (60) to within an additive constant, 
there are oo 1 congruences of circles harmonic to the given congruence 
of spheres such that corresponding circles have the same axis. 

This result may be obtained in another manner which brings 
to light the role of transformations F in this theory. Let N t (xx) 
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be an F transform of N by means of a solution 6 of the point 
equation of N, the congruence G of the transformation having 
parameters x'. Thus 


From (II, 7) we have 


where 


1 — X — 

V — r 

-T-X . 



0 


dxi 

dxi 

__ , 9»t 

1 dv’ 

9 n ’ 

dv 

i 


l 

-he’ 

O' — 10 ’ 


Consequently from (61) we have 


We call the functions 


1 

X — Xi — -j-Xi. 

(1 


6 e' 

1’ 


the solutions of_the point equations of _Ni and N{ corresponding 
to the solution 0 of the point equation of N. We find from (62) that 


Consequently we have: 

If N and N± are F transforms of one another , and 6 and 0\ are 
corresponding solutions of the point equations of N and N± respectively, 
the congruences of spheres S_ and Si with centers on N and Ni and 
radii determined by 6 and 0± respectively , intersect in a congruence 
of circles having the lines of congruence of the transformation F 
for axes . 

When, in particular, 0 — 0 , the function 0i — 0, and the 
spheres Si pass throughjthe origin. Hence: 

If the central net N of a congruence of spheres S whose radii 
are determined by a solution 0 of the point equation of N is sub- 
jected to a transformation F determined by 0, the spheres Si with 
centers on the transform Ni and passing through the origin meet 


17 
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the spheres S in a congruence of circles harmonic to 8; moreover . 
the oo 1 congruences of circles harmonic to the spheres 8 and with 
the same axes are obtained in this ivay bg varying the additive 
constant of integration in 0 

From this result and (38) it follows that the circles are the 
intersections of the spheres 

^ 2>o # + 20 = 0, 2x5 — 2 Sxn Xi — 0, 

where 

(63) x\ — ./ 4" x ’’ 

o' 


and the x 0 ’s are current coordinates. Moreover, in consequence 
of (63) the equation of the planes of the circles is 

(64) x' — O' = 0. 

Consequently the coordinates x 0 of the net N 0 enveloped by these 
planes are found by solving (64) and 


(65) 



dx 


du 



'sr* dx 9 6 

^ x ° Jv ~ 


in consequence of (59) and (60). From (41) it follows that (65) 
are the equations of the chord of contact of the spheres 8 with 
their envelope. Consequently N 0 is conjugate to the congruence 
of these chords of contact and we have the theorem of Guichard 87 ): 

The congruence of lines joining the points of contact of a con- 
gruence of sphet'es with their envelope is conjugate to the net enveloped 
by the planes of any congruence of circles harmonic to the spheres . 

The quantities x' and 0' are tangential coordinates of N Q . 
The tangential coordinates of the net iV 10 enveloped by the planes 
of any other congruence of circles harmonic to the spheres are 


given by 

' dx" 

— !l d K 

Ox" 

r 

Ox' 


du 

h du ’ 

dv 

i 

Oi v’ 

(66) 

9 0" 

__ h! 00’ 

9 0" 

i 

09' 


, du 

h 9 u ’ 

dv 

i 

dv’ 


87 > L. c., p. 197. 
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in consequence of (59) and similar equations defining the other 
congruence of circles. But from these equations it follows that N 0 
and Niq are in relation F or are parallel. Hence: 

When two congruences of circles are harmonic to the same con - 
gruence of spheres, the nets enveloped by the planes of the circles are 
in relation F or are parallel . 

Conversely since the tangential coordinates of any two nets in 
relation F can be chosen so that they satisfy equations of the 
form (66), it follows that the tangential coordinates of any other 
net conjugate to the lines joining corresponding points of N 0 and 
Mo satisfy equations of the form (66). Hence: 

If S is a sphere describing a congruence and O is the congruence 
of lines joining the points of contact of 8 with its envelope, the 
tangent planes of any net conjugate to G meet the spheres S in a con- 
gruence of circles harmonic to the spheres**). 

106. Representation in 5-space. When we interpret the 
results of § 105 in terms of nets and congruences in 5-space, we 
find that a net representing the congruence of circles is harmonic 
to a congruence representing the congruence of spheres. We shall 
establish this result. 

From (2), (32), (37) and (38) it follows that the parameters 
of the spheres giving rise to the circles C\ are of the form 


fii — h 


hxi (i - 
dxi 


dv 


1, 2, 3), 

d logfl 
dv 


a 4 


Xi 


i) (* “ 1, 2, 3), 






9 lo g a \ 
9?; / 


Since the functions «' and fi' are the direction-parameters of the 
tangents to a net, they are solutions of a system of equations of 
the form (1,4). Any other solution e x of (36) gives two other solutions 
of this system, namely 


p' = he i, 




d log a 


dv 


®i 


88 ) Of. Guichard, L c. p. 197. 

17 * 
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We make use of this fact to obtain the parameters of the con- 
gruence in 5-space representing the congruence of spheres -S' harmonic 
to the circles Ci in § 105. In fact, from (57) and (58) it follows 
that the parameters a of the congruence are given by 


— hxi 


h s 


80, 

dv 


-W-Piv') 


a = i, 2 , 3), 



Hence (§ 13) the congruence and net in 5-space corresponding to 
the congruences of spheres and circles are harmonic. 

In order to prove conversely that congruences of circles and 
spheres represented by a net and a congruence harmonic to it in 
5-space are harmonic to one another, we take the direction-para- 
meters, a and /3, of the net in the normal form, so that 


(67) 



M 

du 


mu. 


The parameters of any harmonic net are of the form 
(68) a — aq — ftp, 

where p and q are a pair of solutions of (67). From these ex- 
pressions it follows that the spheres S of coordinates a pass through 
the circles of intersection of the corresponding spheres of coor- 
dinates a and /3. Hence their net of centers is conjugate to the 
congruence of the axes of these circles, since the curves of the 
net and the developables of the congruence are parametric. 

From (68) we have by differentiation 

da da dp . da dq dfi - 

du ^ du dll ’ dv dv U ^ dv’ 


( 69 ) 
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When u varies the characteristics of the spheres S are circles, 

d cc 

/',, the intersection of the spheres of coordinates « and which 

in consequence of (67), (68) and (69) pass through the corresponding 
points, A t and At, where the spheres of coordinates « touch their 
envelope. Similarly, when v varies the characteristics of 8 are 
circles r a passing through the corresponding points B t and B a , 
where the spheres of coordinates ft touch their envelope. We have 
seen that the lines AiA s and B x B 2 are the tangents to the parametric 
net N on the envelope of the circle C\ (§ 97). Moreover, we know 
that the lines of intersection of the planes of the circles r , and 
A, that is the joins of points of contact of the spheres 8 with 
their envelope, form a congruence with the developables parametric. 
Hence we have the fifth theorem of § 105. 

107. Conjugate congruences of spheres and circles. 
We return to the consideration of the congruence of spheres S 
whose centers describe a net N and whose radius is determined 
by a solution 0 of (36), the point equation of N. By means of 
a solution 0, of (36) we determine Levy transforms N-i and N l of 
N, such that MM- 1 and MM\ are tangent to the curves of para- 
meter u and v respectively of N. By means of the functions 


(70) 


0-i = 


0i 8 0 

90i 3 m’ 
du 



dj 

dv 


we determine spheres 8— 1 and 81 with centers on N-i and Ni respec- 
tively. The spheres 8 meet the spheres S-i and Si in congruences 
of circles C~i and C) respectively, harmonic to S - 1 and Si. More- 
over, corresponding circles C_i and 6\ meet in the points Ai and 
A 2 where 8 touches its envelope (cf. fig. 6). 

Since the nets N - 1 and Ay are Laplace transforms of one 
another, the same is true of the functions 0_ 1 and 0i (I, Ex. 11). 
Consequently by the fourth theorem of § 99 the circles C of inter- 
section of the spheres S-i- and ^1 form a congruence. Since the 
spheres S- 1 and ^1 pass through Ai and A 2 , so also does their 
intersection C. 

From §97 it follows that the points_of contact, B- 1 , B'~i 
and Bi, B[ respectively, of the spheres 8 - 1 and ^1 with their 
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Fiff7 


envelopes lie on C, and that the lines 
B~ i B - 1 and BiB[ are the tangents to 
the net N enveloped by the planes 
of C. Since S-i is harmonic to C—i, 
it follows from § 105 that the line 
B-iB'-i passes through the net enve- 
loped by the plane of C— i, that is 
the second focal net of Ai A 2 . Simi- 
larly the line BiB[ passes through 
the first focal net of AiA 2 (cf. fig. 7). 
Consequently the congruence A\ A 2 is harmonic to N. Hence 89 ): 

If Ai and A 2 are ttie points of contact with its envelope oj 
a congruences of spheres S with centers at points of a net N and G 
is any congruence harmonic to N, the circles with the lines of G 
for axes and passing through the corresponding points Ai and A 2 form 
a congruence. Moreover, the congruence Ai A 2 is harmonic to the 
net enveloped by the planes of the circles. 

Consider now the representation in 5-space. To the spheres 8 
corresponds a congruence G, to C\ and C - 1 the focal nets Ft and 
F 2 of G, to <Si and S-i congruences harmonic to Fi and Ft, which 
are tangents to a net P representing the congruence of circles C. 

Hence the net P is conjugate to G. 

Conversely, if we have a congruence 
G and a conjugate net P in 5-space, 
to G there corresponds in 3-space a con- 
gruence of spheres 8 with centers at points 
of a net N. It touches its envelope at 
the points, A\ and A 2 , of intersection of 
Ci and 6-i, the characteristics of 8 when 
v and u vary respectively. Since the 
tangents 1\ and T 2 to the curves of 
parameter v and u of P are harmonic to 
the focal nets F\ and F 2 of G, they gene- 
rate congruences represented in 3-spac* by congruences of spheres 
harmonic to the circles_Ci andjCLi respectively, the centers of the 
spheres being on nets Ni and iV_ i conjugate to the tangents to 



M ) Cf. Guichard, 1. c., p. 198. 
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the curves of parameter v and u respectively of N. However, since 
7\ and Ti are tangents^ to the net P, the two congruences of 
spheres with centers on N y and N - 1 meet in a congruence of circles, 
and corresponding points of Ni and N- 1 are the foci of the axes 
of the circles (§ 97). Hence (§ 10) the congruence of axes is 
harmonic to (V. In view of these results we say, with Guichard, 
that congruences of spheres and circles related as in the preceding 
theorem are conjugate to one another 90 ). 

In order to obtain a congruence of circles conjugate to a con- 
gruence of spheres, we note that the coordinates of N\ are of the 
form (57) where 6 \ is a solution of the point equation of N, the 
net of centers of the spheres. The function (h determining the 
radius of is given by (70). Hence the circles are defined 
by the equations 

(71) ZW-Zyx i) + 2# a =0, Zt/ - 9 9 ”7 = 0, 

where the //'s are current coordinates. 

Conversely, if we have a congruence of circles, any net har- 
monic to the axes of the circles is given by equations of the 
form (61) and the radius of the spheres of the conjugate congruence 
is determined by (62). The converse may be stated in geometrical 
form, if we observe that it follows from the representation in 
5-space that there is a reciprocal correspondence between the 
congruence harmonic to N and the nets harmonic to the congruence 
of axes of the circles. In view of this fact and the preceding 
results we have: 

If O Vi a congruence harmonic to the net N enveloped by the. 
planes of the circles of a congruence, and Ai and A 2 are the points 
of meeting of a line of O and the corresponding circle of the con- 
gruence, the plane determined by the mid-point of the segment Ai A 2 
and the axis of the circle envelopes a net N; the spheres with centers 
on N and passing through Ai and A 2 form a congruence conjugate 
to the given congruence of circles 91 ). 

108. Congruences of circles K determined by trans- 
formations R. In § 81 we found that if A) and N s are R trans- 

9 “) L. c., p. 197. 

9I ) Cf. Guichard, 1. c., p. 198. 
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forms of an 0 net N, there can be found by quadratures alone a set 
of oo 1 nets iV c , of which Ni is a member, which are B transforms 
of a family of oo 1 nets N 12 , of which N is a member; corresponding 
points of these oo * nets lie on a circle K; the tangent planes to 
the nets at points of K pass through a point M* which describes 
a net Na conjugate to the congruence K of the axes of the circles K, 
this congruence being harmonic to the central nets of the trans- 
formation of N into N c ; the normals to the nets Nu and N e at points 
of K are tangent to the sphere S with center at Ma and passing 
through K. We wish to show that the circles K form a congruence 
of circles and the spheres S a congruence of spheres harmonic to 
the former. 

Since (o = £ x* is a solution of the point equation of N, 

u 

the function (cf. § 81 and VI, 96) 


W01 = «— p 
Pi 


is a solution of the point equation of Not, and consequently 


°y\ — w o\ • 


'V% 


«01- 


floi 9a>oi ^ (0i lh — 02 pi ) Q + (0 2 Q i — 0i <h) P 

Pi ?a— JPa 

(0i P * — 02 Pi) it-f- (02 J’l — 0i J’a) P 


90°i d u 
du 

0oi 9 «oi 


90oi 

dv 


dv 


w + - 

to — |- 


Pi r 2 — p* n 


are solutions of the point equations of the focal nets I\ and F 2 of 
the congruence K , and either is a Laplace transform of the other. 

From (VII, 33) it follows that the radii of the spheres with 
centers on Fi and F 2 and passing through the corresponding circles 
K are given by 

_ (flijy— flsjPi) 8 +(02 gi— ftiga)* 

(piqs-lhqiy 

7>« __ Oj ( Ot n — Oi ?'g)* 

v ' (pin— pin)* 
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From these equations and (VII, 33) we find that 

2 yl—Rm — 2 0 >y„ '2,1)2—01.= 2 My,. 


Hence (§ 99) the circles K form a congruence, and the spheres 8 
form a congruence harmonic to these circles (§ 105). 

.From the second theorem of § 11 it follows that the lines 
joining the focal points of the same rank of corresponding lines 
of the congruences of the transformations R of jV into two nets of 
the class N c meet in a point M which describes the net N enveloped 
by the planes of the circles K. If Ai and A 2 are the points of 
contact of the sphere 8 with its envelope, the lines A\ A s form 
a congruence O which is conjugate to the net N (§ 105). 

Since normals to a pair of nets N and Ni are tangent to the 
corresponding sphere S, the circles orthogonal to N and A T i form 
a cyclic system (§ 79) and lie on the spheres S. Tn § 113 it is 
shown that a cyclic system is a congruence, and consequently this 
cyclic system is harmonic to the sphere. From the results of 
§ 105 it follows that the axes of these circles form a congruence 
conjugate to N d . 

109. Orthogonal congruences of spheres and circles. 

Consider the congruence of spheres S with centers on N(ir) and 
radii determined by a solution 0 of the point equation of N, and 
also the harmonic circles whose planes are defined by (64). The 
spheres S with centers on the net N enveloped by these planes 
and with radii determined by a solution y of the point equation 
of N are orthogonal to the corresponding spheres S, when, and 
only when, 

(72) <1 — 2 X x — 9. 

In consequence of (65) we have 


(73) 


d<f 

9 u = Yu’ 


d (p _ v 1 — 9 

— — ZyX ---■ 


Because of these equations it follows that the spheres S are 
orthogonal also to the first and minus first derived spheres of 8 
(§ 99). Moreover, equations (73), being of the form (41), show 
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that the line joining the points where # touches its envelope passes 
through the corresponding point of N and hence is the axis of 
the circle. 

Conversely, let y be any solution of the point equation of N, 
and let 8 denote the spheres with centers on N, and radii deter- 
mined by </. Let N{x) be any net conjugate to the line joining 
the points of contact of S with its envelope, then equations (73) 
hold. By differentiating them with respect to r and u respectively, 
we get 

^ dx d x dx dx _ - 

^ Tv du ~ ° 9 ^ Ju Tv ~~ 

In consequence of these equations 0 given by (72) is a solution 
of the point equation of N, and therefore the spheres 8 with centers 
on N and radii determined by 6 meet S and the two derived con- 
gruences of spheres orthogonally. We say that the congruence 
of spheres 8 are orthogonal to the congruence of circles in which 
the spheres 8 are cut by the tangent planes of N. 

By definition the poles of a circle are the two points on its 
axis, equidistant from the plane of the circle, which are the centers 
of the null spheres passing through the circle; any sphere with 
center in the plane of a circle and orthogonal to a sphere through 
the circle passes through the poles of the circle 92 ). For the present 
case the points of contact of S with its envelope are the poles 
of the circles, since the spheres 8 are orthogonal to 8 and its 
derived spheres. Hence : 

The circles in the tangent planes of the surface of centers of 
a congruence of sph&'es which have for poles the points of contact 
of the spheres with their envelope fcn'm a congruence of circles whose 
focal parameters are the same as for the congruence of spheres. 

Also: 

If C describes a congruence of circles \ the spheres with centers 
on the net enveloped by the plane of C and passing through the 
poles of C form a congruence orthogonal to the congruence of circles™). 

We have seen that the spheres S orthogonal to a congruence 
of circles C are orthogonal to any congruence of spheres 8 har- 


92 ) Note that when the circles are real the poles are imaginary and vice-versa. 
( ' 3 ) Cf. Guichard, 1. c., p. 195. 
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monic to G, as are also the first and minus first derived spheres 
Si and S-i of S. Hence if the equation of S is £yz — 0, and the 
equations of C are ]?uz = 0, ]£]Sz = 0, where the «’s and fi's 
satisfy (67), it follows from (68) that 


2 >« = o, Er/> = o, 2 j£« = o, 


Consequently the spheres S, Si and S - 1 are represented in 5-space 
by a congruence and its first and minus first derived congruences 
whose lines are perpendicular to the tangents to the net represen- 
ting C. Conversely, if we have such a configuration in 5-space, 
the corresponding spheres S, Si, S-i, in 3-space are orthogonal to 
the congruences of spheres harmonic to the circles C represented 
by the net. Consequently the points of contact of S with its 
envelope are the poles of C. Since the centers of the spheres lie 
in the planes of C, and these planes are the tangent planes of 
the central net of S, the spheres are orthogonal to the circles. 
Hence : 

A necessary and sufficient condition that a congruence of spheres 
and a congruence of circles he orthogonal is that the congruence of 
spheres and its first and minus first derived congruences he represented 
in 5-space by congruences of lines perpendicular to the tangents to 
the curves of the net representing the congruence of circles. 

no. Transformations F of congruences of circles. 
Consider the congruence S of spheres and the circles C harmonic 
to them, as defined in the preceding section^ and in addition a 
second congruence of circles C\ harmonic to S. Let Nfxi) be the 
net enveloped by the planes of these circles and <pi be the solution 
of the point equation of Ni determining^ the congruence of spheres 
with centers on N x and orthogonal to S. Then 


(74) 

and 


(pi 


y'.x xi — 6, 


jX 


dx\ 

9w~’ 


jX- 


d xi 

dv 


(75) 


9<n 
3 m 


9 <p i 
dv 
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From the fifth theorem of § 105 it follows that Ni is an 
F transform of N, or is parallel to N, the nets N and N x being 
conjugate to the congruence 0 of lines joining the points where S 
touches its envelope. Consider first the case where N and N x are 
not parallel, then 

(76) Xi = X — yz', 

where 6 is a solution of the point equation of N, the direction-para- 
meters x' of 0 and d' being in the relations 


3 a/ _ d_x 9a/ _ 3a: 3 fl' dd dtf_ _ 3# 

3 u 1 du’ dv dv’ dn d u ’ dv dv 


Since 0 is normal to the tangent plane to N, we have 


(78) 


2y-^=o, 

** du 


V i 9® n 

2 * jv = °' 


and consequently </ defined by 

If' = x 


(79) 

satisfies the equations 


(80) 


3 <f' _ , 3 < p 
du ~" h Ju’ 


d<f' 3 (f 

dv dv' 


From (72), (74), (76) and (79) we have 


(81) 9>i = 9 , —y9>', 

that is (pi is the transform of <p. 

Conversely, let N and Aq be two nets in relation F, and <p 
and 5pi be corresponding solutions of their point equations in the 
relation (81). Let C and C x be congruences of circles in the planes 
of N and N x determined by the functions <p and spi respectively. 
The equations of the axes of these circles are 
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(82) 

V dx 

dp 

~~Tu 

= o, 

X 1 9 X 

dp 

Tv ~ 

and 






(83) 

X 1 dx\ 
du - 

d(fi 

du 

= 0, 

dv 

9 9Pi 
dv 


These two lines are found to intersect in consequence of (76) and 
(81). If_we denote by x the coordinates of the point of inter- 
section M, we find that they satisfy (82) and (79). 

From (79) and (80) equations (78) follow. In view of this 
result and the fact that x' and y' are solutions of the point equation 
of Adequation (79) is the tangential equation of a net, and there- 
fore M describes a net conjugate to both axes. 

From the preceding section it follows that the spheres 8 with 
centers M and radius determined by 6 given by (72) are harmonic 
to the circles C. But by means of (76), (79) and (81) we find 
that (74) is a consequence of (72). Hence the spheres 8 are like- 
wise harmonic to C\. 

We say that the circles C and Ci whose planes envelope nets 
in relation F and which are determined by solutions of the point 
equations of these nets in the relation (81) are F transforms of one 
another , or simply in relation F. Hence: 

Two congruences of circles which are F transforms of one an- 
other are harmonic to a congruence of spheres, and two congruences 
of circles harmonic to a congruence of spheres are F transforms of 
one another unless the corresponding circles lie in parallel planes. 

Incidentally we have: 

When two congruences of circles arc in relation F, corresponding 
circles meet in the two points where each circle cuts the corresponding 
line of the harmonic congruence of the transformation F of the nets 
enveloped by the planes of the circles. 

If N, iVi, Ni and Nu are four nets of a quatern in relations F 
(§ 21) and the planes of congruences of circles C, Ci and C 2 enve- 
lope the respective nets N, N\ and N 2 and are determined by 
functions y, yi and y 2 respectively, where 


0i , 

n = f , 


02 II 

vr ’ 


(f2 — <p 
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the function <pu, defined by 

6 " 

( 84 ) Oi 0 'i 2 tf u — ~r~ (fii @21 9>i -f* @i @12 if 2 — @12 @21 </), 

v 2 


is the corresponding solution of the point equation of N v2 , whose 
coordinates are given by (II, 49). Hence the circles C 12 whose planes 
envelope jV 12 and which are determined by f V > are F transforms of 
Ci and C 2 . 

We shall give another geometric interpretation of transformations 
F of congruences of circles. Take two congruences of circles con- 
jugate to the same congruence of spheres. Since their axes are 
harmonic to the net of centers of the spheres, the intersections of 
corresponding axes form a net, and consequently the spheres with 
centers at points of this net and containing the circles form a con- 
gruence of spheres harmonic to the two congruences of circles. Hence : 

Two congruences of circles conjugate to a congruence of spheres 
arc in the relation of a transformation F. 

As a corollary we have: 

The nets enveloped hy the planes of the drcles of two congruences 
of circles conjugate to a congruence of spheres are in the relation of 
a transformation F. 

In consequence of the last theorem of § 107 and the second 
of § 110 we have: 

Two congruences of circles in the relation of a transformation F 
are conjugate to a unique congruence of spheres. 

From the foregoing theorems follows the theorem: 

Any tivo congruences of circles harmonic to a congruence of 
spheres are conjugate to a congruence of spheres, and conversely. 

Since two congruences of circles in relation F are conjugate 
to a congruence of spheres, it follows from that the nets in 5-space 
representing the congruences of circles are conjugate to the con- 
gruence of lines representing the spheres. Hence: 

The nets in 5-space representing congruences of circles in relation F 
are F transforms of one another; and any two nets in 5-space in 
relation F correspond to congruences of circles in relation F. 

The theorem preceding this one is a consequence of the latter and 
the fact that two nets in relation F are harmonic to a congruence. 
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hi. Parallel transformations of congruences of circles. 

We consider the exceptional case where the corresponding planes 
of two congruences of circles harmonic to a congruence of spheres 
are parallel. Now 


(85) 


9 J‘i . dx dxi . d<p 

TT ~ 1 Ju’ TV ~ 1 Tv ' ’ 


and consequently (75) is satisfied by 


( 86 ) 


Sfi __ j fjp 9 yi _ ; Qy 

dit d u ’ dv dv' 


Suppose, conversely, that we have two congruences of circles, 
C and Ci, whose planes envelope parallel nets N(x) and Ni (xi), 
and the circles are determined by corresponding functions </ and <pi, 
that is in the relation (86), we say they are parallel transforms of 
one another. 

We consider the point M of coordinates x defined by (73) and 
(87) ^jX (xi — x) — <fi — (f. 

By differentiating this equation and making use of (73), (85) and 
(86), we find 



Since x\ — x and yi — (/ satisfy an equation of the Laplace type, 
they are the tangential coordinates of a net, the locus of M. From 
§ 109 and (87)_it follows that the spheres of center M and radius 
determined by 6 given by (72) are harmonic to the circles C and 6). 
Hence : 

Two congruences of circles ivhich are parallel transforms of 
me another are harmonic to a sphere; and congruences of circles 
harmonic to a sphere such that corresponding planes are parallel, 
are parallel transforms of one another. 

1 12. Congruences of spheres with applicable central 
nets. Let N{x) and N(x) be two applicable nets in 3-space. Since 
they have the same point equation, the function 
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(88) 2e 0 =]£x*— 

is a solution of this equation. _If 0 is a solution of this equation, 
the spheres S with centers on N and radii given by 

(89) 2 0 

form a congruence. Since this may be written 

(90) R*=2x 2 — 2(0+0 o ) 

the spheres S of radius R and centers on N also form a congruence. 
Moreover, corresponding spheres of these two congruences touch 
their envelopes at the same points when N and N are applied to 
one another. This result follows from the following theorem of 
Beltrami which is a consequence of the last theorem of [§ 164] : 

When the surface of centers of a two parameter family of 
spheres is deformed, the points of contact of the spheres with their 
envelope (which itself changes in the deformations) are fixed points 
with respect to the spheres. 

When 0 = 0 in (89), the spheres S pass through the origin. 
The envelope of these spheres is the origin O and the locus of the 
point O' symmetric to 0 with respect to the tangent planes to N. In 
accordance with the above theorem, when N is applied to N, the 
loci of 0 and O' are the sheets of the envelope of the spheres. 
Since 0 and O' are the points of contact, we have by § 109 that 
the null spheres with centers at 0 and O' meet the tangent planes 
to N in a congruence of circles orthogonal to the spheres S. More- 
over, as N may be displaced in space the null sphere at the origin 
may be replaced by any fixed null sphere. Hence: 

If N and N are applicable nets, the circles, in which the tangent 
planes of N are met by a fixed null sphere, become a congruence of 
circles when N is applied to iV. 

1 13. Generation of cyclic systems. It is our purpose now 
to show that the congruences of circles referred to in the last 
theorem are cyclic systems (§ 79) and that all cyclic systems can 
be obtained in this manner. 
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Suppose we have a surface S referred to a general moving 
trihedral. From [§ 69, (51)] it follows that if (xo, y 0 , z 0 ) is a point 
fixed in space, it is necessary and sufficient that 


dxp 

9m 

8. Vo 
9 m 

8zq 
9 m 

If we put 


+ ? ■+• qzo — i‘i/o — 0, 
-\~y + rx<,— pz 0 — 0, 
-\-pyo~qxo = 0, 


\ 8 Xq j ^ 

A — — h ? — r Vo, 


B 


9 m 
8 Vo 


9 m 


• V + rxo, 


dxp 

dv 

8 Vo 
dv 

d Zp 

9 v 


+ £i + Vi — nvo — - o, 
+ f?i + r,a: 0 — PiZo = 0, 
+ P1V0 — i\Xo — 0 . 


‘‘I i 1 ' ~j~- + ?i — >'iVo> 
Bi = + r/i + l*t x o, 


the first four of the above equations may be written 

(91) qz o =• — A, q t z 0 — — A,, pz» - /i, p,2<, — B u 

and the last two 

Zo~ = -(xoA + yoB), = — {xoA, + Vo#i). 

OU 0 V 

It follows from (91) that 


(pq l —p l q)zl—(AB l — A l B) — 0. 

Comparing these results with equations [§ 174, (12), (13)], we 
have that the circles of radius iz 0 and center (x 0 , Vo) lying in the 
plane z — 0 of the moving trihedral form a cyclic system. Evi- 
dently these are the circles in which these planes are met by the 
fixed null sphere 

2(x— x 0 y — o. 

Conversely suppose we have any cyclic system consisting of 
circles, of center (xo, Vo) and radius R, lying in the plane z — 0; 
then xo, y 0 , R must satisfy [§ 174, (12), (13)]. Since these equations 


18 
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involve only the first fundamental coefficients of 8, an infinity of 
cyclic systems is obtained by the deformation of the envelope of 
the planes of the circles. As the values of p, q, p u given by 

(91) satisfy [§ 69, (48)] one of the deforms of 8 is determined by 
these values. The point whose coordinates with respect to its 
moving trihedral are x 0 , y 0 , — iB is fixed in space and consequently 
we have the theorem of Darboux 04 ): 

A general cyclic system of circles situated in the tangent planes 
to a surface S is obtained by taking a deform of S, say 8, con- 
structing the circles C of intersection of the tangent planes of S by 
a fixed nidi sphere and then taking the positions of C when 8 is 
deformed into S. 

If the center of the fixed null sphere is (a lt « 2 , ctf), 20 in (89) 
is ax — ^£a 2 , and consequently we have: 

If N(x) and N(x) are applicable nets , the circles in the tangent 
planes of N{x) determined, by the solution S.r 2 — ^l(x — a)* of its 
point equation form a cyclic system. 

In other words we have: 

If N(x) and N(x) are applicable nets, the circles in the tangent 
planes of N which have for poles the points of contact with their 
envelope of splures with centers on N and radii given by 

B 2 = ^(x — af 

form a cyclic system. 

1 14. Transformations F of cyclic systems. In § 110 
we established transformations F of congruences of circles. Now 
we wish to show that certain of these transformations transform 
a cyclic system into cyclic systems 95 ). 

Let Nfx) be the net enveloped by the planes of the cyclic 
system C, N(x) the applicable net and y given by 

(92) 2 <p — y'.x 2 — £x 2 

the function determining the cyclic system, the point equation of 
N and N being (36). 


,4 ) Lemons, vol. 3, p. 354. 

w ) Proc. Nat. Acad. Sci., vol. 5 (1919), p. 555. 
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In § 27 we showed that if h and l is any pair of solutions 
of the system 

, no \ dfl n i\ 3 log a dl n n 8log6 

(93) = <! - » ~ 8T~ ’ 8S “ {h ~ 9 du * 

the nets A' (#') and A' (A), whose coordinates are given by 

9a/ , 9a; 9a/ . 9a; _ 9 a/ , 9a; 9x r 9x 

9m * 9 m ’ 9 i> 9 ’ du du’ dv dv ’ 


are applicable, and parallel to A and A respectively. Also, if 0' 
is the solution of the point equations of A' and A' defined by 


(95) O' = Zx't—Zx'*, 

and 0 is given by 


(96) 


9 0', 9 0 9 0' 9 0 

du 1 du’ dv dv’ 


the nets A 1 (a , 1 ) and A, (a;,), whose coordinates are defined by 

0 0 

(97) X l =^X — -yX , t x l =x — -^ r x', 


are applicable, and are F transforms of A and A respectively. 
The circles (7 X lying in the tangent planes of A x and deter- 
mined by the function <p lt given by (81), form a congruence, which 
is an A transform of C (§ 110). These circles form a cyclic 
system, if 

2 ip i —^x\ — Sxl 

Substituting the values from (81) and (97), we find 

(/ =£x x' — Sx x' jp 

As this function satisfies (80), we have: 

If N(x) and N(x) are applicable nets and N'(x') and F'(x ! ) 
are applicable nets parallel to them, and A x is the F transform of 


18 * 
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A by means of N f and the corresponding functions 0 and o'=Z x ' 
— 7,x ft . the circles in the tangent planes of N 1 determined by 
where 

(98) 2 f/, = Z x * ~~Z X 2 — 2 jr (Z xx ~Z X x ' — y) , 

form a cyclic system which is an F transform of the cyclic system 
of circles in the planes of N determined by 2 </> ----- — 'Sx 2 . 

We remark that similar results hold for the cyclic systems 
of circles in the tangent planes of A and N % determined by 
<p — — (p and <ji — — <fi respectively. 

We shall show that these transformations admit a theorem 
of permutability. To this end we take two nets N\x') and A"(a?") 
parallel to N and the nets A' and N" parallel to A and applicable 
to N' and N" respectively. By means of these we determine two 
F transforms, N v and A 2 , of A, and N\ and A 2 of A such that 
Ni and A x are applicable, and also A 2 and A 2 . If we choose the 
additive constants in the functions 0 " and 62 so that (cf. II, 97) 

-j~ 62 — 2 ( x ,r — f x ,r ) = 0, 

there are 00 1 pairs of applicable nets A 12 and A r 12 such that A, 
N u A 2 , N 12 and iV, N u A 2 , A ia are quaterns under transformations A. 

In accordance with the preceding theorem, we set up a cyclic 
system* in the planes of A t with circles determined by (p t given by 
(98), and a cyclic system in the planes of A 2 with circles deter- 
mined by 

n ■= <r—jf (Z x x " — Z xx "— j j • 

Since 9 ! and <p t are transforms of 9 by (81) and an analogous 
equation, it follows that a solution 9,2 of the point equation of 
N lt is given by (84). 

In order that 9 12 shall define a cyclic system for N ta , we must 
have, in accordance with (98), 

<pi* = <Tt — {Z x 1 x "' —Z x 1 x "' — • 

It is readily found that this condition is satisfied identically. Hence: 



115. Cyclic systems in 3-space and nets 0 in 5-space 


277 


If C\ and Cg are two cyclic systems ivhich are F transforms of 
a cyclic system C, there can he found by quadratures oo 1 cyclic 
system C* 12 which are F transforms of (\ and Cg. 

1 15. Cyclic systems in 3-space and nets O in 5-space. 
From the theorem of [§177] it follows that the spheres focal to 
a cyclic system are orthogonal. Consequently a cyclic system is 
represented in 5-space by an 0 net (§ 98). We consider the con- 
verse problem, taking an 0 net N in 5-space corresponding to the 
determinant 

z: xu... x 5 




(99) 




z; 


I n l 

We recall that 


(100) 


3? 

dv 

= nr h 

dfj 

du 

dXk 

— S, 

d Xu 

du 

dv 

dak 

--- m l>k , 

dbu 

dv 

du 


m£, 

hkV 

nau. 


(*-1,2, 3), 


Let 2'i and denote the spheres of coordinates £ and tj 
respectively. If a are the coordinates of the congruence of spheres S 
orthogonal to the circles C represented by N, we have 

( 101 ) = 

Since the two derived spheres of S must also be orthogonal to 
Zi and Z*, we must have also (§ 97) 


< 1 «) 2 £» 


0, 


2;^ I 

^ dv 


0, 


vi da 

^3 u' 


0, 


XT' da 

Z'lTv 1 ' 


In order that (101) be satisfied, we must have 

3 

=== Xfc Xk f 

1 


(103) 


a 
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where x x , x t , x s are determined by (102). Making use of (100), 
we find that they must satisfy 

(104) ^xkak— 0, 2 Xk 

and consequently they are determined to within a factor, say t. 

3 « v ® Xk y 

dv dv 

Zftb„ = o. 

dn 

From these equations it is readily shown that the x’s satisfy the 
same Laplace equation as the a’s. If we choose the factor t so 
that a u « 2 , « 8 are the coordinates x x , x i} x» of the net N of centers 
of 8, this equation assumes theform (36), and consequently 5^, x a , oc s 
are the coordinates of a net N. Moreover, from (5), (104) and (105) 
we have 

i? 2 — — £x%, y dee 2 = £ dx 2 = y*. dx 2 . 

Hence N and N are applicable, and the conditions of the second 
theorem of § 113 are satisfied, so that we have: 

A necessary and sufficient condition that a congruence of circles 
be a cyclic system is that it be represented in 5-space by an 0 net. 
From this result and the last theorem of § 110 we have: 
The problem of transformations F of cyclic systems is the same 
as of transformations F of 0 nets into 0 nets in 5 -space. 

The centers of the spheres 2", and 2’ 2 are the focal points of 
the congruence O of axes of the cyclic system. Their homogeneous 
coordinates are 

r, -G 6 + « 4 ); v\ I s , -(* # +*V). 

Since the homogeneous coordinates of the net A; c of the centers of 
the sphere Sk of coordinates Xk are 

Xh, XI, XI —(Xi+iXt), 

it follows from (100) and § 33 that the nets Nk are harmonic to O. 




(105) 


3a 

du 


3 Xk 
du 


X k 


dXk 


Z z ~a k =O t 

ov 
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Moreover, the cartesian coordinates x of Nk satisfy an equation 
of the form (36), where 

(Ik i bk 

a ~l0+Txi’ 0 ~ xl+Txl' 

As Rk= 1/(X 1+iXji) and (X£ — iX£)/(Xk-\- iX£) are solutions, so 
also is £x% — R%. Hence the nets Nk are 2, 0. 

The equation of the sphere Si is 

The pentaspherical coordinates z and z x of the points where it 
touches its envelope are common solutions of this equation, and 

(106) 'F.Sz — 0, — 0. 

.Since they must satisfy £z* — 0 also, we have that they may 
be taken as 

(107) z = X, + iX s, z x = X 2 —iX 3 . 

These points lie on the circle of intersection of the spheres 
and S s , namely (106), and since their pentaspherical coordinates 
satisfy an equation of the Laplace type (26), the points »describe 
0 nets N and Ai (§ 95). As in the case of Nk, these nets are 
harmonic to the congruence G, and consequently the net is ortho- 
gonal to the circles. Similar results follow for the spheres S s 
and S 3 , which proves again that the circles of intersection of the 
spheres and 2 S form a cyclic system. 

In the same manner it is shown that if a u a 3 , a s are any 
constants satisfying the isotropic relation — 0, the quantities 
J^cikXu are pentaspherical coordinates of an 0 net orthogonal to 
the circles. Hence: 

The last two rows of an orthogonal determinant of the fifth 
order determine a cyclic system; any isotropic linear functions of 
the terms of the first three rows are pentaspherical coordinates of 
an 0 net orthogonal to the cyclic system. 
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1 1 6. Cyclic congruences. In § 73 we found that a necessary 
condition that a congruence be cyclic is that the direction-para- 
meters satisfy the relation 

(108) = A* IP + -B 9 V\ 

where U and V are functions of u and v alone respectively, and 
A and B are the functions which appear in the direction-equation 
of the congruence (26). Guichard 96 ) has shown that this condition 
is also sufficient for space of any order. We adapt his proof to 
the case of 3-space. 

In § 30 we saw that the homogeneous coordinates z i and y\ of 
the foci of a congruence can be chosen so that 


dz 

du 


dy 

dv 


(109) = my, 

in which case the direction-parameters 


nz, 


ir z 

satisfy an equation (26) with 


X i — (i — 1, 2, 3) 


y 


,4 > 


B •-= 


Since A lind B are determined to within respective factors U and V, 
functions of u and v alone, the condition (108) may be written 


(HO) = + 

y * 

If we define functions ? and y by the equations 

= y\ ¥ = z< (i = 1 , 2, 3), 
-(? 5 +a 4 ) = y 4 , ~(* 6 +*V) = 


7 


Z** = i, Z¥ 1, 

/= 1 


96 ) Annales L’Ecole Norm. Sup., ser. 3, vol. 15 (1898), p. 203. 
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the condition (110) reduces to 

5 

= o. 

t=i 

Moreover, from (109) it follows that the functions £ and y satisfy 
the equations (100). Hence the ?’s and i/’s are the elements of 
the last two rows of a determinant A of the fifth order. In con- 
sequence of the preceding section, we have that the congruence 
is harmonic to 0 nets. Hence : 

A necessary and sufficient condition that the direction-parameters 
of a congruence in 3-space be cyclic, that is harmonic to a net 0, is 
that its parameters satisfy a condition of the form (108). 

Exercises. 

1. Show that £< — -Jr are pentaspherical coordinates of any point of 

Hi 

the plane at infinity not on the circle at infinity ; and that a point on the circle 
of infinity has an infinite set of coordinates of the form z ( = z\ + h/R^ where h 
is any constant and = 0, ^Sz , i /R i = 0. 

Darboux, Lemons, 2 nd ed., vol. 1, p. 270. 

2 . When two spheres are orthogonal, the center of either is the pole of 
their radical plane with respect to the other; consequently any one of the five 
spheres of § 94 is conjugate with respect to the tetrahedron whose vertices are 
the centers of the other four spheres. Darboux, Principes de G6om. Anal. p. 384. 

3. If a sphere S of center (a, b , c) and radius R is subjected to an inversion 
with respect to the sphere S 0 of center (0, 0, 0) and radius k , the center (a', b', c ') 
and radius R' of the transform S' are given by 

«'b } c’_R' k 2 

a~ b ~~ c ~ R~ a 2 +b i +c t - R 1 ' 

When S is orthogonal to S 0 , S' coincides with S. Darboux, 1. c., p. 386. 

4 . When in Ex. 3 we replace S by S 0f we have R' = — R. Consequently 
the pentaspherical coordinates z* of a point P and its inverse P ; with respect 
to the fundamental sphere Sk differ in sign, but the other four coordinates of P 
and P' are respectively equal. Hence five successive inversions with respect to 
the five fundamental spheres transform a point into itself. Darboux, 1. c., p. 387. 

5. From (19) it follows that the equation in pentaspherical coordinates z 
of a sphere of radius p and center of pentaspherical coordinates z\ is 
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Hence the pentaspherical coordinates of the center and the radius of the sphere 
2a t Zi = 0 are given by 

\ 2a', V2a' 

Zi G>£ n ~ " ) P ~Z ' 

* K i y °i y a i 


Darboux, 1. c., p. 390. 

6 . If in (20) we replace clzj by dzj+ kdzj and equate the coefficients of k 
on both sides of the equation, we get 

, .v 2dzj-dzj 


dsds cos ( ds , ds) = 


(2i)' 


for the angle between two displacements. Darboux, 1. c., p. 389. 

7. A homogeneous equation <p{z\, .... z 5 ) = 0 defines a surface. For 

«n( dp dp 

a displacement on the surface dz i = 0. If we put dz i = > we 

9 ip 

have 2z i dz i = X2z i -~- = 0, since (p is homogeneous. From Ex. 6 it follows 
% 

that the displacement dz i is normal to the surface. Darboux, 1. c., p. 403. 

8. If $*(zi, .... z & ) = 0 and (z\ z 5 ) = 0 define two surfaces, the 

angle 0 between their tangent planes at any point is given by (cf. Exs. 6, 7) 

d<p 3^7 
3 zt dzi 


K2(&)*2(& 


9. The equation 


Darboux, 1. c., p. 404. 


of __ X ^ , d0 i d0 

U 1 dudv da dv 


admits the solutions 0 = A V (u — a) (v — a), where A and a are arbitrary con- 
stants. If we put f(w) = 2(iv — dj) where a- (i — ... 5) are constants, the 


five functions 


U-V* 


- u) (i a . — v) (a { — h) 


(i = 1, . . . 5) 


satisfy (24) and for each value of the constant h are the pentaspherical coor- 
dinates of a surface referred to its lines of curvature. The equation of this one 
parameter family of surfaces is 




2 ^ 7=1 = »' 


which, in consequence of (21), is expressible in cartesian coordinates as follows: 


r . y\ y\ vl 

U1 - ai — h + aj — h ^ a,—h 


(y!+.vj+yj+i ) 2 , CyM-tf+tf-D ! 


4 (a 4 — h) 


4 (a 5 — h) 



Exercises 


283 


These surfaces of the fourth degree admitting the circle at infinity as a double 
line are called cy elides. Darboux, Lemons, 2 nd ed., vol. 1, p. 258. 

10 . Show that 

(h - h') £ (a ._ fe) (a . =2 a f — h' ’ 


and consequently two cyclides meet orthogonally along their line of intersection. 
Show that three cyclides of the family (ii) Ex. 9 pass through a point, and that 
this equation defines a triply orthogonal system of surfaces. 

Darboux, Principes de G6om. Anal., p. 478. 

1 1 . A cy elide defined by (i) Ex. 9 is transformed into itself by an inversion 
with respect to any of the five coordinate spheres (Ex. 4). Darboux, 1. c., p. 421. 

12 . Show that transformations R of an O net defined in pentaspherical 
coordinates is the same problem as finding congruences conjugate to a net in 
f>-space on the hypercone (24) (cf. VI, Ex. 3). 

13. A necessary and sufficient condition that the spheres of a congruence 
be orthogonal to a fixed sphere or pass through a point is that 0 in (38) be 
a linear function of the ac’s. Show that in the former case either sheet of the 
envelope is obtainable from the other by an inversion with respect to the 
fixed sphere. 

14 . If the spheres £ of a congruence cut a fixed sphere 2 under constant angle, 
different from 0 and tt, by the addition of a constant to the radius of each sphere 8 
the new spheres Si are orthogonal to a fixed sphere Si concentric with 2. Hence 
the sheets of the envelope of the spheres S being parallel to the sheets of the 
envelope of the spheres Si are in relation R. 

Darboux, Legons, 2 Qd ed., vol. 1, p. 310. 

15. When the equations (50) of a line in r are written in the form x =■ rz + p, 
y — sz-\-e, the equation of the corresponding sphere in R is 


(*-#)•+ (r-< 


2 r 




where y = sp — re. Lie, 1. c. 

16 . To the points in R correspond in r the lines defined by the Pfaffian 
equation 


x dy — y]dx-\-dz = 0. 

Lie, 1. c. 

17 . The surface elements of a surface e (§ 103) are defined by x, y ) z, 1 #, q. 
From Ex.16 it follows that the null-plane of the point (cc,y, z) is y x' — xy’+z — z'=- 0, 
where x\ y ', z' are current coordinates. Since this is the tangent plane to e\ 
the corresponding surface element of the latter is defined by 


*'==— 1, u'—P, z'—z — xp—yq, p' = y, q' = —x. 

Lie, 1. c., p. 467. 

18. The lines through m (x, y, z) of a lying in the tangent plane are defined by 
(*'— x) = r ( z'—z ), y'— y — s ( z'—z ), 
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where x', y' , z ' are current coordinates, and r and 8 are such that pr + qs = 1. 
To these lines correspond the spheres 

(i) r(X 2 +Y 2 +Z 2 ) — (s+a? — rz)X— i(s — x-\- rz)Y+ (1 — sx + ry)Z+ y — sz = 0. 

Lie, 1. c. 

19. The tangent plane to 2 is defined by (i) Ex. 18 when r = 0, qs = l, 
that is 

(xq + 1)X— — 1) Y+(ac — — = 0. 


This plane is tangent to each of the spheres (i) at the point (X, Y, Z), where 


X + iY=-z + x 


px + qy 
q + x ’ 


X— i Y — 


y — jp 

q + *’ 


px + q y 
q + x ? 


and the other functions, P, $, of the surface elements of 2 are 

p= j*9±i 

q — sc . q — a? 

These five equations determine the surface element of 2 corresponding to a surface 
element of <r. Lie, 1. c. 

20 . Show that when the equations of Ex. 19 are applied to the surface a 

we get the same result as for a. Lie, 1. c. 

21 . Let a line d generate a congruence G , its focal points being A and P; 

and let d\ and d_ x be the corresponding lines of the first and minus first derived 
congruences of G. When this configuration is subjected to a Lie transformation, 
spheres S, Si and S_ 1 correspond to d , di and d_ 1 ; the spheres S and Si are 
tangent at a point Mi of one sheet 2i of the envelope of the spheres S, and S 
and S_ 1 at a point M_ x of the other sheet 2_ moreover, the centers € and C\ 
of S and Si are harmonic to the centers of principal curvature of 2\ at Mi and 
the centers C and C_ x are harmonic to the centers of principal curvature of 2_ y 
at M_ v Demoulin, Comptes Rendus, vol. 153 (1911), p. 590. 

22 . If in the preceding exercise the lines d belong to the linear complex 

of the transformation, the spheres S are points M ) the two surfaces 2i and 2- \ 
coincide and are the locus 2 of these points; the spheres S\ and S-i coincide, 
are tangent to 2 and their centers are harmonic to points of 2 with respect to 
the centers of principal curvature of 2 ; and the lines di and cLi are conjugate 
with respect to the complex. Demoulin, 1. c. 

23 . To a surface with isothermal spherical representation of its lines of 

curvature corresponds by a Lie transformation a surface upon which there is 
an R net for which the tangents to all the curves is one family meet a fixed 
line (cf. VII, Ex. 25). Demoulin, 1. c. 

24 . To an isothermic surface corresponds by a Lie transformation a surface 

upon which there is an R net for which the tangents to all the curves in one 
family are lines of the complex of the transformation. Demoulin, 1. c. 

25 . When a congruence in 5-space is I, the corresponding congruence of 
spheres in 3-space is formed by point-spheres, whose centers describe a surface 
upon which the parametric net N consists of its lines of curvature. The orthogonal 
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congruence of circles consists of circle points with centers on N and in the 
tangent plane of N. Guichard, 1. c., p. 199. 

26. The spheres of a transformation R in 3-space are represented in 5-space 
by a congruence 2, 1, such that if the parameters of the congruence are given 
by (2) with h = 1, the complementary function is R. Conversely any con- 
gruence 2, 1 of spheres gives a transformation of Ribaucour of the sheets of its 
envelope. 

27. A necessary and sufficient condition that on an envelope of spheres the 
lines of curvature in both systems be spherical is that the six coordinates of 
the sphere be of the form a t = Ui 4* Vr, where Z7< and V< are functions of u 
and v respectively subject to the condition 2(Ui + Vt) 2 = 0. 

Darboux, Lemons, 2 nd ed., vol. 2, p. 357. 

28. A necessary and sufficient condition that on an envelope of spheres the 

lines of curvature in one system be spherical is that the six coordinates a< of 
the spheres satisfy an equation of Laplace for which one of the invariants is 
equal to zero. Darboux, 1. c. 

29. When the envelope S of the planes of a congruence of circles is referred 
to a moving trihedral, and the coordinates of the center are (a, b) and the radius 
is R , the coordinates of the poles of the circles are (a, b, iR) and (a, b, — iR). 
The r adii of the s pheres with centers on S orthogonal to the circles are given 
by ]/a 2 + b 2 — R 2 . In this case equations (40) assume the form [§ 174, (14)]. 

30. By means of the preceding exercise and [§ 175, 20] show that a necessary 
and sufficient condition that the circles form a cyclic system is that the focal 
points of the congruence of lines joining corresponding points on the envelope 
of spheres are harmonic with respect to the points of contact. 

Ribaucour, Journ. de Math., ser. 4, vol. 7 (1891), p. 260. 

31. From the preceding exercise and § 82 it follows that a necessary and 

i. a.lxL,. -1 - - 1 A- i.L. 1 _1» - J. /» T~> 
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33 . A necessary and sufficient condition that the poles P 0 and P' 0 of Ex. 32 
describe 0 nets in relation R is that the point equation of N admit as solution 
R =Y 2jw + k 2 . This condition is reducible to 

(i) $ 2 + p0 (pi+pt) +p\ pi [0 Qt + 0 — Q 2 — r 2 ] = 0. 

Show that the two sheets of the envelope are conformally represented upon one 
another and the transformation R is D m . 

34 . If 8 and Si are two surfaces of Guichard of the first kind in the 

relation of a transformation R m (§ 92), the condition (i) of^ Ex. 33 is satisfied 
when m _= £. The same is true for the associate surfaces S and S\. The points 
P 0 and P 0 describe isothermic nets N 0 and N 0 which are Christoffel transforms of 
one another; likewise P* 0 andP' 0 ; and the product of the segments P 0 P' 0 and 
P 0 Po is_equal to 4. The nets N 0 and N' 0 are in relation Di and likewise 
No and N f 0 . Calapso, Annali, ser. 3, vol. 24 (1915), p. 25. 

35 . If two applicable nets N and N are 0 , the cyclic congruences deter- 
mined by the method of § 112 are normal, and parallel to congruences of normals 
to a spherical surface [cf. § 178]. 

36 . The problem of finding cyclic systems whose planes envelope a sphere 
is equivalent to the determination of surfaces S applicable to the sphere. If 
set, 2 *, x* are the coordinates of a surface applicable to a sphere of radius a , 
the circles in the tangent planes of the sphere determined by 2<p = a 2 — 2x\ form 
such a cyclic system. 

37 . Let S be a surface applicable to a sphere £ 0 , and x i (i = 1, 2, 3) the 
coordinates of S ; then a?i, x 2y x s , 2x 2 { are the tangential coordinates of a surface 
whose lines of curvature correspond to the lines of curvature of S. 

Ribaucour, 1. c., p. 55. 

38 . Consider a G 0 net N in 3-space as defined by (VI, Ex. 12), and take 
the congruence of spheres of radius a with centers on N. Show that corre- 
sponding points of the Laplace transforms of N lie on the corresponding sphere ; 
that the developables of the congruence G of lines joining corresponding points 
of contact of the sphere with its envelope are parametric and the focal planes 
of G are tangent to the sphere at corresponding points of the Laplace trans- 
forms, Ni and N - 1 of JV; that the focal point of the first rank of G is the center 
of the osculating sphere of the curve v = const, of Ni and the center of normal 
curvature of the curve u = const, of IV— i, and similarly for the focal point of 
second rank ; and that the curves u = const, of N_ i and v — const, of Ni have 
common osculating circles at corresponding points. 

Stetson, Annals, vol. 19 (1917), p. 123. 

39 . If the curves of two nets Ni and N 2 correspond and the osculating 
planes of the curves v = const, of Ni osculate the curves u = const, of N * at 
corresponding points, then Ni and N% are 0 nets, and Ni is the first Laplace 
transform and N% the minus first transform of a net N, which is a net G 0 . 

Stetson, Annals, vol 19 (1917), p. 123. 



Chapter IX. 

Rolling surfaces. 

1 17. Congruences harmonic to nets C. Let N (x) be 
a net C in 3-space and N (x) the applicable net. If 0 is_a solution 
of their common point equation, the congruences G and G harmonic 
to these respective nets and determined by 0 have direction- 
parameters of the form 

Y dxi, 3 0 dxi 00 — dxi 9 0 dx, 9 0 

< — Hu Jv alT Ju’ Xi ~ ~Tu ~dv~~d7 Ju' 

These functions satisfy the same direction-equation and are in the 
relation 

since N and N are applicable. 

If 0 = x 3 , then X a = 0; if 0 — x x -\-ix g , then X 1 +X 2 = 0. 
In the latter case G is 2, 1, that is a normal congruence. The 
intersections of corresponding lines of G and of the harmonic con- 
gruence G' determined by 0 = x a generate a net No, conjugate to 
G and G', being a derived net of N (§ 11). From (I, Ex. 15) it 
follows that Nd is parallel to the net of coordinates 


dx, 90 dx , d0_ £ 

du dv dv dti 8 

and the complementary function y' , defined by (VI, 17) is equal 
to 1. Hence this net and consequently Nd, is an 0 net. There- 
fore the co 1 0 nets normal to G are determined by the congruences 
harmonic to N for which 0 = xy-\- const. Then by applying an 
orthogonal substitution to the a;’s, or what is the same thing 
displacing N in space, we have : 
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If N(x) is a net C and N (x) the applicable net > of the con- 
gruences harmonic to N: 

oo 1 families of parallel congrumces are 2, 1; 
cc 2 families are 3, 1 and the others are 4, 1; 

in the first and second cases B—^ax-\-d with S a 2 — 0 and 
y a 2 4 1 0 respectively . The O nets normal to a congrumce 2, 1 are 
gene7'ated by its points of intersection with the parallel harmonic 
congruences determined by 6 = S b x + e, where Safe = 0, = 0, 

tfo being the conjugate imaginary of a. 

If now we consider the congruence G harmonic to ~N determined 
by 6 — x x -\-ix 2 , we find that the lines of this congruence lie in 
the plane x\ + ix t — 0. Moreover the points^ of these lines corre- 
sponding to the points oil the congruence G which generate the 
0 nets normal to G are the intersections of these lines in the plane 
X\ + ix 2 — 0 and the planes x$ — const. In the general case when 
0 = S* ax 4- d . with ]£a 2 —0, the lines of the congruence G lie 
in the isotropic plane ^ax + d — 0, and the points corresponding 
to the points on G describing the 0 nets are the intersections of 
these lines and the co 1 isotropic lines lying in this plane. 

1 1 8. Rolling surfaces. Let S and S be two applicable 
surfaces, and M and M corresponding points. Imagine 8 held fixed 
and 8 moved in space so that M comes into coincidence with M , 
and the tangent planes at M and M come into coincidence, and 
likewise corresponding linear elements arising from M and M. For 
each pair of points M and M we have a different position of ^. Con- 
sequently S assumes oo 2 different positions, unless 8 and 8 are 
ruled surfaces with generators in correspondence [cf. 142], in which 
case there are co 1 different positions. In this particular case the 
two surfaces do not have a net in common; it will be assumed 
that this case is excluded in what follows, unless mention is made 
of it. As S undergoes this rigid motion of two parameters it is 
said to roll on S . The common tangent plane at the point of 
coincidence of 8 and 8 is called the plane of contact 

The results of the last paragraph of the preceding section 
may be stated as follows 97 ): 


d7 ) Darboux, Annales L’Ecole Norm. Sup., ser. 3, vol. 16 (1899), p. 467. 
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When a surface _S rolls over an applicable surface 8, a plane n 
invariably fixed to S ' cuts the plane of contact of 8 and S in 
a line d which generates a congruence, which is harmonic to the 
net common to 8 and 8 . When n is isotropic , the congruence of 
lines d is normal to a family of surfaces whose lines of curvature 
correspond to the net common to 8 and 8; moreover, every isotropic 
line in it meets d in the point which describes one of these normal surfaces. 

Any line fixed to S may be looked upon as the intersection 
of two planes fixed to 8. Since furthermore, there is a unique 
isotropic plane through an isotropic line, we have: 

When a surface 8 rolls over an applicable surface 8, a line l 
invariably fixed to S meets the plane of contact in a point which 
generates a derived net of the net common to 8 and 8; if l is an 
isotropic line this derived net is an O net, the normals to which are 
the positions of the intersections of the tangent planes to S and 
the unique isotropic plane through l; all derived 0 nets are so determined. 

As a corollary we have: 

If two parallel isotropic lines are invariably bound to a surface 8 
as it rolls over S, the two Onets genet'ated by the points of meeting 
of these lines and the plane of contact have the same spherical 
representation. 

We may nowrestate the first theorem of § 118 as follows: 

If a surface S rolls over an applicable surface 8 and Q is 
a point invariably fixed to 8, the isotropic lines through Q (null 
sphere) meet the plane of contact in points P, on a circle C, which 
generate the 0 nets orthogonal to the cyclic system of the circles C. 

Also: 

If 8 and S are applicable surfaces and lines l are drawn 
through a fixed point normal to the tangent planes to S, as 8 rolls 
over 8 the lines l generate a cyclic congruence whose developables 
correspond to the net common to S and 8. 

If Nix) and N t (x t ) are nets in relation F by means of a net 
N f (x f ) and corresponding solutions 6 and 0' of the point equations 
of N and N' respectively, and y, y', yi and ip, ip f , xp x are sets of 
corresponding solutions of the point equations of N, N f and N x so that 

8 . 8 , , , 8 . 

&l = X—y x , <p~ y <Pf V'l = — * 
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the derived nets of N and A 7 , by means of the respective pairs of 
functions <p, if> and </'i are in relation F (II, Ex. 6). Suppose 
now that N, A 7 ' and A 7 j are nets C, and that the applicable nets 
are N, N' and so that 

- 0 

x, = x — -^x , 

the functions 6 and O' being chosen in accordance with § 27. If 
we take 

<p = (hx + b t y -\-c{z-\-d x , cp f — dix'+biy'+cte', 
tjj => ct^x 4 - b 2 y + cfz -f- = a<*x' -\- b» y ' -f- c%z r , 

where n x b x , . . . . d 2 are arbitrary constants, then 

<fi ~ «i a*i + 2 /i 4* Ci 24 + c?i, </h = u* .r 1 4" lh V\ 4* c 2 ^1 4" 

In this case the derived nets of iV 7 and X x are the loci of the 
points of meeting of the line 

d\ x 4~ b x y 4~ Ci z 4~ ^1 0 , #2 ^ 4" ^2 // 4" Cg ^ 4~ ^2 :;r:r ^ 0 

with the respective planes of contact as N rolls over N and K { 
over N t . Hence: 

If N and N are applicable nets, and N x and N x are F trans- 
forms of N and N respectively, by means of 0 f — S#' a — ^!x' 2 . such 
that they are applicable, and l is a line invariably bound to N and iV lt 
as N x rolls on N x the point where l meets the plane of contact of 
N x and N x generates a net which is an F transform of the net 
generated by the point where l meets the plane of contact when 
N rolls on N. 

If the line l is isotropic, the two nets thus found are 0 nets 
in the relation jB. Hence: 

If N and N are applicable nets and N x and A\ are F trans- 
forms by means of 0' — 2 x 2 — ]£x' 2 , the cyclic systems in which 
a point sphere invariably bound to N and N t meets the common 
tangent planes as N rolls on N and as N x rolls on N x are in 
relation F; moreover, the two surfaces orthogonal to these cyclic systems 
determined by each genefrator of the null sphere are in relation JR. 
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1 19. Special isothermic surfaces. We apply these results 
to the case where S is a quadric Q which meets the circle at 
infinity in four distinct points P,. Through each of these points 
pass two isotropic generators, di, d'i. The twelve points of inter- 
section of lines (h and d'k, where i -f- k, are the umbilical points of Q. 
If mi and m\ are the points where di and d\ meet the plane of 
contact of Q and S, and 2i and denote the loci of mi and mi 
as Q rolls over S, on the eight surfaces 2i and the lines of 
curvature correspond to the nets N and N common to Q and 8 . 
Two surfaces JS* and 2 k Qc ={= i) are normal to the circles of inter- 
section of the planes of contact with the point sphere having its 
center at the umbilical point of intersection Pik of di and d k . Two 
surfaces 2i and 2\ have the same spherical representation of their 
lines of curvature, by the third theorem of § 118. The 0 nets on 
and 2l are conjugate to the congruence of the lines of inter- 
section of the plane of contact and the plane of the lines di and d\. 
Likewise, the O nets on 2* and 2* are conjugate to the congruence 
of lines of intersection of the plane of contact and the plane of 
the lines di and d k , that is the tangent plane to Q at Pi k . The 
congruence of lines mi ml is harmonic to the net N on S , and its 
focal points divide harmonically the segment ra* mj, since the points 
mi and mi lie on the generators of Q. Similar results hold for the 
congruence of lines mi mf c . Hence 2i and are isothermic surfaces 
in the relation of a Christoffel transformation [§ 159]. Moreover 
2i and are in the relation of a transformation K (§ 25) which 
is a transformation D m since the nets are 0 nets. Hence we have 
the theorem of Darboux 98 ): 

When a quadric Q which meets the circle at infinity in four 
distinct points rolls on an applicable surface 8, the eight surfaces 
generated by the points of intersection of the isotropic generator's 
and the plane of contact are isothermic, their lines of curvature 
corresponding to the net common to Q and S ; two of these surfaces 
determined by generators through a point at infinity are Christoffel 
transforms of one another: two determined by generator's through 
an umbilical point are in the relation of a transformation D m . 

In § 84 we considered these isothermic surfaces from another 

98 ) L. c., p. 492. 

19 * 



292 IX. Bolling surfaces 

point of view and found that they are the type called special by 
Bianchi. 

120. Rolling of a surface applicable to a surface of 
revolution. Let S be a surface of revolution defined by 

x — r cos v. y ~ r sin r, ~z = y> (r). 

Its linear element is 

(1) ds 8 — (1 +*/*) dr~- |-r® dv t . 

Let S be a surface applicable to 8. If we put 

(2) du = Vl+j* dr, U = r, 
the linear element assumes the form 

ds 8 = du*-\- U 8 d?;*. 


The tangents to the deforms of the meridians of S, that is the 
curves v — const, form a normal congruence O for which the other 
focal surface, S lf called the complementary surface to S, is given 
by equations of the form [cf. § 76] 


(3) 


Xy — X — 


U dx 

if Ju 


We recall from [§ 124] that this surface S L is applicable to 
a surface of revolution, whose linear element is 

(4) <fs? = U* “du SJ r dw 2 , 

that the normal congruence O is a W congruence and that any 
normal W congruence may be obtained in this manner. 

When we apply equations (3) to S, we obtain 

xy = yy=0, ~zy = y—r<f', 

which is the point of intersection of the tangent to the meridian 
at a given point and the axis of revolution of jS'. Hence: 
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When a surface of revolution 8 rolls on an applicable surface 8, 
the point in which the axis of 8 meets the plane of contact generates 
the complementary surface S 1 of S, and the line joining this point 
to the corresponding point of S generates a normal W congruence 
of which S and S x are the focal surfaces; moreover, any normal 
W congruence may be generated in this manne>\ 

If we put 

(5) r x = k Vi + <p'*, w — kvi, 

where k is any constant, by means of (2) equation (4) is reducible to 

(6) dsl = — drlfrtdvh 


If 8 is the quadric of revolution 


( 7 ) 

we have 

( 8 ) 


f r 2 
a + b 




(a — b)r 2 + 6 s 
b(b — r 2 ) 


Substituting this expression in the first of (5), solving for r 2 and 
putting Zc*— b 2 /(b — a), we have 


r s (o — b)rl~\-b 2 
~b(b — ii) ' 


Hence (6) assumes the same form as (1) for the expression (8), 
that is Si is applicable to S. 

Similarly, if S is the paraboloid of revolution 

(9) 2z — mr 2 , 

we have 1 + <p' 2 — 1-f m 2 r 2 and by taking k 2 = — 1/m 2 , we find 
that Si is applicable to S. Hence: 

When a non-developable quadric of revolution S rolls on an 
applicable surface S, the point in which the axis of S meets the 
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common tangent plane generates the complementary surface Si of S, 
and Si is applicable to S. 

As a consequence of the results of § 100 we have_the theorem: 

When a non-developable quadric of revolution S rolls on an 
applicable surface S, the spheres with centers on S passing through 
either focus are tangent to two surfaces in relation It. 

12 1 . The fundamental theorems of Guichard. Let S 
be a surface applicable to the quadric of revolution S which is 

defined by (7). Denote by A and A' the extremities of the axis 

of revolution of S, and let S be in contact with S at a point M. 

Denote by d, d { and d' , d[ the isotropic generators of S through A 

and A' respectively. These lines meet the common tangent plane jc 
in the respective points a, a t , a', a[. The lines aa\ and a' a t are the 
generators of S through M. The lines a a and a { a[ are the inter- 
sections with the plane n of the isotropic planes through A A' 
and the pairs of parallel generators d, d' and d\ , d\. 

From the theorems of § 118 it follows that as S rolls on S, 
the lines a a' and a, a[ generate normal congruences, and the points 
a, a' and a u a[ generate 0 nets normal to these congruences. More- 
over, these congruences are harmonic to the net N common to S 
and S. Since the lines aa[ and a' ai are the generators of S and 
therefore form a harmonic pencil with the tangents to any net 
at M it follows that the focal points of the lines a a' and a t a[ 
divide harmonically the segments a a' and aia[ both of which are 
of the constant length A A'. It can be shown by the methods 
of [§ 73], that the surfaces generated by a, a' , a u a[, have constant 

mean curvature rt 

The lines a a' and «i a] meet in the point M' in which the 
axis of S meets the common tangent plane. Hence M' describes 
a derived net N' of N, and as shown in the preceding section N' 
lies on a surface applicable to S. 

From the fourth theorem of § 118 it follows that a and a, 
describe two of the 0 nets orthogonal to the cyclic system of circles 
in which the null sphere at A meets the common tangent plane. 
Hence these 0 nets are in relation I?, and the net JV' is the central 
net. Similarly a' and a] describe 0 nets in relation It with the 
same central net. 
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Hence we have the theorem 99 ): 

When a central quadric of revolution S rolls on an applicable 
surface S, the points a, a, and a', a{ in which the isotropic generators 
through the extremities, A, A', of the axis of S meet the common 
tangent plane, generate surfaces of constant mean curvature, such 
that (a) and (aj), and (a') and {a[), are pairs in relation It; and (a) 
and ( a '), and (a,) and (aj), are pairs of parallel surfaces. 

From the theorem of Bonnet [§ 73] it follows that the mean 
points of the segments a a' and «5 generate surfaces of constant 
total curvature in relation It. 

Since the tangent planes to 8 and its complementary surface 5) 
are normal to one another, when S rolls on S, the tangent planes 
-t, to Si pass through the axis of 8. an infinity of them corre- 
sponding to one plane. When S\ is applied to S the planes sr t 
become tangent to 8 and the lines which coincided with the axis 
of _S when S was applied to S become a family of generators 
of S, since an infinity of the planes ;r, pass through each line. 
The isotropic planes through the axis become the isotropic tangent 
planes to 8 which have the property of passing through the foci 
of 8. Consequently when 8 t is applied to 8 either the lines 
a a\ (or a a, ) coincide with the axis of 8 and a and a[ (or a' and a,) 
become the foci of 8. Accordingly as 8 rolls on 8 t the surfaces 
generated by a, a, and by a a[ are the sheets of the envelope of 
spheres with centers on 8 and passing through one and the other 
focus of 8 respectively. Since a and «, are symmetric with respect 
to the common tangent plane, we have the above results in the 
following form as given by Guichard 100 ): 

If S is a central quadric of revolution whose axis is of length 
2 a, F x and F 2 its foci , and (f L and (p 2 the symmetric points of F\ 
and F% with respect to the tangent planes of 8, then as 8 rolls over 
an applicable surface the points F u F 2 , <p t , <p 2 describe surfaces of 
constant mean curvature ± Ha. 

When 8 is the paraboloid (9) r two of the points a and a[ are 
at infinity, and consequently the points a and bisect the focal 
segments of the normal congruences generated by the lines in which 


") Darboux, 1. c., p. 477. 

10 °) Comptes Rendus, vol. 128 (1899), p. 232; cf. also Darboux, L c., p. 477. 
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the isotropic planes through the axis of 8 and the isotropic generators 
through the vertex of 8 meet the common tangent planes of S 
and S. Hence : 

When a paraboloid of revolution S rolls on an applicable sur- 
face S, the points in which the two isotropic generators through the 
vertex meet the common tangent plane generate two minimal surfaces 
in relation R, and the central net of the transformation R is described 
by the point in which the axis of 8 meets the common tangent planes. 

In § 120 we showed that this central net lies on a surface 
also applicable to S. By reasoning similar to that for a central 
quadric of revolution, we obtain the theorem of Guichard 101 ) : 

When a paraboloid of revolution rolls on a surface applicable 
to the paraboloid, the focus and the point symmetric to it with respect 
to the common tangent plane generate minimal surfaces. 

In § 127 we give analytical proofs of these theorems of 
Guichard. 

122. Deformable transformations R of the first type. 

Let S 0 be the surface of centers of a congruence of spheres of 
radius R. Corresponding points on the sheets, S and 8 X , of the 
envelope are symmetric with respect to the tangent plane to 8 0 
at the corresponding point M. Let *S'« be referred to a moving 
trihedral whose plane y — 0 is the plan M M 0 M u and let the 
parametric lines on S 0 be chosen so that the x and y axes are 
tangent to the curves v = const, and u — const, respectively. 
If a denotes the angle which the line M M„ makes with the plane 
z — 0, the coordinates of M are R cos a, 0, R sin a. 

The displacements of a point P of coordinates icosu, 0, f si no- 
are given by [§ 69] 


GO) 


6x — d (t cos c) + ? du (q du + Qt dv) t sin o', 

Sy ----- r n dv -r (>' du 4- f'i dv) t cos a — (p du f-pi dv) t sin a, 
dz ----- d {t sin a) — (q du + q x dv) t cos a. 


When we replace t by R and require that 
cos a Sx + sin ad z — 0 


,01 ) L. c. 
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for all displacements of M 0 , we find 


( 11 ) 


9 B 

du 


+ S coso = 0, 


9 E 

dv 


= 0 . 


In order that M describe a line of curvature on S, it is necessary 
that there be a point P such that 

8x 8y 8z 

cos ff 0 sin ff ' 


These conditions are equivalent to 



tjx dv -f- [(r du + r i dv) cos a — (p du -\-px dv) sin er) t — 0, 
? sino^it + b^w + S'j dv — dff] t — 0. 


Eliminating t from these equations, we obtain as the equation of 
the lines of curvature on S 

I sin a (p sin ff — r cos a) du*-\- Vi {<h — dv 2 

(13) \ I dff\ i 

+ Ui W + ? sino(p 1 sino — 1 \ coso) dtteft; — 0. 

The equation of the lines of curvature on S t is obtained from (13) 
by replacing ff by — ff. In order that the lines of curvature on 
(S’ and (S’i correspond, that is that the congruence of spheres be li, 
it is necessary and sufficient that 


(14) 


r cos a 
p sine 


da 

dv 

<h 


Vi 


da 

du 


+ ? sin ff cos o r, 


Vi q + £pisin 2 ff 


We recall that, in accordance with the theorem of Beltrami 
(§ 112), if 8 0 is deformed, the spheres touch their envelope at the 
same points of the spheres as for S n . We investigate under what 
conditions a congruence E of spheres remains a congruence R in 
all deformations of the central surface S 0 . Evidently a remains 
unaltered, as do also the functions £, iji, r, r u since they depend 
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only on the linear element of S 0 [§ 72]. However, the functions p, q, 
p u q x vary in the deformation. Consequently if equations (14) are 
to hold for all deformations, we must have [cf. § 72, (75)] 


(15) 




l d_l 

th dv 


= 0 , 


da da dtji 

— - — 0, h sin a cose — 0. 

dv ’ 1 du du 


Hence a must be a function of u alone. Then from the last of 
(15) it follows that the parameter v can be chosen so that tj t is 
a function of u alone. Moreover, from the first of (15) we find 
that | is a function of u alone. Hence S 0 is applicable to a surface 
of revolution. If wc take the linear clement of S 0 in the form 


(16) >14 ■= U s du*+u 2 dv*, 
from the last of (15) we obtain 

(17) tanff— — , 

n 


where c is a constant. Then from (11) we have 


(18) 



Uudu 


const. 


Hence we have the theorem of Bianchi 108 ): 

In order that a congruence R of spheres remain a congruence R 
in all deformations of the central surface S 0 , it is necessary and 
sufficient that S 0 be applicable to a surface of revolution and that 
the radius of the spheres be given by (18). 

123. Deformable transformations R of the second type. 
In this section we determine every congruence R of spheres whose 
central net N 0 admits an applicable net A 7 0 which is 2, 0 and conse- 
quently is the central net of another congruence R of spheres 103 ). 
To this end we make use of the equations of a transformation R 
as given in § 78. 

ln2 ) Lezioni, vol. 2, p. 117. 

m ) Ct. Trans. Amer. Math. Soc. vol. 17 (1916), pp. 437—458; also, Calapso, 
Annali, vol. 26 (1917), pp. 151—190. 
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From (VII, 7) we have 



Since the radius of the spheres of the transformation is e/p, and 
this radius must be the same for the spheres of centers on N 0 
applicable to N 0 , by the theorem of Beltrami (§ 112), we must 
have for the functions 6 and p of the corresponding transformation 

(21) e = Q0, P =■ gp, 


where q is a factor of proportionality to be determined. 

From (VII, 10) we find that the first fundamental coefficients E n , 
F 0 , G 0 of N 0 are 


i E 0 = L 


2 

1 



F 0 


T T — 

-ki 



If we jfenote by S and &\ the sheets of the envelope of spheres 
of radius ePp with centers on N 0 and by q, r, w the functions of 
the R transformation from 8 into 8 U the latter functions must satisfy 
equations of the form (VII, 7). From (19), (20) and the analogous 
equations for the transformation of 8, we get 


I ^„(i + i±) = K^( 1 + iA), 

I VOr ,[ + 

From these equations and the ones obtained by expressing the 
equality of the first fundamental coefficients of S 0 and S 0 as given 
by equations of the form (22), we have 

(24) q— (tq, r=qr, w — gw, 
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by making a suitable choice of signs of V e and V^ G, and requiring 
that the quadratic relation (VII, 8) be satisfied also by the functions 
p, q, r and w. 

When the above expressions for q and r are substituted in 
the equations analogous to (VII, 7), we obtain 

(25) = £ ( V 1 — Ve), =, L ( Vfj — V O) , 

dud o v 6 


(26) 


(27) 

(28) 


1 

9 Ve 

1 9 V E _ 


■Ve), 

vw 

dv 

Vo dv 

i 

dVW 

1 9 VO _ 

V vw ~ 

v o)> 

Ve 

du 

Ve 9 m 


V El— V E, = V E— Ve, V g l — V O \ — V Q — Vo, 

\ 2 VWg 4 - v "e ( Vo]— Vo) + ^9 ( Ve,— Ve) 

I — Ve] Vo— Vg]Ve =• o. 


The Gauss and Codazzi equations for 8 are [§ 65] 


9 / i d V~E \ . a / l dVo\ , 
dv \ Vo dv / + \ Ve 9m / + 

d I Ve \ = 1 9 KV 9 /I/g\ 

0?? \ I q 2 dv dv \ Qt I 


Veo 

Qi Qz 


— o, 


1 9K(? 

Pi 9 u 


Similar equations for S are satisfied by the functions E, O, q 1 and 
and p 2 given by (23) and (26), provided (28) is satisfied. Hence if 
(23), (26) and (28) hold, the conditions of the problem are satisfied. 

The central nets N 0 and iV 0 of the two transformations R are 
2, 0, the complementary function being the radiusjR of the spheres 
for each net. In § 27 it was shown that any net No parallel to N 0 is 
applicable to a net No determined by a quadrature, which is parallel 
to Vo. From (VI, Ex. 1) it follows that No and No are nets 2, 0, 
and that they have the same complementary function R' which is 
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obtained by a quadrature. Moreover, from § 76 it follows that 
two of the nets No parallel to N 0 are special, that is ^x' 0 2 ~ i^ 8 . 
Hence if the central nets N 0 and A 7 0 of two transformations B are 
applicable, there exist two transformations B whose central nets No 
and No are parallel to N 0 and N 0 , such that the spheres of the 
transformation with centers on No pass through the origin. We 
apply the preceding formulas to this case. 

If in (27) we. put Ve[ = V 0[ = 0, we get 
(30) VW = VW— VE[, V 0' = VW— VW[. 

Now equation (28) reduces to 


V E[ VG'+ VG[ Ve' — 0 , 


that is N' and are conformal. But as shown in § 82 this is 
possible only in case N' and N'% are isothermic nets in the 
relation of a transformation D m . If we make use of the results 
of § 82 and put 

(31) VW = VW = e't’, VW[ = — Vg[ = ye-*, 

in (30) we find that (26) is satisfied. Hence we have the theorem 
of Bianchi 104 ): 

The central net No of a transformation l) m of an isothermic 
net N f into an isothermic net N[ admits an applicable net No such 
that as No rolls on No the spheres of the transformation pass through 
a fixed point 0. 

This result may be looked as follows: When No rolls on Wo, 
the point 0 invariably fixed to No generates the surface S[. In the 
terminology of Bianchi 106 ) S[ is a surface of rolling, being generated 
by a point fixed to one surface as the latter rolls over an applicable 
surface. From the foregoing results we have also the converse 
theorem 106 ): 

1(u ) Eendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 303. 

m ) Eendiconti dei Lincei, ser. 5, vol. 23 1 (1914), p. 4. 

l0C ) Eendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 349. 
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Transformations D m are the only transformations R for which 
one of the two sheets of the envelope of the spheres is a surface of 
rolling as the central net rolls on its applicable net. 

In § 78 we saw if N 0 is any net parallel to No and R is the 
complementary function, the sheets of the envelope of the spheres 
of centers on No and radius R are parallel to the isothermic nets 
N' andiV{. Hence we have the theorem: 

A necessary and sufficient condition that an 0 net N admits 
an R transform N ± such that the central net of the transformation 
is applicable to a net is that N have the same spherical representation 
as an isothermic net . 

1 d VE 

Prom (VII, 3) it follows that the functions —= — - — and 


dVO 


V E 3 U 

sequently we must have 


have the same values for all parallel 0 nets. Con- 


(32) 


i dVE _dy 1 dV_G dtp 

]/~Q dv dv’ Ye 9m 9m ’ 


Prom (31) it follows that 


(33) 


1 dVjEi 

V& t 9 *> 

1 dVjh 
YEi 9 “ 


_a_ 

dv 

a_ 

du 


hglfef, 

log(-^ e -^). 


We remark that p, q, r of the B transformation of N into iV, 
and N 1 into N[ are the same (§ 78). Hence if in (VII, 8) we put 
w = mv, where m is a constant, it follows from this equation and 
(VII, 49) written = 2 md'v' that 

(34) dv = O' v . 

Consequently from (33), (VII, 47) and the last two of equations 
(VII, 7) we get 

(35) VEt+VE^e^-^r + e -*— , l^Oi+VO = e+-^ — e~*— . 

6 v d v 
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The equations of the R transformation from N into N t are 

where the functions satisfy the system 


a_6> 

du 


YEq, 



SO 

do 

99' 

dv 


= V Gr> 


= r, 


3fi) 


H 

dn 


dp \f~E dp V G 

du Q t dv q 2 



dq dip 

'dv ~~ ~du V ’ 


dr _ dtp_ 
du dv 


dr _ Vjf 
dv q 2 



0 

e r 



> 



jr—VE^ + e-n^, 

-f-H-""' 9 ']- 


Hence: 

Any 0 net having the same spherical reprementation as an 
isothermic net admits 00 8 R transformations for which the central 
net N 0 is applicable to a net N 0 which is 2, 0. 

For the case of N' and N' equations (25) can be integrated 
with the result q — 1/V. Since p, q, r are the same for the trans- 
formation from N' into N[ and N into N u it follows that q has 
this value in general. Hence the transformation functions from N' 
into N[ are 


( 37 ) p = jr, 





and for N into N t 

(38) p, q, r, 0=y, 


v'=l, 
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From (30), (31) and (23) we find 


(39) 


V / 'e'= 

fk r 

V 

Vg'= 

Vj? __ 
91 ~~ 

1 

+ 

% | 

II 

Pqj r « 

1 Q/> 




Q2 V ’ 


where qI, q'i and Qhji are the principal radii of the isothermic 
net N' and the net N' respectively. 

Since the left-hand members of (26) are the same for N' , N' 
and N, N, we have from this equation, (39) and (34) 


(40) 


^ E = VE— 

YJL = - + 

Qi Qi 


V 



Vg+ ---e-’f, 

V 

^W va p 8' 

Qi Qi e v ' 


Also from (27), (35) and (VII, 9) 


(41) 


Ve x = VE, V G x 

0 


9 


re^—VG, 


V~E ± 

Qu 




Q 12 


0 

Vo_ 

Qi 


+ ( *JL 

+ t 9' " 


Since the nets N r and N are defined intrinsically, the deter- 
mination of the cartesian coordinates of these nets requires the 
solution of a Riccati equation. 

124. Deformable transformations of the second type 
of minimal surfaces. We apply the results of the preceding 
section to the case when the transformation D m is the one con- 
sidered in § 87 which transforms the 0 net N ’ of a minimal sur- 
face into the 0 net A 7 1 of a minimal surface. Then v' — p and 
from (39) and (VII, 70) we have 


Kg' 

Qi 


V£ 

Qi 


— 0 , 
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that is N' is a plane net. We have seen in the preceding section 
that N[ is a point net. Hence the spheres of the transformation 
pass through a point and are tangent to a plane; consequently the 
central net lies on a paraboloid of revolution. In order to obtain 
the equation of the paraboloid, we find the distance from the 
point A r f to the plane A 7 '. From (VII, 48) and the condition v f — p 
we find that this distance is 1/m. Hence the equation of the 
paraboloid is mr 2 = 2z. Therefore we have the theorem: 

The surface of centers of a transformation D m of a minimal 
surface into a minimal surface is applicable to the paraboloid of 
revolution m (x* + y 2 ) — 2^ 107 ). 

125. Deformable transformations E m . From § 88 and ( 32 ) 
it is seen that, a transformation E m of a surface with isothermal 
representation of its lines of curvature into a surface of the same 
kind is a deformable transformation 11 of the second type. We 
apply the results of § 88 to this case. 

Comparing equations (VII, 76) and (36), we find that the 
function O' in (36) is given by 


From (40) it follows that ^ ~ETq x ~ = 0, that is N is 

a planar net. This result may be stated as follows: As Sq rolls 
over So, a plane invariably fixed to S 0 has S for its envelope. 
Bianchi 108 ) calls S an envelope of rolling in this case. Hence we 
have the theorem of Bianchi 100 ): 

A surface S with isothermal representation of its lines of 
curvature is s an envelope of rolling , when the cefntral net No of any 
E m transformation of S rolls on its applicable net . 

We shall prove the converse theorem 110 ): 

Transformations E m are the only transformations 11 for which 
the given surface is an envelope of rolling as the central net N 0 
rolls on its applicable net . 

107 ) Cf. Bianchi, Memoire dei Lincei, ser. 5, vol. 12 (1918), p. 532. 

108 ) Rendiconti dei Lincei, ser. 5, vol. 23* (1914), p. 3. 

109 ) Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 367. 

uo ) Annals of Mathematics, ser. 2, vol. 17 (1915), p. 64. 
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If S is to be a plane, we must have from (40) 

Ve_ \ra__ 

Qt Q\ 6 V 

From the first it follows that the spherical representation of S is 
isothermal. Replacing the first by (VII, 70), we have from the 
second that (42) must hold, and consequently the transformation 
is E m ul ). 

126. Transformations F of deformable transforma- 
tions R of the second type. Consider a deformable congruence R 
of spheres of the second type G, and denote by G' the parallel 
deformable congruence R which gives a transformation D m _(§ 123). 
Let N 0 denote^ the central net of G and N 0 of the deform G; like- 
wise No and No. Then, as we have seen 

(43) Zxl, 2 = R'\ 

From § 76 it follows that if we take the F transform of N 0 
by means of 0'—~(^xo a — If' 2 ), the coordinates x'o being the 

direction -parameters of the conjugate congruence of the trans- 
formation, we get a net N l0 which is 2, 0, the complementary 
function being 

Ri — R— ^r R'. 

u 

Moreover, in consequence of (43) we have 
6' = \(2otf-2x'o i ). 

Hence from § 27 it follows that the F transform of N 0 by means 
of the coordinates x'o being the direction-parameters of the 
conjugate congruence of the transformation, is applicable to No- 
Then £ a? 10 — is a solution of the common point equation 

’") Similar results follow, if we require that Si be a plane. 
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of N 10 and i\^ 0 - Since ]£oc% 0 — JR 2 is a solution of this equation 
(§ 76), so also is^a^ o — R^ and consequently N 1Q is 2,0. Hence: 

When a deformable congruence R of spheres of the second type 
is known , another congruence of the same type can be found by 
quadratures 112 ). 

127. Converses of the theorems of Guichard. In this 
section we determine under what conditions the two sheets of the 
envelope of a congruence of spheres have the same constant mean 
curvature for all deformations of the central surface /%. We con- 
sider first the case when the sheets are minimal surfaces. 

If Qi and p 2 denote the principal radii of curvature of S f then 

pi R t \ , Pa == R ^2 > 


where t x and t 2 are the roots of the equation obtained by eliminating 
du and dv from (12). In consequence of (15) this equation is 
reducible to 


(44) 


? Pi < l) sin + n cos o[q~ + sin 0 

+ ja — Ssin* 0-^1 + £ 7l sin<r = 0. 


If S is to be a minimal surface, we must have 2 R = t t + 1 2) 
that is 

%sin i <rp 1 —t h (q—2^-\ 

2R = - — . 

(pqi—ptq) sin a -f r x cos a L q — ~-\ + p 1 sin <r — 


If S t also is to be minimal, this equation must be satisfied also 
when cr is replaced by — a. This gives the two equations 


pqi — Pi q) sin 0 — r i cos ff-r— I R = 

0 U -* 


(2 Rr x cos o' + *li) Q + ( 2 R sin o' 


JsinMjt?! = 0. 


112 ) Rendiconti dei Lincei, ser. 5, vol.30 2 (1921). 


20 * 
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The first of these equations involves only functions which do not 
vary as S 0 is deformed. In order that the second hold for all 
deformations of S 0 , we must have 

(46) 2/ir,cosff-j- = 0, 2 R~- — Isinff— 0. 

au 

Eliminating R, we get the third of (15). 

From (16) we have tj, — u, r, = 1/tT.ln consequence of (17) 
the first of (46) becomes 2 R — — V V c 2 + m 5 . When we substitute 
this expression in (11), we obtain U — c x V c* + u*, where <\ is an 
arbitrary constant. Hence by a suitable choice of the parameters 
the linear element of is reducible to the form 

(47) d.v* — (1 -f -m 2 u 2 )dti 2 -\-u a dv s . 

This is the linear element of the paraboloid of revolution Q, defined 
by (9). Also we find 

(48) R — (1 + »w 2 u s ). 

2m 

These expressions satisfy the first of (45) and thus all the conditions 
of the problem are satisfied. Moreover, it can be shown that Ii 
equals the distance from a point of Q to its focus on the axis of 
revolution. Hence we have the theorem 113 ): 

The spheres with centers on a paraboloid of revolution and 
passing through the focus constitute the only congruences R of spheres 
the sheets of whose envelope are minimal surfaces in all deformations 
of the central surface. 

We consider next the case when the two sheets have the 
same constant mean curvature Ha for all deformations of S 0 . In 
this case 

.R 3 — 2 a R "l - {a — R) {ti “I - 1%) t±t% = 0. 

Substituting the expressions for f f* and t x from (44) and 
requiring that this condition hold for both S and 8 U we get 


us ) Cf. Bianchi, Memoire dei Lincei, scr. 5, vol. 12 (1918), p.479. 
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(49) 


( R * — 2 a R) qi — pxq) sin <r — r j cos a j 


+ 2(a — R)yi~ + $ih sin a — 0, 


[(i£ 2 — 2 aB)ri cos<r — ( a — R) Hi]q 


+ 


{R 2 — 2 aR) ~ + (« — R) 5 sin <r 
on 


}h sin <r = 0. 


Since these equations must be true for all deformations of S 0 , the 
coefficients of q and p t in the second must be equal to zero. In 
consequence of the third of (15) this is equivalent to the single 
condition 

(50) (R 2 — 2«B)cos<r+ Uu(R-a) = 0. 


On differentiating this equation with respect to u and making use 
of (11) and (15), we obtain 

(51) (R— a) (U 0.08*0 — m ?/') -f « Z7* cos <r = 0. 


Eliminating R from (50) .and (51) and substituting for cos o its 
expression from (17), Ave find 


(52) 


U' 2 — uU' 


2 U 
u 2 -\- c 


2 J_ ,.2' "t* 


IP 

' P 




IPll 1 

(u'+cy 


0. 


When (50) and (52) are satisfied, so also is the first of (49). 
The general integral of (52) is 


U — a 


y_i^ 

r d-c} 




u 2 +l)> 

4 

where l is an arbitrary constant. Hence the linear element of 8 0 is 

a 8 (w 2 +c 2 ) 


(53) 


dsl 


(l-c*)(u 2 +l) 


du 2 + n 2 dv 2 . 


This is the linear element also of the quadric Q of revolution of 
the conic 


(54) 


x 


1, 
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about the x-axis, provided that 


(55) 


l* 


ft * - )- 1 


Hence to each choice of l there corresponds a value of c. 
Equation (51) reduces to 

i r— ft-fjA^i! = o. 

Furthermore since ft* enters only in (52), we have that a in (50) 
and (51) may be replaced by — a. Accordingly we have also 


*+.+y*±* w+*=o. 


Hence the spheres with centers on the quadric Q may pass through 
either of the foci on the #-axis, and we have the theorem 114 ): 

The spheres with centers on a central quadric of revolution and 
passing through either' focus on the axis of revolution constitute the 
only congrumces R of spheres the sheets of whose envelope have the 
same constant mean curvature for all deformations of the central 
surface . 

128 . Theorems of Ribaucour and Bianchi. In accordance 
with the theorem of Beltrami (§ 112) the tangent planes to either 
sheet of the envelope of a congruence of spheres envelop a surface 
for all deformations of the surface of centers, if these planes are 
understood to be carried along in the deformation. We seek the 
general solution of the problem: To determine all cases for which 
the surface elements of a surface *Si associated with a surface S 
continue to be the surface elements of a surface in any deformation 
of £ 116 ). 

Let S be referred to any system of parametric lines. Between 
the coordinates, x, y, z, of S and x u y u z u of S L we have relations 
of the form 


1U ) Of. Bianchi, 1. c., p. 481. 

U5 ) Cf. Bianchi, Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 3. 
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(56) 


** - x + l J^ + m ^ + nX ’ 


where l, m and n are the same for y x and z t . Differentiating this 
equation and making use of [§ 64, (7), (8)], we obtain 


(57) 


where 


dxi 

du 


L + n 


FD'—GD\ dx 


h P 


dll 


+ [M + » # + (£ + Dl + />'»)*, 


dv \du 


dx x In , FD"—GD'\ dx 
H * j du 


dv 


, In , Fjy — ED"\ dx , jd n , , n „ \ v 

+ («+« — g, — )T» + fe +i,i+B *) A ’ 


1 1 = i? + ! V i ' + + *• p + 1 u 1 + fi 2 } 


>» I jlll , , I12| 

77 + ( 2 )'+ { 2f”- 


the Christoffel symbols being formed with respect to the linear 
element of 8. 

If Xi, Yi and Z, denote the direction-cosines of the normal 
to Si, we have 

(59) X^l^ + n^ + vX, 

OU OI> 

and similar equations for 1\ and Z u where X, fi, v must be such that 

Substituting from the above equations, we get 

ft 

(nX—vl)D-\-{ny — vm)D' = X (EL+ FM) +/i(FL+GM)+v , 

OU 
f) VI 

(nl — vD D'+ (n/i - vm) D"= X (EP+ FQ ) + y (FP+ GQ)+pj^. 
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If S is deformed in any manner carrying the surface-elements 
of St invaribly bound to it, for a deform S of S we have 


(61) 


x x — x+ 1 ~ + m ~ + nX, 


where l , m, n, A, /u, v are unaltered by the deformation. This fact is 
of prime importance. 

The right-hand members of (60) involve only quantities unaltered 
by the deformation. Consequently we must have 

(62) nA = vl, nii — vm. 

There are two cases to be considered, 

J p . When v ] 0, then 

\ U Y 

j\ — x H X\ , 

v 


which expresses the fact that aS\ is a sheet of the envelope of 
spheres with centers on S, that is the theorem of Beltrami. 

2°. When v — 0, then n = 0. In this case the points of S x 
lie in the corresponding tangent planes to 8, and since ^ XX l = 0, 
corresponding tangent planes to 8 and Si are perpendicular. The 
existence of this case was established by Ribaucour 116 ). Hence we 
have the theorem of Bianchi 117 ): 

A necessary and sufficient condition that oo 2 surface-elements 
invaribly associated with a surf ace 8 continue to be the surf ace-elements 
of a surface in all deformations of 8 is that they are the elements 
of a sheet of the envelope of a congruence of spheres ivith centers 
on S, or of a surface 8 X such that corresponding tangent planes to 8 
and Si are perpendicular and points of S x lie in the corresponding 
tangent planes to S. 

We remark that if equations (62) hold for one deformation 
of S, they hold for every deformation. 


11C ) Journ. de Math., ser. 4, vol. 7 (1891), p. 92. 
” 7 ) L.c., p. 4. 
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129. The surface generated by a point in the tangent 
plane to a surface S as S rolls on an applicable surface S.* 

The formulas of the preceding section can be used to find the surface 
generated by a point P associated with S as 8 rolls on an applicable 
surface S. When in particular P lies in the tangent plane to 8, we 
have n — 0. We consider this case. 

If we put 

= L 2 E-\-2LMF-\-M 2 G, -%= LPE+(LQ+MF)F+MQG, 

I .Q 3 = P 2 E+2PQF+Q 2 G, 


the first fundamental coefficients of S t are found from (57) to be 


(64) 


E, = Sit + aD+mD'f, P, = n 2 + (ID -f m D') {ID' -f ml)"), 


Also the coefficients of .S', are 


(65) 


(Pi = A, + (ID + mD'f, F t = i (ID + mD') (l ID ' + mD”), 
[ G t = Sl,+(fD' + mD"Y, 


where D, D', D" are the second fundamental coefficients of S. 

Since the functions Si lf -- 2 , -- ;i are the same for both surfaces, 
we have from (64) and (65) 


(66) 


I dsl—ds] = [{lD + mD')du + {lD'-\-mD")dv f 
\ -[(Wi-miy)du + (lD'+mD")dv]*. 


As an application of this result we consider the case when S 
is a ruled surface and 8 is not _ruled, and we take for the curves 
v — const, the generators of 8, that is D — 0. We take the 
point P determined by the condition that it lies on a generator 
of S and Js such that as S rolls on 8 it describes a line of length 
zero on S. Then we have m — 0, = 0. Since DD" — D' 3 

— — D' s , we have from (66) 

(67) ds\ = l 2 D(Ddu 3 +2D'dudv + D"dv 2 ). 


Hence we have the theorem of Darboux 118 ): 


118 ) Annales de l’Ecole Norm. Sup., ser. 3, •vol. 16 (1899), p. 497. 
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When a ruled surface S rolls on a non-ruled applicable^ sur- 
face 8, the points where the different lines of length zero of 8 meet 
the generators of 8 describe surfaces which are conformably represented 
on one another; and their lines of length ze>‘o correspond to the 
asymptotic lines on 8. 

The surfaces described by the points a, a u a 1 , a[ in § 121 
are examples of this theorem. 

130. Kinematically conjugate directions on rolling 
surfaces. If on a surface 8 we take a curve C of the family 
determined by an equation of the form dv — Mdu, and at each 
point of C draw the tangents to the curves of another family 
determined by an equation dv — Ndu, the coordinates of this ruled 
surface R are given by (61), when we put l = tdu, m = tdv, 
n — 0, t being the parameter of a point on the line. As 8 rolls 
on an applicable surface S, along C, these lines generate a ruled 
surface R tangent to S. From (66) it follows that a necessary 
and sufficient condition that R and Ii be applicable is that 

(68) (Z>+ D)dudu + (D' + D')(dudv-\-d»8u) + (D"+ D")dvdv — 0, 
or 

(69) (D— D)dudn-\-{D'— D'){dudv + dvdu) + {D"— D")dvdv = 0. 

If we desire the condition to be satisfied for all deformations 
of 8 and in particular when S and 8 are congruent, we must 
take (69). In fact (68) is obtained from (69), if S is replaced by 
its symmetric with respect to the origin. 

Equation (69) coordinates with every family of curves on 8 
a second family, and the relation is involutoric. Beltrami u# ) has 
called two such families kinematically conjugate. The preceding 
results may be stated as follows: 

If S and S are applicable surfaces, and C and C are any two 
corresponding curves, the ruled surfaces, R and R, consisting of the 
tangents to 8 and S in directions kinematically conjugate to C and C 
are applicable. 

As 8 rolls on 8 and C rolls on C, coincident lines of R and R 
form the instantaneous axis of rotation of the rolling. Hence: 

ll9 ) Giornale di Battagline, vol. 10 (1872), p. 103. 



130. Kinematically conjugate directions on rolling surfaces 


315 


When a surface S rolls on an applicable surface 8, the in- 
stantaneous cuds of rotation lies in the plane of contact and its 
direction is kinematically conjugate to the direction of motion of 
the instantaneous center. 

'Since the common conjugate system of curves on S and 8 satis- 
fies the equations 

D du Su-j- D' (du Sv-\-dv 6u)-\- D” dv dv = 0, 

Ddudu + D f (dudv + dv6u)-\-D"dvdv — 0, 

we have the theorem: 

The common conjugate system on two applicable surfaces is 
kinematically conjugate. 

When 8 rolls along a curve of either family of the common 
conjugate system, the surfaces R and R are developables whose edges 
of regression correspond, since the points of these edges are Laplace 
transforms of points of C and C. 

The equation 

(701 (D—D) du ?- f 2 {D'—D') du dv+(D"—D") dv* = 0 

defines two families of curves on S and 8 which are kinematically 
auto-conjugate , that is as 8 rolls on 8 along one of these curves 
the instantaneous axis is tangent to the curve itself. In this_case 
also the surfaces R and R are developable. Since 8 and 8 are 
applicable, the curves C and C have the same geodesic curvature, 
at corresponding points. Also as follows from (70) and [§ 49] their 
normal curvatures are equal, and consequently their first curvatures. 

As an example of the foregoing we consider two applicable 
surfaces 8 and 8, and assume that the curves u — const, are the 
asymptotic lines on 8. Then 

D' s =D'*—D D". 


In consequence of this relation we have that the equation of the 
asymptotic lines on 8 may be written 

[(D , —D r )du+D"dv]l(D , +D')du+D"dv] = 0. 

From this equation it follows that the curves kinematically conjugate 
to u = const, on S correspond to one family of asymptotic lines 
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on S. Bianchi has called them virtual asymptotic lines _on 8 . More- 
over, the other family of virtual asymptotic lines on 8 satisfy (68). 
Hence we have the theorem 120 ): 

If S and 8 are applicable surfaces, the ruled surface R consisting 
of the tangents to the asymptotic lines in one family where they meet 
a virtual asymptotic line of 8 is applicable to the ruled surface R 
of tangents to the corresponding virtual asymptotic lines of S where 
they are met by its corresponding asymptotic line . 

If 8 is a ruled surface, we may take it for R, and then 
R consists of the tangents to the corresponding virtual asymptotic 
lines on S, which are geodesics. Hence as a corollary of the above 
we have the theorem of Chieffi 121 ): 

If S is applicable to a ruled surface R, the ruled surface con- 
sisting of tangents to the geodesic virtual asymptotic lines of 8 at 
points of meeting of any asymptotic line a of 8 is applicable to 8 
with a rigid in the applicability. 

1 3 1 . Congruences of rolling. When a non-ruled surface 8 rolls 
on an applicable surface 8, a line l invaribly fixed to 8 generates 
a congruence O called by Bianchi 122 ) a congruence of rolling. In 
order to find the focal points of G , we note that there are two 
instantaneous axes of rotation in the plane of contact n at a point M 
for which l and a nearby position l! meet, namely the direction l t 
joining M and the point P ± in which l meets and the direction l 2 
normal to the plane through l perpendicular to n . When l x is the 
axis of rotation, the point P 1 generates one of the focal surfaces. 
When l 2 is the axis, the lines l and l" meet in the foot P 2 of the 
common perpendicular of l and l 2 , that is the foot of the per- 
pendicular from M to l\ and thus P 2 generates the second focal 
surface of G. The plane of the lines l and V f is the tangent plane 
to the locus of P x and is perpendicular to tt. The plane of l and V 
is the tangent plane to the locus of P 2 and is normal to the line MP«. 
Hence we have the theorem of Bianchi 128 ): 

For any congruence of rolling one focal surface is generated 

12 °) Cf. Bianchi, Memoire dei Lincei, ser. 5, vol. 12 (1918), p.445. 

12 ‘) Qiomale di Battagline, vol. 43 (1905), p. 9. 

122 ) Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 15. 

123 ) L. c. These results have been established by him by analytical processes 
in the Rendiconti di Palermo, vol. 39 (1915), p. 187. 
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by the point Pi in which l meets the plane of contact n, and the 
other by the foot P 2 of the perpendicular from the point of contact M 
to l; the tangefnt planes to these respective surfaces are the plane 
through l normal to n and the plane through P 2 perpendicular 
to MP 2 . 

From the above treatment it is seen that the focal surfaces 
of O are generated by the same surface-elements attached to 8 
whatever be the surface 8 on which 8 rolls. 

From the results of § 130 and the above considerations we 
have that the developables of a congruence of rolling correspond 
to the curves kinematically conjugate to the curves on 8 whose 
tangents are the lines l t and l 2 for a point of contact._The latter 
are the curves corresponding to the curves in which S is met by 
the pencil of planes through l and by the parallel pencil of planes 
normal to l . Bianchi has called them the meridian profiles and 
the curves of level respectively. Hence : 

For a congruence of rolling the developables correspond to the 
curves on S kinematically conjugate to the deforms of the meridian 
profiles arid the curves of level on 8. 

Since a right conokj is the only surface posessing a family 
of meridian profiles which are also curves of level, we have the 
theorem of Bianchi: 

The congruences of rolling with coincident developables are those , 
and only those , generated by the axis of a right conoid as it rolls 
on an applicable surface . 

From the preceding considerations it is evident that the 
developables of a congruence of rolling are real. We remark also 
that the focal surfaces of a congruence of rolling afford examples 
of the theorems of Beltrami and Ribaucour (§ 128). 

Exercises. 

1. Show that the theorem of Bonnet [§ 73] may be interpreted as follows: 
When a sphere rolls on an applicable surface, its center describes a surface of 
constant mean curvature. 

2. When a quadric & tangent to the circle at infinity at a single point P 
rolls on an applicable surface S, the two isotropic generators of S through P 
meet the common tangent plane in two points, a and a\ which describe two 
parallel surfaces of constant mean curvature + 1/a a'. 

Darboux, Annales L’Ecole Norm. Sup., ser. 3, vol. 1G (1899), p. 4G8. 
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3. If S and 8 are applicable surfaces and the spheres with centersjm S 
and passing through the origin become tangent to the plane z = 0 as S rolls 
on £, it is necessary that 

~x 2 + y 2 + = z<1 ' 

If we put [cf. § 47] 


x = z 


a + P 
af + 1' 


y = iz 


P~ a 
«/* + !’ 


z = z 


ap — 1 

«P + 1' 


x iy — w x — iy — to 0 , 


then since S and S are applicable 

4z 2 da dp 


{«P + 1) 2 


d(odio 0 . 


Hence the projection of 8 on the unit sphere and of S on the plane z = 0 are 
conformal. The general solution is given by 


•O = /(a), too — fo (/*), * = |(1 +aftVf («) /'„ (/*), 


where / is arbitrary and f 0 is the conjugate function. 

Calo, Annali, ser. 3, vol. 4 (1900), pp. 123—130. 

4. If S and S are applicable surfaces and the spheres with centers on S 
and passing through the_ origin become tangents to a sphere of radius a with 
center at the origin as S rolls on S, is is necessary that x 2 + V 2 + == B 2 , 

x 2 + y 2 + z 2 = (. R±a ) 2 . 

If we put 


x — B 


x = (R + a) 


«±P 
«I+l' 
* + P 


y — iB 


P~~ a 


y = i (R ± a) 


fi-a 
«P + 1’ 


= R 


a ft — 1 

a J+l' 


* = (R ± a) 


ap—\ 

ap+i' 


since 8 and S are applicable, we have 


(i) 


R 2 da dp 

(1 + « J ) 2 


(R ± a) 2 


dadp 
(1 + «P) 2 ' 


Hence the projections of S and S on the unit sphere are conformal. The general 
solution is given by a=f(a), p = /<,(/$), where f is an arbitrary function 
and f 0 is the conjugate function. Then R can be found directly from ( i ). 

Calo, 1. c. 

5. When the Christoffel transform (cf. VII, Ex. 8) of N' in § 123 is taken 
as N t the corresponding net N is a point, and consequently the central net of 
this transformation is the other special net 2, 0 parallel to N f 0 , 

6. Show by means of (VII, 3) that a necessary and sufficient condition 
that an 0 net have the same spherical representation as an isothermic Onet is that 


_9_ / 1 9V^Jg \ _a_ / 1 9~l /~ G \ 

3« \ y~G dv ) dv \y~E 9“ / 

Trans. Amer. Math. Soc., vol. 17 (1916), p. 447. 
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7. A necessary and sufficient condition that an Onet on the unit sphere 
be the spherical representation of an isothermic net is 

a I 1 gy r g \ _ j_ / i 9j/®_\ 

a« \v"® / 8 » \ ye" !' 

8. Show that the net N' of § 123 is parallel to two isothermic nets ( N )’ 
and ( N )" for which 

VQ jj*-VW = e+u; 


that a transformation D oi (NY is determined by the functions Jf, ~q, of (37) 
and (Oy — — 1 \v\ (V)' = 0' , (m)' = — m; and that the resulting transform is 
the net obtained from the given transformation of N' referred to in (VII, Ex. 17). 

9. Show that there exists an 0 net, with the same spherical representation 
as an isothermic net, for which the tangential coordinate P is equal to Qc — ©. 

Galapso, Annali, ser. 3, vol. 2G (1917), p. 171. 

10. If we have an Onet N of the kind in Ex. 9 and put 


v r ®= 


Vje 


pi 


from (VII, 3,5) we have 
dy 1 


du du 


2 yp 


y P cosh 


Q . u 

smh ?>, 


y& = kA. 

K P* 


y P sinh y>, 


d<p __ 
dv dv 


1 R 

2 yp 


cosh <p . 


From (VII, 9) and (35) we have for an R transform of this 0 net 


Ey 

Ph 


0 L 

P\2 


P+2VF-Z (e*-’|-+«-+ + 9 



Jt. 

US' 


In order that this expression be equal to Pi, namely (VI, 101) 


^ = P-~z(Pp+Qi+Rr-e), 

YYIVV 

we must have 

Pp + Qq + Rr — #-f-2]/Pmv e -^-f 9 -^-j-f-4 — q 


The left-hand member is found by differentiation to be a constant. Hence there 
are oo 4 transformations R of N into nets of the same kind. 

Calapso, 1. c., p. 152. 

11. If N f and N” are isothermic O nets in the relation of Christoffel (cf . VII, 
Ex. 8), the mid-point of the join of corresponding points on N' and N” describes 
an Onet N parallel to N' and N" for which ]/rE = coshi|>, ]/!?== sinhi)>. When 
these expressions are substituted in (36), the function 20 — O'—v 0/0' is constant. 
Show that there are oo 4 transformations R for which this constant is equal to 



320 


IX. Rolling surfaces 


zero, and that for each of these transformations E\—Gi — 1; also that Nt is 
the locus of the mid-point of the joins of corresponding points of N[ and Wi. 

Calapso, Annali, ser. 3, vol. 26 (1917), p.152. 

12. A necessary and sufficient condition that the parametric curves of two 
applicable surfaces S and S' be kinematically conjugate is that D' = Z>'. 

13. A necessary and sufficient condition that the kinematically auto-conjugate 
curves for two applicable surfaces, S, S, reduce to a single family is that S 
and & be ruled surfaces applicable with generators corresponding. 

Bianchi, Memoirie dei Lineei, ser. 5, vol. 12 (1918), p. 441. 

14 . When two applicable surfaces are referred to their kinematically auto- 
conjugate-system, D = D, D' = — D', D"= Z>", and j^|, the 

Christoffel symbols being formed with respect to their linear element. 

Bianchi, 1. c., p. 445. 

15 . Given two quadratic differential forms 

(1) an dw 2 + 2 ai 2 du dv-\- a n dv 2 , bn du 2 -\-2bn du dv + dv' 2 . 


When the Jacobian of these forms is equated to zero, the resulting equation, namely 


an du- f - civl dv , 
bn bn dv, 


an du-\- a 2 a dv 
bn du + bt 2 dv 


= 0 , 


defines two functions u — <p (u, v ), ¥ ~ \\> ( u , v) in terms of which the forms (1) 
become 

«ii du 2 -{-an d~v 2 , 6n dH 2 -\- b 22 d¥ 2 . 

Bianchi, Lezioni, vol. 1, p. 82 

16. If S and S are applicable surfaces, the curves defined by equating to 
zero the Jacobian of the forms 

Edut+ZFdudv + Gdv' 1 , 

(D — D) du 2 + 2 (£>'— D') du dv + (I)"— D") dv 1 

form an orthogonal kinematically conjugate system. Bianchi, Lezioni, vol. 2, p. 38. 

17 . On two applicable surfaces of constant mean curvature + 1/a whose 

lines of curvature correspond and for which p \ and p 2 are the radii of principal 
curvature of one surface and — fn , — p\ of the other [cf. § 125], every orthogonal 
system is kinematically conjugate; moreover, this is the only case where every 
orthogonal system is kinematically conjugate. Bianchi, 1. c., p. 39. 

18 . The lines of curvature on a surface of rolling described by a point O 
fixed with respect to a rolling surface S correspond to that kinematically con- 
jugate system on S which projects into an orthogonal system on a sphere with 
center at 0, the projection being from 0 as center. 

Bianchi, Memorie dei Lineei, ser. 5, vol. 12 (1918), p. 448. 

1 9. The lines of curvature on an envelope of rolling described by a plane n 
fixed with respect to a rolling surface 8 correspond to that kinematically con- 
jugate system on 8 which projects orthogonally into an orthogonal system on ir. 

Bianchi, 1. c., p. 448. 
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20 . When a surface S rolls over an applicable surface S , any two parallel 
lines fixed with respect to S generate congruences for which one family of 
developables correspond, namely, those corresponding to the curves kinematically 
conjugate to the transforms of the curves of level of S. 

Bianchi, Rendiconti_dei Lincei, ser. 5, vol. 24 (1915), p. 16. 

21 . When a surface of revolution S rolls on an applicable surface S , the 
axis of S' generates a normal congruence, since the focal planes are perpendicular. 
One of the focal surfaces is the complementary surface S\ of S corresponding 
to the deforms of the meridians of S. 

Bianchi, Bendiconti di Palermo, vol. 39 (1915), p. 205. 

22 . For the surface 5 defined by 

x = r cos 6 , ~y = r sin 0, z — c log r + f(0 ), 

where / is an arbitrary function, the distance cut off on the z-axis by the per- 
pendicular from any point P of the surface to the axis and the tangent plane 
at P is equal to c. Hence when S rolls on an applicable surface, the axis 
generates a congruence of rolling for which the focal distance is constant. 

Bianchi, 1. c., p. 207. 

23. When the surface 8 defined by 

~x — r cos 0, y = r sin "z = c log r + mO 

rolls on an applicable surface S , the z-axis generates a congruence G of rolling 
for which the distance between the focal points is c and the angle between the 
focal planes is sin "‘c/lAc’lw 2 . Hence G is a pseudospherical congruence 
whose focal surfaces have the same gaussian curvature ~l/(c 2 +m J ) [cf. § 171]. 

Bianchi, 1. c., p. 208. 
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Chapter X. 

Surfaces applicable to a quadric. 

132. Transformations F of nets on a quadric. Consider 
a net N on the general quadric Q, whose equation is 

fix 2 -\-gz s -\-2ayz-\-2bzx-jr2 cxy + 2r x -f 2sy + 2 1 z + w = 0. 

Since the coordinates are solutions of an equation of the form 
(II, 6), we have on differentiating (1) with respect to u and v 

. dx , f dy dy . dz dz . / dy 9 z . dy dz \ 

d u d v 9 u 9 v " 9 11 9 v \ 9 u 9 v dv dul 

I dz dx . dz dx\ . I dx dy . dx 9 y\ _ n 

+fc r87'97 + ^W +c te^ + ' 9^i^/“ 0 - 

Any net N'(x') parallel to N is given by equations of the 
form (II, 3). Consequently we have an equation of the form (2) 
in which x, y, z, are replaced by x, y, z . Prom this it follows 
that the function 


(3) O' — ex' 2 -\-fy iJ rgz' 1J r2 (a y z + b z x -f c x y ) 

is a solution of the point of equation of A 7 ' 124 ). It is readily 
found that 0 1 and 0, given by 


I 0 — 2[exx'-]-fyy'-\-gzz'-\-a(yz'-\-y'z)-\-b(zx'-\~z'x) 
\ -\-c(xy' -\-x' y)-\-rx' -\-sy tz'] 


satisfy the equations 

9 0 ' 

0 U 


( 5 ) 


= h 


90 

du’ 


9 0 ' 

dv dv * 


124 ) The function since N' cannot lie on a cone. 
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When these values are substituted in (II, 2), it is found that 
the F transform N x (x x ) lies on Q. It has been shown in § 5 that 
any congruence conjugate to a net N can be obtained by drawing 
through points of N lines whose direction-parameters are the 
coordinates of some net parallel to N. Hence we have the theorem 
of Ribaucour: 

Any congruence conjugate to a net on a quadric meets the 
quadric again in a net to which it is conjugate . 

We apply the results of § 21 to the particular case when N 
is on the quadric Q, and also N x and N 2 , that is when 0 X and 0 2 
are of the form (4). In order that 0 l2 and 0" 2 ' be of the form (3) 
and (4) with x' y z ; x y z replaced by x" r \ y'i", zT\ x Xf y u z x 
respectively, we must have 

{ m | *!'+«- 2 \ex'x"+fy f y"+gz’z"+a(y’z"+y"^ 

K \ + W X " + j’ot) + C&y"+x"lf)\ = 0. 


By differentiation it is found that the left-hand member of this 
equation is constant, and consequently the additive constants in 
6 " and 62 can be chosen in 00 1 ways so that (6) shall hold. Hence : 

If N x and N 2 are F transforms of N and all three nets lie on 
Q ( 1 ) , there are cc 1 other nets N X2 on Q which are F transforms 
of N x and N 2 ; they can be found by a quadrature . 

133. Permanent nets on a quadric. Let Qbe a quadric 
referred to its asymptotic lines, and write its linear element in 
the form 

(7) dsl = Eoda* + %Fi>d*dfi+Gh>dfi\ 


and its second quadratic form 

(8) 0) = 2 D'odadfl. 

If S is an applicable surface, its linear element is (7) and its 
second quadratic form is 

(9) 0 = D 0 da 2 + 2D' 0 dadft + Iyo' d/8 2 . 


Since the asymptotic lines on Q are straight lines, we must 
have [§ 85] 


21* 
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( 10 ) 



the Christoffel symbols j^ s J^ being formed with respect to (7). 
If we put 

( 11 ) Ho = VEoQo-Fl, = V-X 

■Ho 

from [§§ 63, 77] we have 


( 12 ) 


J 121 __ 91og_ff 
\ l (o "Tfi ’ 



s 

da 


log -Hoff, 



9logc 
~ da~ 


9 

Bfi 


log Ho ff. 


Hence the Codazzi equations [§ 64] for 8 are reducible to 


3 Do 3 D’ 0 , 3 logo — , 3log-Dofv_ n 

3/? da + 8/3 Do+ da D ° °» 

(13) { _ _ 

dD’o’ 3 D'o 3 log a , 3logZ>; f v_ A 

l~3^ W + 

Since Q and 8 are applicable, 

Do W— D'o* = — D'o* — — HI <r*. 

If we put 

(14) H^aDo, S’ = «D' 0 ', S = %, 

Ho 

we have 

(15) VJJ"=aD'o VJ'*—\. 


Then (13) 
(16) 


may be replaced by 


dJ 

3 ft 



dJ" 

da 


= ffDS 


dJ' 

df 


t§ 56] 


The equation of the common conjugate system of Q and S is 


Jda t —H"d/S*= 0. 
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By means of the above formulas we find that the Gaussian cur- 
vature of the left-hand member of this equation is zero, and con- 
sequently it can be given the form dudv. Hence we have the 
theorem_of Servant 1 * 6 ): 

If S is a surface applicable to a quadric Q and the latter is 
referred to its generators, the common conjugate system can be found 
by quadratures. 

If we put 

e- m {V7da — V7" dft) = du, e a (V7dcc + V7'df) — dv, 

we find, in consequence of (16), 

(18) e‘*=7+V7 7 *^ 1, e-^^ri'—VT^ 1. 

From equations (17) we have 

| 7X7 J da — e^ du-\- e~' a dv, 
l 2 VT*' dfi^—^du + e-vdv. 


In terms of u and v the second quadratic forms of Q and S are 
necessarily of the form 

© = D du 2 + D” dv 2 , © = Ddu 2 7 D" dv 2 . 

In consequence of (8), (9) and (19) we have 

(20 > D = -7[v7r^ +1 )’ D ""“ 

< 21) g — g — i ^=r 


From these follow the theorems 126 ): 

If a net upon a quadric admits an applicable net , then 

(22) D + D"= 


125 ) Bull. Soc. Math, de France, vol. 30 (1902), p. 19. 
m ) Cf. Servant, 1. c., p. 20. 
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(23) 


The permanent net on a deform of a quadric is isothermal- 
conjugate. 

From (19) we have 

a *_ e ' 03 a a_ e~ (0 dfi _ e 05 dfi _ e~«> 

du^~2V7 f ~dv~ i u~ ~~ zVjf ’ 

In consequence of (15) and (18) we have from these equations 

'dadjfi dcc_dfi ___ 

du dv dv du 9 

(24) 

dec dfi da dfi _ 1 

a w a a ?; a 2 o' Do 

Conversely, if we have a solution of this system, and define 
functions J and J" by (23) and J' by (15), we find that w and 
//' satisfy (18). Since the corresponding equations (17) are con- 
sistent, we obtain (16). Then a surface 8 applicable to Q is defined 
intrinsically by (14), and we have: 

The detei'mination of permanent nets on a quadric is equivalent 
to the solution of equations (24). 

134. The permanent net on a deform of a quadric. 
When a quadric Q and an applicable surface S are referred to 
the permanent nets N and N, we have, in consequence of (21), 

D D " 7) 2 

(25) = i, -S’ = EG—F*, 

where (^ — —K, K being the total curvature of Q and 8, and the 
linear element of Q and 8 is 

(26) <fs a = Edu'+VFdudv+Gdv*. 

If we define two functions a and b by means of the equations 

(27) D = — a a*, D"=ob*, 

we have from (22) 

(28) a’-b*^--. 
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In consequence of (21) and (25), we may take 
(29) —D = D"=---aab, Ha^ab. 


The Codazzi equations for N and N are [cf. § 64] 



the Christoffel symbols |^ S J- being formed with respect to (26). 

Prom these equations, in which D, D" and D t are replaced 
by their expressions from (27) and (29), and the identities [cf. § 63] 


-Tf=n+{?!' 


we obtain, in consequence of (28), 


\U~ 3 « l0g o’ 

|lll a 2 3 . 

1 2 I ~ b 2 3,- logao> 


12( = _3_ 
if dv 

jl2l = _L 

I 21 8 u 


3 log H 

dv 

log a, 
log b, 




lf_8_ 

a* 3 u 


log ba, 



If x, y, z denote the cartesian coordinates of 8, from the 
Gauss equations [§ 64, (7)] for 8 we have that x, y, ~z are solutions 
of the equations: 

' 3*0 3 a fl _ 3 log a 3d 3jogb d«_ 

3 m * 3 v 2 3 u 3 u 3 v 3 v ' 

(33) 

d *6 __ 0loga 0 0 , 0 log b 0 6 
dudv dv du dll dv' 

Hence from § 45 we have : 

The permanent net on a deform of a quadric is an B net 1 * 1 ). 

n7 ) Of. Tzitzeica, Comptes Rendus, yol. 152 (1911), p. 1077 ; also Bianchi, 
Rendiconti dei Lincei, ser. 5, yol. 22 (1913), p. 3. 
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We desire to prove the converse theorem: 

When the functions a and b in the equations (33) of an R net 
satisfy the condition (28), the net is applicable to a net on a quadric. 
From (31) and (33) we have for any R net N 



When these values are substituted in the second set of (30), we 
find that the second fundamental_coefficients of an R net satis- 
fying (33) are of the form — D — D” — a i b i /H. Then since 
DD" = — o 4 if 2 , we may take Ho = ab, in which case we have 
(29) and the above expressions for the Christoffel symbols are 
reducible to (32), in consequence of (28). As a result we have 
that (27) furnishes a solution of the first set of (30) in which the 
symbols have the values (32); that is N admits an applicable 
net N, for which the second fundamental coefficients are given 
by (27). 

If u and ft are the parameters of the asymptotic lines of the 
surface 8 on which N lies, we have 

Xda = adu — b dv, p dft = a du-f b dv, 
where the integrating factors A, p are subject to the conditions 



_9_ 

dv 




In consequence of (27), (29) and (§ 64, (7)] the coordinates of 8 
satisfy the equations 


,.9 a 0 . .9*0 

&*-r-T + a*-^-r 
du. dv* 


9 , .90 . ,9 

— — log ab— \- a*- — 

9 u ° du dv 


lo gab 


90 

dv’ 


9*0 9 log a 90 . 9 log 5 90 

dud v dv d u du dv' 
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If we express these equations in terms of a and we obtain 



Adding and substracting these equations, the resulting equations 
are reducible in consequence of the above conditions on A and /< 
to the form 

3*0 _ d6_ U_ 

0«* ~ A da’ 0/0* ~~ B 0/d’ 


and consequently S is a quadric. 

135. Transformations F k of permanent nets on a central 
quadric. For the central quadric Q, whose equation is 


(34) ex >J rfy iJ r gz i — 1, 

we have 


(35) 


X,Y,Z- 


ex,fy,gz 


V'Ze'x* 

and the Gaussian curvature is given by 1 * 8 ) 


(36) 


K = — 


c 4 (^e 8 x s ) 8 




^2 


e i x i , 


where c*= — l/efg. 

If Q is referred to a net N whose point equation is the second 
of (33), we have 




_0_ 

0w 


log &*, 


IJ8 ) Cf. C. Smith, Solid Geometry, 9 ,h edition, p. 223. 
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(38) 
Hence 

(39) 
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dx dx 
du dv 


Ze^^- = 0. 




where U and V are functions of u and v alone. 

In consequence of (27), (32), and the Gauss equations for Q 
we find 


(40) 


9 

du 




d I / 3#\ 2 1 3 t b 2 

¥v\^ e \dv) J 

From (35) and (36) we have 


dx 


dx 


a , + 2<rb»£eX a 
9 v! ** dv 


1 


(41) IeX^- = ZeX^ = ±^-(±). 

du r du \ <s I’ ^ dv c dv \ o ! 

When the expressions (39) are substituted in (40), the result is 
reducible by means of (41) to 


1 9J7 

2 du 


(--I) 


1 \ 9logtf 

du 1 


1 dV = I 1 \ 9 logo' 

2 dv \ c ) dv 


Also on differentiating equation (38) with respect to u and v we get 

From these two sets of equations it follows that U — — V — l/c, 
and consequently 



( 42 ) 
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Hence from (28) and (36) we have the theorem: 

For any permanent net on a central quadric (34) the coordinates 
satisfy the condition 

( 43 ) 

where c 4 = — 1/efg 139 ). 

This equation may be written 

(44) • a*—b t = c*'2e l x t . 

Suppose, conversely, we have a net N on the quadric (34) 
satisfying the condition (43). Since equations (39) hold for any 
net on the quadric, the functions a and b in the point equation of 
N can be chosen so that we have (42). If these equations are 
differentiated with respect to u and v respectively, and the Gauss 
equations [§ 64, (7)] are used, the resulting equations are reducible 
by means of (41) to 



From (38) and (42) we have 


a 2 b 2 


c 


2 



dx dy 
du dv 


dx dy \ 2 
dv du) 


H 2 ^ ef Z* — 


H'a* 


Hence, if we take H<t = ah, from (31) we obtain 


(46) 



In consequence of these expressions equations (45) give 
D — — o fa 2 , D"= ah*. Substituting these expressions in the first 


I29 ) Cf. Calapso, Annali, ser. 3, yoL 19 (1912), p. 62. 
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set of equations (30) and making use of (28), which is a conse- 
quence of (42) and (43), we get the expressions (32). When these 
values are substituted in the second set of (30), a solution is 
— D = D"= (fab. Hence there exists a net N applicable to N. 
Therefore: 

When a net on a central quadric (34) satisfies the condition (43), 
it is a permanent net. 

Let N be a permanent net on the quadric Q (34). From (3) 
and (4) it follows that if in the equations of the form 

(47) x y = X 

we put 

(48) 0 = 2(exx'-\- fyy'-\~ gzz ) = 2^exx', O' ~£ex' 2 , 

the F transform Ny of N lies on Q. In order that Ny he a per- 
manent net it is sufficient that 


(49) 


e*x‘ . 


From (47) we have by differentiation 


(50) 


dx t r / ,90 , 3a: \ 

du ~ 0 7i Tlh7 TZr 


dxy a I , 9 0 , 9*1 

dv~d'*\ x dv 9 dvr 


where 

(51) t — hd — O' y a =16 — O'. 


Substituting these expressions in (49), we can reduce the resulting 
equation by means of (42) to 


(52) 


<r 8 6 a = c l 0' t '2e i xl 


In consequence of (II, 16) we have from (51) 


9 

dv 

9 

9 n 



a — t 9 

0 f Tv 
t — a 9 
o' Tu 


, ha dO 

It 90 
O ' 2 9« ‘ 


log b ■ 


( 53 ) 
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Differentiating (52) and making use of (53), the resulting equations 
are reducible to 


dtp . 1 dO [ b* . , , . ,\i * / \ 


+ c*y^e’ x («i — x)] = 0, 
^ + hO(a—t) + c*2J e 8 a;, (x, — x) 

+ c*4-2e a a;(a;i— a;) = 0, 


where 




By means of (44), (51), (52) and (54) these equations are reducible to 



which can be integrated in the form 
(56) ?e'=--fe s , 


where k is an arbitrary constant. When this value for <p is sub- 
stituted in (54), this equation and (52) are equivalent, in conse- 
quence of (47) and (51), to 

(57) h*a * — l i b i = c i £{e t — ke)a/ 8 , ha* — lb* = c s ^(e* — ke)xx'. 

Differentiating the second of these equations, we obtain 


9 h . 9 log a , 

~ ll " 

du dll 


9log& 

da 


l — — ke)x 




in consequence of (44) and 
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(59) 


dx 

du 


dh 

dv 


(l—h) 


j dx dx' 
h Ju’ ~dv 


dz 

du 


9 log a dl „ 9 log 5 

dv ’ "du = 

— jV h -JL — i hL . 

dv ’ du du’ dv dr ’ 

^ d_z_ 9/ ^ 9 z 

du’ dv dv " 


It is readily found that equations (58) and (59) form a com- 
pletely integrable system, in consequence of (44). Moreover, for 
every set of solutions of this system equations (57) are satisfied 
to within additive constants, as is found by differentiation. Hence 
each set of solutions satisfying (57) determines an F transform 
which is a permanent net. From (47), (48) and (59) it is seen 
that if x' , y' , z' , h and l are multiplied by the same constant, the 
transform N x is unaltered. Hence when k is any constant different 
from e, /and g, there are go 2 sets of solutions satisfying (57) and 
giving distinct transforms. 

When k — e, there are oo 1 sets of solution s, y' , z , h and l of 
(58) and (59) satisfying (57). Then#' is given by a quadrature (59) 
and involves an additive constant, say m. In this case each set 
of solution s, y' , z' , h and l determines oo 1 transformations, such 
that the corresponding points of the oc 1 transforms lie on a conic, 
the section of quadric by a plane parallel to the lines from the 
origin to the points (#'+ m, y', z) as m varies. Similar results 
hold when k = f or k — g. Hence : 

A permanent net on a central quadric ex s -j - fy* g z* — l 
admits oo 2 transformations Fu into permanent nets on the quadric 
for each, value of the constant k; when k is equal to e, f or g, the 
transforms Ni may he grouped into oo 1 families of oo 1 transforms 
each such that corresponding points of the nets of a family lie on 
a conic 130 ). 

136 . Transformations F k of surfaces applicable to 
a central quadric. It is our purpose to show that each trans- 
formation F of a permanent net A 7 on a quadric Q into a permanent 
net Ni on Q leads directly to_a transformation F of the net N 
applicable to N into the net N, applicable to AV In fact, we 


130 ) Cf. Journ. de Math., ser. 8, vol. 4 (1921), pp. 37—66. 
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shall show that_it is possible to find without quadratures a net 
N' parallel to N such that O' given by (48) can be put in the 
form (cf. II, 95) 

(60) O' = k — £x' 2 ), 
and then the desired transform is defined by 

(61) x 1 =x—yx’. 

Equating these expressions for d' , we have 

(62) (e - k) x'* + (f~k) i/’+iy—V/’+k Zx'* -- 0. 


Differentiating this expression and assuming that equations of 
the form 


(63) 


dx f , dx dx' « dx 

du d u * d v dv’ 


hold, we obtain 


(64) 


(e — k) x 


dx 

du 


+(/-&)*/ 


dy 

du 


(e — lc) x 


dx 
3 v 


+ (f—W 


1 y_ 

d v 


+ = 0 . 


If these equations are differentiated with respect to u and v and 
in the reduction use is made of equations [§ 64, (7)] for N and N, 
two of the resulting equations are satisfied identically in conse- 
quence of (64) and the other two are reducible to 


h2e(~l*+D2(e~- k)x' X+kD^x' X = 0, 

1 2Je *+£>"2 (« ■ — K)x X+ kD"^x'X^ 0. 


In consequence of (27), (28), (29), (35), (42) and the second of (57) 
these two equations are equivalent to 


( 66 ) 


C h — l)aab + r.k 'Zx'X = 0. 
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Solving equations (64) and (66) for x', if, ~z' , we have ex- 
pressions of the form 

w = sff (l _ » x+ [|f 2 („-*>*> (rff - off ) 

+ffZe-»*(Hf-*ff)} 

If we differentiate these expressions, we find that S', jr', ~z' satisfy 
equations of the form (63), by making use of equations of §§ 134, 
135 and of f§ 63j. 

Also from (67) we have, with the aid of [§ 48, (11)1, 

(68) lf'Zx' 2 -= (l—hy+2(e — lc) s x ,s —(2(e—k)x'X) 2 . 

Substituting this expression in (62), we find that it is satisfied 
in virtue of (57). 

From these results and the last theorem of § 135 we have, 
when It is not equal to 0, e, f or g, the theorem: 

If N is a net applicable to a net N on a central quadric 
ex iJ r fy t + gz* = 1, for each value of It different frorne, f, g and 
zero, there exist oc* transformations F/ c of N into nets N, applicable 
to the quadric; these transforms are conjugate to cc 2 congruences O; 
their determination requires the finding of solutions of a completely 
intcgrable system of equations subject to a quadratic and a linear 
homogeneous relations IS1 ). 

When k — e, the function x is determined to within an additive 
constant m, as seen in § 135. There are only oo 1 sets of solutions 
y' , z' , h and l, and in consequence from (67) it follows that there 
are only oc 1 congruences O of the co * transformations. As m 
varies we obtain oo 1 transforms N, conjugate to the same con- 
gruence. They are defined by (61) with 

6 — 2^ exx'f - 2 mex, O' — e(x'-f m) 2 -\-fy' s gz'*. 

From this expression for 0 and the results of § 23 it follows that 
the tangent planes at corresponding points of these nets enve- 



13 ‘) Joum. de Math. 1. c. p. 53. 
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lope a cone. If £ 0 > Vo, Co are the coordinates of the vertex, the 
equation of the tangent plane is 

(£ £ 0 ) -^1 (v */o) 1 1 ~\~ 1 C — Co) Z\ - r 0, 

where y. £ are current coordinates, and A\, Y x and Z Y are 
direction-parameters of the normal to N { . When their expressions 
are calculated, it is found that they involve m to the second degree, 
and consequently the cone is a quadric. 

When 7<* e, ./ does not appear in (62) and (64). Solving 
the latter for // and z, and substituting in (62), we obtain a homo- 
geneous quadric equation in x . y f . z f . Hence the lines of the 
congruences O through a point of X form a quadric, cone. Since 
similar results hold when /»• is equal to f or //, we have in con- 
sequence of the last theorem of § 135 the theorem: 

If X is a net applicable to a net N on the central quadric 
(34), there are cc - sets of solutions of equations (57), (58), (59) 
with /»* equal to <\ f or g: there are thus three families of co - trans- 
forms A T , of X which are applicable to Q: the transforms of each 
family are conjugate to x 1 congruences (7, there being go 1 trans- 
forms conjugate to each (I ; the lines of the congruences G through 
a point of N form a quadric cone ; the tangent planes at points 
of a line of G of the nets X x conjugate to it en relop a quadric 
cone , and the points on Q corresponding to these points of the 
nets X x on a line of G lie on a conic 13 *). 

'When Q is the quadric of revolution c(x 2 -\- y 2 ) gz* 1, 
the transformations of the type described in the first of the above 
theorems exist. There is, however, only one family of transformations 
of the type described in the second theorem; they are F fl . When 
/• c, equation (62) may be written 

(6i>) 2Jr 2 — (1 — - 0. 

,y2 ) The two types of transformation set forth in this section were dis- 
covered by Guichard in a different manner in his Mcmoire sur la deformation, 
des quadrics, M6moires a L‘ Academic des Sciences de France, ser. 2, vol. 24 (1909). 
His method did not reveal the relation between the nets X and N x on the quadric 
in cither case, nor did he show that the nets N and Ni are in relation F when 
k ~ e, f or g. These results were announced by the author in 1919, Trans. 
Am ei’. Math. Roc., vol. 20 (1919), pp. 323—338. 
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From the results of § 100 it follows that N is a net 2, 0 and 
consequently N is 2, 0. From (69) it follows that N' is one of 
the two special nets 2, 0 parallal to .Y. the complementaiy 
function being 

(70) — <L Z '. 

Suppose conversely that we take for N' one* of these two 
special nets 2, 0 and define z' by (70). Equations (64) and (65) 
hold for k — e — f Adding equations (65), we have in consequence 
of (27), (28), (29), (35) and (42), the second of (57). From these 
follow (66), (67), (68), and then the first of (57), as in the 
general case. Thus h and l determined by N' satisfy the equations 
of § 135, z' is given directly by (70) and x' and y' by the qua- 
dratures (59), and thus involve additive arbitrary constants. 

Each of the two parallel special 2, 0 nets N' determines 
a normal congruence conjugate to N (§ 61). In accordance with 
the theorem of Beltrami (§ 112) and the results of § 100, when 
the net N is applied to its applicable net A r on Q, the lines of 
these two normal congruences coincide with the lines joining points 
of N to the foci on the axis of revolution of Q. Hence we have 
the theorem: 

Let N be a net applicable to a net N on a central quadric of 
revolution Q; the lines joining points of N to the foci of Q on the 
axis of revolution become lines of two normal congruences G x and G 2 , 
conjugate to N when N is applied to N; there can be found by two 
quadratures cc 2 nets Aj conjugate to G x and oo - nets A 7 2 conju- 
gate G 2 which are applicable to oo 3 nets A\ and oo- nets on Q; 
the nets N u or A t 2j can be grouped into co 1 families of go 1 nets 
such that their tangent planes at points on the same line of the 
congruence form a quadric cone and the corresponding points of the 
applicable nets on Q lie on a conic 19 *). 

When Q is a sphere, real or imaginary, with the equation 
cix^fy^fz 2 ) — 1, an applicable net N consists of the lines of 
curvature on a surface of constant ‘gaussian curvature, since every 

133 ) In order to obtain one of these families we hold fixed the additive 
constant in x ' and let the additive constant of y' vary, and vice-versa; cf. Trans, 
Amer. Math. Soc., 1. c., p. 337. 
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net on Q is orthogonal. If we take k — e, it follows from (62) 
that N' is a cone; hence there are no transformations of the type 
of the second theorem. When k e, we have from (60) and (62) 

that is the transformation is E (§ 67). Hence: 

k — e 

A surface of constant cjaussian curvature admits oc 8 trans- 
formations B into surfaces of the same curvature . 

137. Theorem of permutability of transformations F k of 
surfaces applicable to a central quadric. Let N t (x^) and 
N 2 (x 2 ) be obtained from a net N(x) applicable to a net N(x) on 
Q. by means of transformations Fj Cl and Fu % , and let N\(x\) and 
A 7 2 (x 2 ) be the nets on Q to which N t and A T 2 are applicable. Let 
0, and 0o be the functions of these transformations, where 


(71) e [ - in (2> ,s -2>' 2 ), ev - h (2y s -2V*), 
x"\ x, x" being obtained from x and x by the quadratures 


dx' 

dx 

— h\— , 
du 

dx' 

9 £l. 

“ ll dv' 

dx " 

— /h 

dx 

q ~~n 
dx 

_ . dx 
~~ 2 ~dv 

du 

dv 

du 

dn 1 ’ 

dv 

dx 

7 dx 

dx 

, dx 

dx" 


dx 

dx 


du 

~ h t — — , 

— 

/t — ; 


— h 2 

— 

— 

1 du 7 

0/; 

1 dv 7 

du 


du 7 

0 V 

2 8w 


We seek under what conditions the net W 12 whose coordinates 
are of the form 


(73) x i2 

where (cf. §§ 20, 21) 


74) 


m n 

x 1 — x - 


0 0 " 


h 2 


t 

e[ x 7 
9 e A 0 0" 


, r ? 1 L 7 '" 

,jr 1 Qllt J'l 7 


02 


0 V2 — 0 2 — o u 

01 


n"i Ck n n f 

012 — 02 — ~XrV27 
01 


- h 


0 01 00 2 ___ 90s 002 _ , 002 


du da 9 dv 2 dv 7 du n du 7 dv 


ih- 


li 


dv 7 


is applicable to a net A 7 12 on Q , defined by 


^12 

«;r 1 ' 




(75) x i2 — - x x 

If we put 

(76) 
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we find that this expression is equivalent to that of (74) if 

(77) let 0i'+ k, U'i — 2 A, k, x") --- 0. 

When the left-hand member of this equation is differentiated, it 
is found to be constant in consequence of (71), (72) and (74). 
Hence the additive constants entering in and 6'> can be chosen 
so that (77) holds. 

From (6) it follows that A r , 2 defined by (75) is on Q, if 

(78) 6\ -f” 0*2 — 2 (e f x ,f f y' y' f y z' z” ) — 0. 

Solving equations (77) and (78) for 0" and 0a, we find ex- 
pressions which satisfy (74). Hence: 

If N x and are transforms of a net N applicable to a net 
N on a central quadric Q by means of transformations F kl and Fk t 
(Ala \ /.',), there can be found directly a net A 7 12 », applicable to a net A T ls 
on Q, which is in relations F)- t and F/ Cl with N x and N 2 respectively. 

This theorem holds when k t or /c 2 , or both, is equal to e,/or g , 
but lu } /,’•>. It holds equally when Q is a central quadric of 
revolution, or a sphere, real or imaginary 184 ). 

138. Transformations B k of surfaces applicable to a 
central quadric. Let N(x) be a net applicable to a net A r (..*;) 
on the central quadric (34). We consider a transformation Fl 
of N and N as treated in § 136. We have 

(79) n - 2 2ejrS. 


From (35) and (36) we have 

(80) rtZe'xS. 


By differentiation of (79) we have 


(81) 


00 

du 


2% 


ex 


d,v 

Ju' 


d0 

dr 


r ex 


dx 

dr 


i; {4) Trans. Amer. Math. Soc., 1. c., pi>. 324, 335. 
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and with the aid of (27), (28). (42) and (57) we find 

'**0 (111 90 , Jill 90 . g ia . 2<r*«*& 2 .. 

Hf sT + lai S -<•*•■«*.+ --- (/-/,), 

2oW 


(82) 


0M* 

0*0 

0« v 


Because of (28) and (32) we have 
(83) 


(A—/). 


0^0 0*0 
'8«* + “0r* 


9loj?rt 90 , 0 0logi 00 , „ 

- ^rT M : + “ 


From the results § 49 it follows that if we take two trans- 
formations ]<), of N(k | e. f, ()) and write 


(84) 


0 , - 


! y t ,r.r. 




exx 


the net *V(>), defined by 

(85) 

where 


, d.r dx 

x + "5«+''7„’ 


( 86 ) 


1 

/! 


0 X 


dO, 
d v 


(h 


do x 

dr 
3 0, 8 0, 
du dr 


1 \ d n 


- Qx 


do 2 

Ju 


ddi do , 
du dr ? 


is a W transform of A\ that is these two nets are on the focal 
surfaces of a W congruence. 

On substituting the expressions for the derivatives of 0 X and 0 * 
analogous to (81) and (82) in (I, 68), we reduce the resulting 
expressions to 


dx 

- plDX + 

2ffV 

\\^ 

0 0 2 

__ 3.r 

00 2 ’ 

3 u 

* 1 


c..4 

\du 

3r 

8 r 

3w i 



/'3x* 

00, 

dx 

3 0 t \ 


-h) 




0W 

dv 

_ 8w / 

dx 

„ f n" v 

2o*0* 

I dx 

3 0, 

35* 

8 02 

dr ~ 

7 r * 

V 

(•// 

\3u 

3?? 

dv 

0M , 


I 

( d x 

3*0, 

dx 

3 0i \ 

(« 2 (4- 

-/(,) 


“I 

\ du 

dv 

di r 

8?r) 


)(< &•&-*.)- 



a s (l t — Aj ) — 


-r-k 




v-k 


0i 



(93) 
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By means of the same functions 0, and 0. 2 we obtain a derived 
net N(x) of N. Its equations are 


( 88 ) 


, d.r. d.r 


where p and q are given by (86). On substituting the expressions 
for 0 i and 0 2 , ' as given by (84) in the expression (86) for //, we 
find, in consequence of (35) and (cf. (29)) 


(89) 
that 

(90) 


H a nb, 


■<^Zef(x"y’-x'y")[ 


3_y 

du dv 


dr cy\ 
dv du) 


4 H2ef{r"y'-/y")Z - 4 vabefg^x^'z'-y'z"). 


Hence the expression for ./* is reducible to 


(91) 

From this we have 

(92) 


y"z—y’z" 

?£x{y' r z'-y'7)' 

2jexx - 1 . 


The equations analogous to (57) are 

|a; a'—ry - r s Z (<r — ke)S*, Ka—ll Ir = r*2J (e l —ke)x"-, 
|//i a 2 — /, lr (<■- — kcjxj' , h t a 2 — /., b‘ r 2 2 (e 2 — kejx.r" . 


By differentiation it can be shown that the left-hand member of 
the following equation is constant for any two transformations JF& 

(94) h t h a a , —f t l,V—<*2(«‘—ke)J.r*=^ 0. 

We choose the nets A’' and N" so that (94) is satisfied. By means 
of these relations we show that 

=-2(*-ke)S* ■ 2V~*e)®"* 

I - {'Zie--ke)xx"f - - (/, In-WhY-, 


( 95 ) 
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also that 
(96) 


lZAy"z'-y'z”) I s 

- ^ n , ,iv- 


In consequence of these identities we have 

• *> 

2V r 


(9< 


l _ l 

e '*• 


1, 


that is iV(i) lies on a quadric confocal with V. 

The equations for A 7 analogous to (87) are obtained by removing 
the bars from the quantities r, X, 1) and D”. Substituting from (81) 
the expressions for the derivatives of 8, and 0 t and making use of 
(35), (36), (84), (89) and (90), we reduce the resulting equations to 


(98) 


dr 4 (ro s 
dv 


./ 


r{f?-ki)r'£r(;y'z"- y "z') + rk{y'z"-y"z') 


+ W~yz") (/, -lh)-(zy'-y/) {L-h))}, 
+ <rl(zy"-yz") (I, -h^-izy'-yz’) 


"-y" 


From (93) we have 

(zy"-yz") (//, «*- h b 2 )-(zy' -y/) (A, 
-c'\(e 2 -k<>)r2x(y'z"-y''z') + U ? -/„} Vy"-z"y') j. 


(99) 


Adding the left-hand member of this expression to the expressions 
in parentheses in (98) and subtracting the right-hand member, we 
get in consequence of (28) 


( dr 


(100) 


dn 
d Jr 


dr 


( z y»_y z »)_f ta ( Z y'_ y,') (e"y>— z'y")\ t 

— [/ | (zy"—yz") — 4 (zy — y.z) + (z'' y —z y")\. 
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For A’ the expressions analogous to £ e |-~j and £ e 
Ice I dx\ 2 , Ice 


for — ff-randZ, 

/.• — e \ 3 tt / /{ — a ... , 

known theorems on determinants, we find ultimately that 


( 101 ) 


l^0~ 


( bir )* use ° r ' well- 

timatelv that 

0- -«v- 


Arc / d x \ - 


2 


he djr dx 


0. 


/r — e dn dr 

From (87) and the analogous equations for X wo have, in 
consequence of (27) and (29), 

’2 (£) -2 (1!) - - - *V. 


002) 


d .r '() x d x d x 

" Yu dr ^ du dr 


dx d x 
) l( d r 

v / dx\ 2 


2 0 - 2 ’ 0 - - i,y 


From (101) and (102) we have 


1103) 


y / 9 X \ " /i / 3 J:\- yi 8.'' 9 ■yi A' 3,y 3 J' 

^T-r [du)’ ^Jn 3 r ^/( — (‘ du 'dr' 

2(f 2^(f): 


Hence if we put 
(104) 


- _1 

1 /" k - 

- 1 

1/ k - 


V k - 

• f 0 ^ 1 

\ A-e 

% 1 

h- f y > 

*0 “ 

r A—// ' 


the net .V (./•) is applicable to the net Ay (iy), which in consequence 
of (97) lies on Q. The equations (104) define the relation of Ivory 
between a quadric and a confocal quadric ; the point of coordinates 
y t) . z 0 is the intersection with Q of the orthogonal trajectory 
of the family of confocal quadrics which passes through the point 
of coordinates ~r, y, I of (97) 1S5 ). 


Biancbi, Lezioni, vol. 3, p. 50. 
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The functions of a transformation W are x, y', z', y", 

h,, l y , hi and h- They satisfy a completely integrable system of 
the form (58) and (59). Moreover, the five conditions (93) and (94) 
must be satisfied. However, these equations are satisfied also by 
the functions 

(105) \ “ j/ + + + 

1 ya'+d r", yy'-f $y" ■ yz'-j-iS.;", yh t -j- Sh.,. ;7, -j- d/ 3 , 

where «, fi, y and d are constants. In this case, as follows from 
(85), (86) and (88) we get the same nets N and A 7 . Consequently 
for each value of k there are go 1 transformations of the kind sought. 
Tf A’, (:r t ) and A* (x 2 ) denote the /'), transforms of A', we have 


In consequence of (91) and (92) we have 
2Jrxx, ■ 1 . y^cxxi - 1. 

Hence the point of coordinates, x, y, l is the pole of the plane 
of the corresponding points on N, A 7 , and A'*. 

We may state the foregoing results as follows. 

If A 7 is a permanent, net on a centra/ quadric Q, there arc. gc 1 
sets of transformations Fk of A 7 into nets N, and N* so that the 
condition (94) is satisfied, for each value of k different from zero; 
the locus of the pole Mr of the plane M My M t with respect to Q 
is a net N on a quadric confocal to Q; as N rolls on its applicable 

net K, the point Mr describes a. net N. such that N and N arc the 

focal nets of a IF conyruence, and A' is applicable to the net. on tf 
which is the Ivory transform of the net N. 

These are the transformations B k found by Bianchi by entirely 
different processes 188 ). 

Let A 7 be a permanent net on the quadric (34) and A’, an 

h\ transform of A 7 by means of the functions y , z . h t and /, 

satisfying (57), (58) and (59). From the form of equations (93) 
and (94) and the observations concerning (105) it follows that 


1M ) Lezioni, vol. 3, Chaps. 1 . 2, 3; cf. also Jouru. de Math., 1. o., p. <> 1 . 
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there exist only two sets of functions x", y ,f , z” , h 2 , h and y" f , 
z'") k each satisfying (93) and (94) with x, y', z h u k and 
determining different Bk transforms of N , and also of the net N 
applicable to N. 

The corresponding transforms X 2 and iV 3 of iV are determined 

by 0 U d 2 and d u where and 0 2 are given by (84) and 

—jjjexx". Consequently these transforms are conjugate to 
the congruence harmonic to N determined by 0 X . The same is 
true of the transforms N 2 and iY 3 of N determined by 0* 
and 0i, 0 S . The congruence harmonic to N determined by 0, 
consists of the lines of intersection of the corresponding tangent 
planes to N and its Fj { transform A\ by means of x, y f , z\ h x and f x . 
In view of the preceding results we have the theorem: 

If X is a permanent net on a centra I quadric Q and A\ is 
an Fk transform of N, and l\ and L\ are the points of intersection 
with the confocal quadric Qj- of the line of intersection of corre- 
sponding tangent planes of N and N u then as X rolls on its 
applicable net N, the points P x and R> generate nets applicable 

to Q, each of which, is a Bk transform of N. 

139. Permutability to transformations F k and B k . Let 
N{x) be the permanent net on a deform of the quadric Q (34) 
and X(.i) its Bu transform by means of functions x 9 //, jc", y”, 
h u l l9 //*, / 2 . Lot x'\ y n \ z”, h ii9 / 3 , be a set of solutions of (58) 
and (59) with k replaced by lc satisfying the conditions 


(106) a; «*— /;*■ - I, s a-— / a A*=r (*]£(<?— k'e)*/' 


so that the b\ transform .Y :) of N, defined by equations of the form 


m 

r * X ~W J ' ’ 


(107) 
where 

(108) 
is on Q. 

From (II, 33) it follows that the equations of the forms 


/i o V m fkff' V Of* 
0 :i -=~ 2£exx , Qz 1 


(109) 


Oh 


a fff a 


a" 

tr ft iti 

, n X 
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define nets parallel to N a \ the corresponding functions h n> l n and 
h ai , 4s are given by (cf. II, 50) 


M 8-AiC j __ hh-h C 

l~ /j gkfft ? *31 7 /j aft! r 

"8 "8 I 3 V 3 ^3 


he',' -her W—ktfr 

h a a ,n 1 ^ l a a'" * 

•h “3 “8 h “3 "8 


The functions a 3 and b s appearing in the point equation of A> are 
of the form (cf. IT, 12) 

ch - a(h^,-l), 

In order that these functions may satisfy equations analogous 
to (93) and (94), namely 

alltU-bUl, =•- <*£{<?— ke)x 8 s , a’M-Kll -- o s 2V- W*, 

nlhi-Kh = c-2(h—]ce)x s 4, alh n —bll„ ■= c'Zic'-ke)^, 

a l bn ht ~ K hi hi ■--- he) x^r", 

it is necessary and sufficient that 


( 110 ) 


a 2 h t h ~ b% 4 - <■*'£(<’*— be) x'.r"' — (A: — /«:') 0j - 0, 


a i hh-b%h-r t Z(<’ i -he)x l, y''- (fc— A'JflJ'- 0. 


Differentiating these equations with respect to u and and making 
use of (58), (59) and analogous equations, we find that the left- 
hand members are constant. 

If V 4 k, the functions 0* and 0" are uniquely determined 
by (110), and consequently x a and x a are uniquely determined by 
(109). Then by means of the functions 


(111) 03i — 2^ex 3 x' a , 0 3a — 2^ex a x" 

we obtain a B/, transform iV 3 of .V 3 which is applicable to Q. 
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It is readily found by differentiation that the left-hand members 
of the equations 

(112) «S+C— 2’Ze.r'x'" 0, flj'+ #i" — - 0 

are constants. If we take 0"' and 0"' as given by (112), we find, 
that 

(113) o n , = #, — I*, or, - » s — -% or. 

These are the conditions that A' and A 7 fl are in relation jF (cf. § 22). 
We desire to show that this transformation is in fact a trans- 
formation b \ , as detined in § 13(1. 

From § 22 we have that the functions 0* and fil" of the 
transformation F from X into A\ are given by 


(114) h 




9 

9?/ 


00 8 
3r ’ 


C = + //' 


90S" 

9« 


•!-? 




3 or 

9c ‘ 


where j> and <i are given by (86) and 


in 


v 



3 or 

dr ~°' 2 


3 01" \ 
0r r 


in 


• l 


1 301" 

:r"r i,7" 


& or \ 

dn > 


and 

(115) 


a el" a o[" del" art" 

a a/- dr du ' 


del" j ee t 
a ^ a // ’ 


aC 

’8r 


/ r 
‘’-Sr ( ' 


1,2,3). 


Moreover, the direction-parameters of the conjugate congruence 
of this transformation arc the coordinates y'". I'" of a net A r "'. 
parallel to Aj, where 

a >•'" a 

-//t /r/ 1 in 0 1 nr 0 

(116) r +,, — - . 


From 22 corresponding to (85) and (116). we obtain 

dx"' ■ dx 3a'" - 3> 

3o _ 1 8m’ 9c / 9c’ 


( 117 ) 
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where 


<118) h=-~ 



( - - 


1 

q./ 



3 0, 

3 u 


3 n I 


Substituting the expressions (108) for 0„ and el!' in (114), we 
get, in consequence of (88) and (115) 


(1 19) e s --2^(‘.v'"r 

and 


( 120 ) 


C 


JdS, 


dtk 
9 m 


W '+T| #: "( aT- 

»r+ M'Zau 


d6 a 
9 m 


9 #8 

9?’ 


-y"n 


c / 3fl, 3 0s _ 3 0, 9 Ml 
\ 9 r 9 m 9 m 9/; /] 

-9i"2;.r(y"'/-y'/")|; 


this second expression for 0"' is derived from the first with the 
aid of (29). (35) and (36). 

From ( 1 10) and ( 1 12) we get 


( 121 ) 


— A*/,/, 

<rliJ h -ISLJ, 


r2V -//*)//"+ j (//-/,•)«[", 

c 2 2(e*-/.'c).r"./ / "+ (/.'—/.) 


From equations (121), (100). (106) and (90) we deduce 


( 122 ) 


C(2/'V-y,r")-r(//^-?//) 


•lcHk'~k)abfq 


hit 3.7' . / n 3 .7,' . ,,i 

— -x — I (<—k ) 

ji 3m <] dr 


By means of (122) and analogous equations equation (120) is 
reducible to 



( 123 ) 
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Equations of the form 


~tn tn i ttt W ' JU i n 
x +* ~^- +q 


dv 


mi 


define a net A 7 '" paiallel to A'. This expression is reducible to 
1 


.f" - 


./ 


Qin I " 


9<9 2 9 x dH t 9 x \ 
dv du du dvj 


id Si 

dx 

3 0, 

\ dv 

du 

du 


----- ./"+ [ ft[ ” ( y", _ y { y> z _*,/)], 

which in consequence of (122) becomes 

(125) - -rr^-r Ue-kW"+ - h - ^ + 444 

I; — Ic [ <‘[) oh cq or | 


Since A is applicable to A'o, defined by (104), it follows from 
the results of § 136 that a transformation Fu of N is given by 
the functions 


(126) 


«»-• 2 2’e 


* * tn 
./*(). /*0 - 


2*2 


a e 


A * — e 


xx 




e ~ f f f % 

x , 


provided that* analogously to (57) and because of (101) 


(127) 


h'n'f—Wtf •••• — ~ ’2,tf—Ue)W'= J/ "- 


// «y - / /- 2 g s = - 1 Zie'-k'e) Jfi»J 


1 xqx'"-- v a 


i e 2 — lc f e 


o — A: 


.r a: 


When the expression (125) for x" is substituted in (126), the 
resulting equations are reducible by means of (97), (101) and (106) to 

2 k 


(128) 


'// k 

(A*—/?) 8 


/f/ - 

CJ‘ ./*, 


^ (2 e 2 — ke — A:V) x 


i 2/^3 yi n, dx . 2_4 y /// dch 
+ cp-*** du + 'cq^ eX dv 
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In consequence of (118) we can write the first of (124) in the form 


(129) 




From this equation, (38) and (42) we obtain 


1 


AM /* 


In order that this equation be consistent with the first of (127), 
we must have 

(/<-//) ^ 22ex"'x'"-2e/" 1 = 0 . 

Because of (101) and (10G) this condition is satisfied identically 
when the expression (125) for a;" is substituted. Again from (129) 
and (88) we have 

2 e (ST— x") (X - x) = J (h a */■— l b'f). 


It is readily found that this equation is consistent with the second 
of (127). Moreover, when we compare the functions (128) giving 
an R transform of N with the functions (119) and (123) determining 
a derived net of N it we find that they differ by the same constant 
factor. Hence: 

Let N be a permanent net on the central quadric (34) and N the 
applicable net; if A r is a Bk transform of N and N 3 is an Fir trans- 
form of N, there can be found directly a net N% which is a Bk trans- 
form of As and an If transform of N. 

140. Theorem of permutability of transformations B k . 

Let N be a net applicable to a net N on the central quadric Q 
(34), and A* r , and JV 3 nets applicable to nets on Q and obtained 
from N by transformations Bk and Bir respectively, determined by 
the respective pairs of functions 0,, 0 2 and 0 S , 0 4 , where 

130) 0, = 2 2 exx '> ~ 2 2 ex/J: "i — 22 exx '"> b*. — %2 exx "”' 
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From § 50 it follows that the functions 0 3 and d 4 , defined by 


(131) 


Oi 


raw, / do k do* a» t / a oj ad k \l 
+ [Yu \ 9 j Y^ h Yv) + dV\° k Yu Bj ~du}\ 


( 


d6 k djj 
du dr 


dO k ddj 
dr 3 u 


for i. 3,4; j — 1, k --- 2, determine a IF transform of A', which 
is also the W transform of N a defined by the two functions given 
by (131) for i 1,2; j - 3, k ^ 4. 

From (127) it follows that conditions analogous to (93) are 
satisfied. The analogue of (94) is 


A,A,oV— 4 /i6*7* 



which can be shown to be satisfied identically, by the use of 
methods similar to those used at the end of § 139. Consequently 
the above W transform of .V, is in fact a />/, transform. Hence 
we have: 


ff N x and N t are obtained from the permanent net. N of 
a deform of a central quadric Q by transformations /»;. and Lh 
(/,•' j- /.■), there can be found directly a net A r u > applicable to a net 
on Q stick that .V, and A’i S . and and A r 12 are in relations B[ 
and, 111 respectively 1S7 ). 

1 41. Transformations F k of permanents nets on a para- 
boloid and of surfaces applicable to a paraboloid. For 

the paraboloid P, 

(132) e.r-ffy'-\-2- 0. 


we have 
(133) 


.v. r. z - 


ex h[lil . 
\ (W+f tff \ 


and 

(134) K 


1 

- T (AH./T+lf 


^ c 1 c 2 t * ,f 3 y* 1 . 

a 


where < A — 1/4 <\f. 


13T ) Of., Bianclii, 1. c., chap. 4. 
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If P is referred to a net N whose point equation is the second 
of (33), we have 

dx dx dy_ dy ^ 

6 d u d r ' dn dr ’ 


and by processes analogous to those used in § 135 we find 



and we prove the theorem: 

A necessary and sufficient condition that a net N on a para- 
boloid (132) be permanent is that the parameters can be chosen so 
that 


(13G) c( 


i f)+-cr- 


isr- 


( .(^+/V+i). 


In order to obtain h\ transforms of N which are permanent nets 
on P, we take in place of (48) 

(137) 9 = 2 «'= eJ'+fy'*. 

Each set of functions satisfying the completely intcgrable system 
of equations (59) and (58) with g — 0, and the conditions 

f h 2 a~ — / s l>*— c 3 K e-lce)x ,3 + 

\ ha-— lb r-[(e 2 —ke)xx'+{f a —kf)yy'—lcz'\ 

determine a transformation I<\ of N into a net N v on P. When 
h — e or / we have two special types of transformations, as 
described in the last theorem of § 135. 

Consider now the net N applicable to JV. From (60) and (137) 
we have in place of (62) 

(139) U — k) x ,3 + (f—lc) y^—hz'+li^x"* = 0. 

Proceeding as in the case of (62), we find equations obtained 
from (64), (65), (67) and (68) by putting g = 0. Hence there exists 
for transformations Fu of X theorems similar to the first two theorems 


23 
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of § 136, but there are only two types of transformations as described 
in the second theorem ; they are F e and F/. 

When e— f\ P is a paraboloid of revolution and the trans- 
formations Fk (k e) are described by the first theorem of § 136. 
When k - - e, equation (139) reduces to — / 2 = 0. Hence 
A 7 ' is a special net 2,(9, the complementary function being z'. In 
this case, as for the central quadric of revolution, the transforms 
of .V are conjugate to the two normal congruences conjugate 
to W. When N is applied to P, the lines of one of these con- 
gruences pass through the focal point of P on the axis of revolution, 
and the lines of other congruence are normal to the tangent plane 
to P at its vertex (cf. § 100). Hence: 

Let N be a net applicable to a net N on a paraboloid oj 
revolution P; the lines joining points of N to the focus of P and 
the lines parallel to the axis of P become two normal congruences , 
(l v and <r 2 , conjugate to N, when N is applied to N; there can be 
found by two quadratures cc 2 nets N x conjugate to (f and <x> 2 nets N 2 
conjugate to Q» which are applicable to oo 2 nets A\ and oo 2 nets N 2 
on P; the nets X { or N 2 can be grouped into oo 1 families of oo 1 nets 
such that their corresponding tangent planes envelope a quadric cone , 
and the corresponding points on P lie on a conic 1 **). 

142. Transformations B k of surfaces applicable to 
a paraboloid. In this section we establish for surfaces applicable 
to 7^(132) transformations analogous to those treated in § 138. 
Equations (82) and (83) hold in this case also. In place of (84) 
we have 

(140) 0, - 2(exx'+fyy'+z'), 0 2 & 2 (exx"+fyy’'+z"). 

In place of (90) and (91) we have 


t — 4 efa b c (x ' y* — x* y”\ 


1 yV— y'z" . 1 z"x—zx' 

e Py'-x'y" ’ y ~~ / .r."y'-x'y" 

. , y{x"z'—.r!z") + x{y'z"-y"i) 


x"y'—xy" 


Now exxArfyy-fz-f z — 0. 


,38 ) Trans. Amer. Math. Soc., 1. c., p. 338. 



142. Transformations Bk of surfaces applicable to a paraboloid 355 

The first two of equations (93) with g — 0 hold and in place of 
the second two we have 


mii I hlU * — ~ c *^ e * — ke)xx'-\- (J*—kf)yy'—kz'\, 
l h a 2 — 4& 2 = c*[(e*— ke)xx"+ (/* — kf)yy" — kz'% 

and (94) with g -- 0 holds. 

By making use of the expressions for x(y'z" — y' V) and 
y{z'x" — z"x') which are obtainable from (141), we find that r, 
y and i satisfy the condition 


XTX+ frr + «+|-o ( 

e k f k 

that is the net N lies on a quadric confocal with P. 
In place of (100) we have 


dx 

du 


4 pa s bf 

J 


(y" fh—y' hi), 


dx 

dv 


4 gab 3 / 


L (y"i,-y'h). 


From these and analogous equations we obtain, by means of 
equations similar to (95), 


ek ldx\ 2 . fk I dy \ 
k — e \ 8 u J k — f \du) 

ek dx dx . fk d y dy 
k — e du dv k — f du dv 


— — ka*p a , 

— 0 , 


ek 

k — e 



fk 

k~f 



From these equations and (102) we have 


y / dx \ 2 y / dXo \ 2 y Sx dec y dx 0 dxo 

^\du)~^\ Bur ^du'dv ~ ^Tu~dA’ 

AthAt ?)■ 


28 * 
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Here the symbol 2 refers to the three variables, where 



1/ " /f - 

1 / /* - 

- , 1 

• /; 0 


V« = \ j—fV, 

"° *' r 2k 


These are the equations of the transformation of Ivory for P t39 ). 

The other observations for transformations of a central quadric 
hold also for the case of the paraboloid, and consequently we 
have the analogous theorem: 

If A r is a permanmt net on a paraboloid If there are cc 1 
pairs of transformations Fu of N into nets N x and N.> so that the 
condition 

h h t O*-hkb* = <*[(* — ke)Jx" + (/* — */ W 1 


holds ; the locus of the pole M of the plane MM V AL with respect 
to F is a net N on a paraboloid confocal to P; as N rolls on its 
applicable net N the point M describes a net N such that N and N 
are the focal nets of a W congruence, and N is applicable to the 
net on P which is the Ivory transf mn of the net N. 

These are the transformations Bk of surfaces applicable to 
a paraboloid, as found by Bianchi in another manner 140 ). 

143. Determination of the asymptotic lines on a surface. 
When a surface S is referred to a general system of parametric 
lines, the translations and rotations of a general moving trihedral 
satisfy the conditions [cf. § 69] 


(142) 


d P 

3 pt 

qr { 

— Vi r 9 

a? 

_ n, : 

dr 

dll 

a v 

du 

3 q 

dip 

- rp { 

— pri, 

drj 


dr 

9 n 

a r 

du 

dr 

dr, 




~VP 1 + 

dr 

a u 

— pqr 

—Pi q, 

n\v 


The equation of asymptotic lines on 8 is [§ 71,(68)] 

(PV ( 1 £) d n 2 + ( p —q$i + P\V—qi £) d u d v + (p x fii—q^i)d if = 0. 


l3(> ) Cf. Bianchi, i. c., p. 30. 
14 °) Lezioni, vol. 3, chap. 1. 
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If we replace this equation by the two 


(143) 


I p <1 it -f- P\ d r — - X (5 d u 4 $i dr), 
\ qtlit -\- tjitlr - X(tj dit 4 t] t dr). 


the function X is determined by 


1 

Qt Qi 


'• > 


± It, 


as is seen by the elimination of dit and dr from (143) and |§ 70|. 

If « and ft are the parameters of the asymptotic lines on 8, 
we must have 



If these equations are solved for p, <j, p u t/, and the results are sub- 
stituted in (142), we obtain the equations which a and r must satisfy. 

This calculation is simplified, if we note that the first of (142) 
is equivalent to 



On replacing the expressions in parentheses by their values from 
(144), we obtain 

9 *« , .. 9 2 /; , 9 u 9 n 1 1 dkZ \ 

\h~Tu~ nr ) 

dv dv I 1 dktix 


u v IV | «• U 1/ « 

* dad ft + 9 'dadfi + da 9/S 


4 


dr_ t \ 

ifi \ £ 


da d ft \ k dv 


+ 1 ( 


d n d v , 

da dfi ' 


9 it 

dv\ 

/i 

9A:£ 

9/S 

da) 

U 

9 v 


- i T\ 

dk'§ i 
d a 


) 


r/, r 


0. 
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This relation may be replaced by two equations because the trans- 
lations S,. tj, rj l are not completely determined. In fact, they 
are subject only to the conditions 

A' ” F — G — : 

if we equate | and to zero successively, we obtain the following 
equations due to Darboux 141 ): 


I 9 _". PJL i ) 1 1 1 \ 

da 8/3 da 8/3 \ dn Ilf/ 


3 u dr 


(145k 


' ' da d/S 

3*e . 3 /■ 9 v 

Tad# + dajfi 


3 a 3 r 
3 a 8 /3 


, 3 u 8 1 ;\ 1 1 3 jog A- , J12|\ 
r 8/3 d a) \ 2 8r I 1 1/ 

/ 3jog I: |22|\ 

\ 3r ' I 2 () 

dn d v \ i 1 3 log A: , ]12|\ 

' dfi dal\2 dn +12// 


+ 


-h 


dj d !L j22\ _ n 
da ~d/S Ilf ’ 


da du Jll| 
da 3/9 12 1 ’ 


[ nt | 

where the symbols \ ^ j are formed with respect to the linear element 
of S, H and r being parametric. 

Since the coefficients in (145) involve only E, F, G and their 
derivatives, each pair of solutions enables us to transform the linear 
element, so that it becomes the linear element of a surface referred 
to its asymptotic lines ; that is, the complete solution of (145) gives 
not only the asymptotic lines on 8 but each family of curves which 
correspond to the asymptotic lines on a surface applicable to S. 
Bianchi calls these curves the virtual asymptotic lines on S. 

Prom the results of [§ 771 it follows that when a system of 
virtual asymptotic lines are known on 8, the function Tf of the 
surface S, applicable to S and upon which the parametric lines are 
the asymptotic lines, can be found by a quadrature. Hence we have : 

The deformation of a surface and the detirmination of its virtual 
asymptotic lines arc equivalent problems . 

144. Deformations of paraboloids and central quadrics 
of revolution. We apply the results of the preceding section to 
the case when is a quadric referred to its generators, ff a 0 and 


14 ‘) Legons. vol. 3, p. 290. 
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046) 


(149) 


are the parameters of a family of virtual asymptotic lines on .S', in 
consequence of (10). (11) and (12). equations (145) become, since 


k 


0 a a 


da da d 


. , aV , d /3 d /3 s . ,,, „ 

los “"« = S5SK+K, if . w l »K'""= 0 - 


da 0 dfi 0 a « 0 a A) a « 

It. is readily found that the fii'st integral of these equations is 


047) 


9 a 9/S 

9« 0 3«o 


9« 9/S 
9/So 9/So 


1_ 

ff/Xi 


.148, 


In accordance with these equations we introduce a function w, thus 


048) 


0rt 0/S da 0/S 

- — /.“ - 

9«o ' 0/S o ’ 8/S 0 0«o‘ 


Differentiating these equations with respect to /S 0 and « () respectively, 
and substituting in the first of (146), wo get in consequence of (147) 


a s /S _ 0 <» 0 /S __ a i aV 9<0 ^ 9 1 

9/S;( 0/S n 0/S„ duoDi ? 0«* 9«o 9«„ da cr />;, 


Expressing the consistency of these equations and the second of 
046), we obtain 


(150) 


92 “ _ c«>-^-(- 1 »\|. U 

0« O 0/S„ ' 0a s \o /)'(,! 0/SMff 


For the paraboloid e./** — ■/!/*-{- 2? 0, we have 


rc — fl a- \- ft 

x - , u -- : , 

I'*’ 1/ 

From these expressions we find 


2 a ft. 


Also 


HI - EoGo-n * \ + 

/>; - 4 -, 0 s 4 ‘ : 


1 


1 




[/(« + 0*+ «(«-/*)*+ H 


"*) Servant, Bull. Soc. Math. France, vol. 29 (1901), p.‘23‘2. 
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£2 / jv gj / 1 \ 

Hence — — (— =rr| and — g- (—err) are equal to the same constant 
3 a* \oD'o! 3 ft* UD'J 1 

and equation (150) is reducible to the equation of surfaces of 
constant curvature [§§ 118, 119]. For each solution of (150) the 
above equations for the determination of « and ft as functions of 
a 0 and ft 0 are completely integrable. Hence: 

The determination of surfaces applicable to a paraboloid, and 
to a sphere, real or imaginary, are equivalent problems. 

We remark that when the paraboloid is a surface of revolution 
( — e—f), equation (150) can be integrated directly. 

In like manner for the central quadric 


we have 


;r 


1 l + afi 

cT «+/*’ 

HI 


I 1 :/- 1 ffy- — QZ* 1 

1 « — ft 


y 


Vf « + ft’ 


If - 


1 1 — -a ft 

I g « + ft ’ 


4 9± 1 — « /*)* + « (A ± « ftf -K A« - ftf 

efgiu + ftf 


(« + ftf V efg H„ ’ 


Vefg(a + ftfHf 




When g — «, the coefficients of e® and c“ fJ in (150) are equal 
to the same constant and wc have: 

The determination of surfaces applicable to a central quadric 
of revolution and to the sphere , real or imaginary , are equivalent 
problems. 

145. Surfaces conjugate in deformation. Following 
Bianchi l48 ), we say that two lion-developable surfaces, 8 and 8, are 
conjugate in deformation , when the asymptotic, lines correspond 
on 8 and 8 and to every system of virtual asymptotic lines on 8 
correspond a system of virtual asymptotic lines on 8 , and vice-versa. 
In order that the latter condition be satisfied, the coefficients of 
the equations (145) must be equal to the corresponding coefficients 
of the similar equations for 8. These conditions may be written 


143 ) Lezioni, vol. 3, p. 201. 
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(151) 


a log A 
dn 

a log;. 

~dr" 


1121. 

12/J 


mi. 

uf 


im 

in’ 


. ) ni2|_jl2|l_ 1221 __ I22| 

- L 1 1 I I 1 fj 1 2 I 12 1’ 


(152) 


HU .. HU 1221 |22| 

I 2 ( 121’ | 1 I I 1 I’ 


where the symbols J^' S J are, formed with respect to 
element of S\ and 

(153) /. h ' . 


the linear 


F rom 
on S is 

(154) 


d*r 

du 2 


we have that the equation of the geodesic lines 


oH2l) l dr 

du 


+ 2 


,) 12 | . 


1 I 2 ( "Ilf/ du I 2 f 


21 " | 1 ( 

+ 


fill) <lr i (HI 


0. 


Hence from (151) and (152) it follows that the geodesics on S 
and S correspond. 

Suppose, conversely, that the geodesics on two surfaces S 
and 6' correspond and also the asymptotic lines. Then from (154) 
we have (152) and 



1221 

121" 

_ 9 i »21 

"111’ 

mi 

in 

-*{?}" 

fill 9 )12| 
Ilf " 1 2 (> 

and also 






<i56) i 

. D 
'■H’ 

]y 

H 

i d 

H ’ 

If 

H 

n" 
l - 
H ’ 


where l has the value (153). The Codazzi equations for N are |§ 64| 


a 

dr 

m- 

a 

du 

in'\ 

\H, 

1 + 

J221 D__ 9 
12/ H " 

a 

du 1 

m- 

0 

3 v 

(I-) 

1 + 

|22| D „ 
\U H * 


1)' jm D” 

H i ~ I 2 f H 


— o, 

- 0, 
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and similar equations for 8. Substituting in the latter from (156), 
we find 

9 log A nil ill | 9 log A _ (221 /221 

du ~ ~ (if Ilf' dv ' \2( \2f> 

on condition that S is not developable. Equations (151) are satis- 
fied and we have the theorem of Servant 144 ) and Bianchi 145 ): 

A necessary and sufficient condition that tivo non-developable 
surfaces be conjugate in deformation is that the geodesic lines and 
the asymptotic lines respectively correspond on the surfaces. 

When two surfaces aV and 8 are conjugate in deformation, 
each set of solutions of equations (145) leads to a pair of surfaces 
8' and 8j applicable to 8 and 8 respectively, upon which the 
asymptotic lines correspond, and since conditions (151) and (152) 
hold for these surfaces, they too are conjugate in deformation. 
Hence: 

If two surfaces are conjugate in deformation , each set of solutions 
of the corresponding equations (145) determine two other surfaces 
conjugate in deformation and, applicable to the respective given surfaces . 

Dini 14G ) solved the problem of finding pairs of surfaces upon 
which the geodesics correspond. We reproduce his results. 

We assume that the surfaces are referred to their common 
orthogonal system. Then equations (155) can be integrated, thus 

E E 1 G G J_ 

a* G* V 3) E* r Jaf U*’ 


where l< and Y are arbitrary functions 
From these we have 

(157) E — -y-jji) V = 


of u and r respectively. 

0 

TTY ■*' 


Hv the substitution of the above values of E and G in (152), we get 

f (V-Y) - — V'E, ~ (U-V) - U'G. 
or du 

i44 ) Oomptes Rendus, vol. 136 (1903), p. 1239. 
iio ) L. c., p. 206. 

l4C ) Aunali, ser. 3, vol. 3 (1869), p. 269. 
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Neglecting the case where U — V — const., that is when S and S 
are homothetic, we have on integration 

K U\ (II — F), G V*(U—r) 

where I 7 , and 1', are arbitrary functions of a and r respectively. 
If we choose the parameters so that 


ZJ — u “I - //, F /* “{“ //, 


where h is a constant, we find that the two linear elements are 


(158) 


ds- 

dP 


(u— v)(Zr t dit' + Yldr*), 
i i i \ l Utdu * , 

\r -f- h H -{- h J \ u h r-\-h )’ 


both of the Liouville form Icf. § 93]. Since h is arbitrary, there 
are cc 1 surfaces 8 corresponding to 8 witli geodesics in corre- 
spondence. 

We inquire under what condition two such surfaces are con- 
jugate in deformation 147 ). We exclude the case where either II 
or F is constant, that is when 8 is applicable to a surface of 
revolution (cf. X, Ex. 6). Substituting the values from (158) in 
(151). we find 

, 2 (n h)* (c 4* !>')*> 

n fl 


where a is a constant. From (8 (54, (12)] we have 


18/1 9 V "(3\ 9 

( i 

9 V EY\ 

|_ 9 tt \ | fj d n J d r 

\ Vg 

dv / J 


and similarly for Ir. Calculating the expressions for Ic and k, and 
substituting in the above equation, the resulting equation is reducible 
to, on dropping the subscripts of U t and F,, 


( 159 ) 



+ n — c/ + 2 (« + Aj* IP 

- _ 1 _\ L_. . JL s 

u — r! 2 (v + A) 2 V 2 


14T ) Cf. Servant, 1. c.; also Bianchi, Rend, dei Lincei, ser # 5, vol. 11 (1902), 
p. 265. 
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Differentiating with respect to u and v, we find ultimately that U 
and V must be such that 


(160) 


' 1 

- M 

1 

it -(- h 

a I 

u 2 

1 

_L\ 

1 

r + h 

a 1 

V s 


a?t 2 + 2ftu + y, 

— ( kc ! + 2 ftr + y). 


where a, ft and y are constants which are arbitrary, since these 
expressions satisfy (159). 

When a 4 0 in (160), the functions U~ and V 2 are of the form 


(161) 


(n + a) (it + a — ft) (u + a — <■)’ 
— Av 

(/• -j- a) ( /! -f- « — ft) (r 4 ci — r) ’ 


where . I, ft and <■ are constants different from zero, and the linear 
element of <9 is 


( 162 ) 


ds* — A (u 


-*[ 


u d u 2 


( u + «)(«+ « — ft)(«+ « — c) 

t’dc* 


(v + ff) (/> + a — ft) (e + a — <•) ' 


When the expressions (161) are substituted in (160), we find that 
h ■— a. If we put 


( 163 ) 



1 

a -ft? 



1 

o + a’ 


the linear element of S is reducible to 

Aa 


( 164 ) ds 


be 


(Ui—lh) 


it, du{ 


(**• + i) ( Wi + i — 1) K + t ' — I) 

i\ dv\ 


■('’>+ i) i ~ I) ( r > + 1 - t) . 
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Comparing (162) and (164) with [§ 96, (14)] and taking it = — ~ , 

we note that S and S are applicable to the quadrics Q and Q whose 
respective equations are 


(165) 


E _l y 

a a — b 





1 . 

be 

a* 


From these equations it follows that when Q is an ellipsoid, Q is 
an hyperboloid of two sheets, and vice-versa ; when Q is a hyper- 
boloid of one sheet, so also is Q. Moreover, if Q is a surface of 
revolution (b — c), so also is Q. 

We remark that Q and Q are transformable into one another 
by the projectivity 


(166) ./• Vbz . 1 

' a .r 



y 



If in (161) we take r = 0, and proceed as in the general case, 
we obtain (162) with <■ — 0 and in place of (164) we have 



Hence, as follows from [§ 97, (27)), the quadric Q is a paraboloid. 

If in (160) we take a =- 0, we note that f/ 8 is of the form 
A 11/(11 + a) (u + a — b) that is Q is a paraboloid. Proceeding as 
above, we find that Q is a central quadric of revolution. These 
results show, as in § 144, that the deformations of paraboloids and 
central quadrics of revolution are equivalent problems. 

The foregoing results lead to the theorem of Servant: 

Aside from surfaces applicable to a .surface of resolution, the 
only surfaces admitting surfaces conjugate in deformation are sur- 
faces applicable to a quadric, and any such surface has this property. 

146. Transformations// of surfaces applicable to a qua- 
dric. Let Q and Q be two quadrics conjugate in deformation. 
If a surface 8 applicable to Q is known, we have a set of virtual 



366 


X. Surfaces applicable to a quadric 


asymptotic lines on Q, Jtliat is a solution of equations (145), and 
consequently a deform 8 of Q is thereby determined intrinsically. 
Bianchi 148 ) calls the relation between S and 8 a transformation H. 

Suppose that 8 is a ruled deform of Q. Since the trans- 
formation H of S into S preserves geodesics and asymptotic lines 
it follows that 8 also is ruled. Hence: 

The transformation H changes erery ruled deform of Q into 
a ruled deform of Q. 

Since asymptotic lines correspond on 8 and 8, to each con- 
jugate system on 8 corresponds a conjugate system on 8; the same 
is true for Q and Q. Hence to the conjugate system on 8 permanent 
in its deformation from Q corresponds the permanent conjugate 
system on 8. Therefore: 

The transformation H changes the permanent net on 8 into 
the permanent net on 8. 

Let N and N denote these permanent nets on 8 and 8, and 
.V 0 and A'o the nets on Q and Q to which they are applicable. 
Let .Vo, denote an Fu transform of .V 0 , and .V, the corresponding 
Fk transform of N in accordance with the results of §§ 136, 141. 
Since A',, , admits the applicable net A\, the net Y ( ,i on Q corre- 
sponding to A’o, admits an applicable net A) conjugate in deformation 
to A',. But jVoi is obtained from A 7 0 , by a projectivity, so that 
Aoi is an Fu transform of A 7 0 , since any transformation F is trans- 
formed into a transformation A 1 by a projectivity. Consequently A 7 ,, 
applicable to \ y ()1 , can be so placed in space that it is an 1 'A. trans- 
form of A 7 . Hence: 

If N and N are nets in relation H, and A) is an Fu trans- 
form of N, there exists a net A, which is an Fu transform of N and 
an H transform of A 7 ,. 

Thus we have established the permutability of the trans- 
formations Fu and H (cf. X, Ex. 12). 

147 . Isothermal-conjugate nets on a quadric. From ( 12 ) 
it follows that the coordinates of a quadric Q referred to its asymp- 
totic lines satisfy the two equations 


(167) 


8*0 
8 a* 



80 

8a’ 


8*0 
8 /S* 


_ 8 , 80 


u *) Lezioni, vol. 3, p. 2U. 
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where a * — H 0 a. If we put 


(168) u — - « + ft, v — « — ft, 

the parametric lines on Q form an isothermal-conjugate system, 
and every system of this kind is obtained by replacing « and ft 
by arbitrary functions of a and ft respectively. 

In terms of u and v equations (167) are equivalent to 


(169) 


d *0 , 9*0 
9 m * + dv* 
9*0 


dv dv 


0 9 , 90 . _ 9 90 

= 2 i;, lo^ ' <, -^ + 2 Tr log,, ^• 

9 log a 9 0, 9 log a 90 
9?) 9 u ,dn dv’ 


These equations are of the form (IY, 73). Hence every isothermal- 
conjugate net on a quadric is a net R with equal point invariants. 

When we apply to (169) the conditions (IV, 22) that (169) 
admit three independent solutions, we find that a* must satisfy 
the equation of Liouville 

9*logcy> 9*logy 

du 2 ~ 9t>* " k<) ' 

where li is a constant. The general solution of this equation is 
known [§ 151]. When a solution is substituted in (169), the 
resulting equations are reducible to (167) by (168). Since equations 
(169) are the most general of the form (IV, 73) for which a — b, 
we have: 

Every isothermal-conjugate net on a quadric is a net It with 
equal point invariants, and these are the only nets B with equal 
point invariants. 

When a quadric is transformed into a sphere by a projective 
transformation, each net with equal point invariants of the quadric 
becomes an isothermal-orthogonal net on the sphere; this net is 
also isothermal-conjugate. Since an isothermal-conjugate system 
is transformed by a projectivity into an isothermal-conjugate system 
[§§ 82, 84], we have the converse theorem: 

Every net with equal point invariants on a quadric is isothermal- 
conjugate. 
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From the first theorem of § 60 and the preceding considerations 
we have the theorem: 

Every isothermal -conjugate system on a quadric has equal 
tangential invariants; and every net on a quadric with equal tangential 
invariants is isothermal-conjugate and has equal point invariants. 

In § 88 we saw that an isothermal net on a sphere admits c c 3 
transformations F into nets of the same kind on the sphere. Hence 
the same is true of nets with equal point invariants on any quadric, 
in view of the above remarks (cf. § 148). 

148. Transformations F and W of isothermal-conjugate 
nets on a central quadric. Let N be an isothermal-conjugate 
net on the central quadric Q (34). An F transform N, also on Q 
is given by (47) and (48). From (II, 81) and (169) we have that 
A 7 , is a AT transform, that is A 7 , has equal point invariants and is 
isothermal-conjugate, if 


(170) 




/ ... — 


he 0 ' 
4«* + «’ 


where 7» is a constant. In consequence of (48) these equations 
are equivalent to 

(171) a 3 (h — l)—k2exx' — 0, a\h*—l i )—k'£ex' i = 0. 
Differentiating these equations and making use of (59), we have 


(172) 


dh 

du 

dl 

dr 


k v 1 / 9 a 1 
* ZA 






These equations and (59) form a completely integrable system. 
For each set of solutions of these equations the left-hand members 
of (171) are constants. Since all of the equations are homogeneous, 
there are oo 2 sets of solutions satisfying (171) for each value of k* 
Then the conditions (170) are satisfied and we have the theorem: 

An iso th erm al-conj uga te net on a central quadric admits oo* J 
transformations K into isothennal-conjugate nets on the quadric 1 * 9 )* 


149 ) Cf. Tzitzeica, Bull. Sciences Math., ser. 2, vol. 36 (1912), pp. 151—164. 
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From equations (169) and (31) we have the following expressions 
for the Christoffel symbols formed with respect to the linear 
element (26) of tjje net N: 



j 12\ _ 0lo £« 
Ilf - dv ’ 

jl2| 9 log ^ 
12/' 8w ’ 



log 


a 


8 


H’ 



The Codazzi equations for N can be written as the second set 
of (30); then we have by integration T) = — D"— — a*IH, since 
a is determined by (169) only to within a constant factor. Hence 
if a i — — K, we have 

(174) Ha = a 8 , 1) = —D" = — <sa*. 


In consequence of (173) and (174) we show by methods similar 
to those used in § 135 that 




2 . 


dx dx 
dll dv 






where c 4 = — 1 lefg. 

Suppose now that we have two sets of solutions of (59) and 
(172), namely x',y\ z\ h u x", y ", z" , A 2 , 4, satisfying the con- 
ditions 

(176) ( ““ ( h i—h)—l<2exi,'=- 0, a 8 (h\—l\)—k^ex" = 0, 

l a 8 (Jh— h)—kZ exx" ■-= 0, a 8 (h\— 1\) — k'Zex " *= 0, 

and also 

(177) a 8 Oh hi— h k) —k'Z exx" =-- 0. 

% 

By means of (173), (174), (175) and (176) we show as in § 138 
that the functions 

6 X — 2 J^exx, 0 2 — 2 exx" 

are solutions of the equation 

9*0 . 9*0 ___ d log a 80 9 log a 8 0 ft 

9 a* 9*; 2 9?/ du dv dv c ’ 


24 
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and the second of (169). Consequently (§ 49) 0, and 0 S determine 
a W transform A 7 of N. Its coordinates x, y, z are given by (88), 
which in turn are reducible to (91). „ 

From (176) and (177) we have 

]£.fg {y"z'— y' z")* — ^ex'^ex^—i^e x'x"Y= — p (hi k—ht h)* , 

efgfex {y"z'-y'z")Y=: (M a ~Wi)‘. 

In consequence of these identities we have that N lies on the 
given quadric (34). Hence the congruence of lines joining corre- 
sponding points on N and N degenerates into one set of generators 
of the quadric. 

From (34), (92), (88), (175) and ]£ex*= 1, we have 

. J r ( P '«-- 4 o,* ) >’=0. 

Hence (cf.IV, 75) N is a net with equal point invariants. 

As at the close of § 138; we remark that there are only two sets 
of solutions ,x", y ", z ", h 2f y"\ /* 3 , k each of which gives 

with x r , y\ z* , h u l u a net JV, say nets N 2 and iV 8 . These nets are con- 
jugate to the congruence of the lines of intersection of the tangents 
planes to N and its transform by means of xj yj z f , h l7 
and their points are the intersections of the lines of this congruence 
with the generators of the quadric. Accordingly we have the 
theorem : 

If N and N L are two isothermal-conjugate nets on a central 
quadric in relation F, the joints in which the quadric is met by 
the intersections of corresponding tangent planes of N and N x generate 
two isothermal-conjugate nets in relation F 150 ). 

Exercises 

1. A necessary and sufficient condition that N whose coordinate 5 satisfy (33) 
lie on a ruled deform of Q is that ajb he a function of u + v or u — v. 

2. A necessary and sufficient condition that the nets permanent in deformation 

on every surface applicable to a surface 8 be isothermal-conjugate is that S be 
a quadric. Terracini, Annali, vol. 30 (1921), p. 145. 

l50 ) Tzitzeica, 1. c., has given a geometrical proof of this theorem. 
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3. When /c'= k in § 139, the solutions of (106) and (110) are 

hi = /.«» = «L + h, 

x"'— ax'-\-fix f ', y’"— ay'+fiy", z"’=- a:'+ 


In this case the transforms X and A T S coincide. 

4 . Show that the transformations F Jc and B f of a deform of a paraboloid are 
permutable. 

5. If A T i and A r * are obtained from the permanent net of a deform of 

a paraboloid P by transformations B k and B k > (k'^- k), there can be found 
directly a net A r i 2 applicable to a net on P, such that Ni and A r i 2 , and $2 and .$12 
are in relations B[ and PJ. respectively. Bianchi, Lezioni, vol. 3, chap. 4. 

6. The surfaces of revolution admitting a conjugate in deformation have 
the linear element 


(l S“ 


h [1 — c’ 2 (o/ ,2 -J- 1)1 


ar iJ t 1 


where a, c and h are arbitrary constants. The linear element of the conjugate 
surface is 

h |1 — C 2 («/- 2 + 01 , 2 , »•* j .2 

(rtr 2 + l) J or 2 - 1- 1 

Bianchi, Rend, dei Lincei, ser. 5, vol. 11 (1902), p. 272. 

7. If two surfaces applicable to a surface of revolution are conjugate in 
deformation, so also are their complementary surfaces [§ 70]. Bianchi, 1. c., p. 273. 

8. If two quadrics, Q and Q, correspond in a projectivity which transforms 

the quadrics confocal with Q into the quadrics confocal with then Q and Q are 
conjugate in deformation. Bianchi, Lezioni, vol. 3, p. 208. 

9. If 8 and 8 are conjugate in deformation and 8 is deformed so that one 

of its asymptotic lines remains rigid, then S admits a deformation in which the 
corresponding asymptotic line is rigid. Bianchi, 1. c., p. 215. 

10 . If at points of two corresponding asymptotic lines on two surfaces 

conjugate in deformation tangents are drawn to the geodesics which are the 
deforms of generators of the applicable quadrics, Q and Q, the two ruled surfaces 
formed by these tangents are applicable to and Q, and are conjugate in 
deformation. Bianchi, 1. c., p. 215. 

11. Wheii_the first of equations (165) is written in the form (34) and the 
second ~e x 2 -f*/<7 2 + y z 2 = 1, the equations of the projectivity (166) are 


also 


V- 


1 l , z = Y~=£--. 

e~e r ef ■* r <■■<! x 




and the point equation of a net on Q is 

d 2 e 


J 3 . a dO d . b dS 

a7a7 ~ a7 log 7 a7 Aog 7 a7’ 


if the equation of the corresponding net on Q is the second of (33). 
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12. If a permanent net on Q admits a transformation Fk by means of a set 
of functions x', y' , z', h , l , the corresponding net on Q (cf. Ex. 11) admits 
a transformation Fk determined by 



1 3. If N is a Bk transform of a net X applicable to Q by means of functions 
x',y\z'\ hi, h; h 2 , l 2 , the functions analogous to those of Ex. 12 

determine a Bn transform of N applicable to Q, and this transform and X are in 
relation H. 


Bianchi, 1. c., p. 231. 

14 . Show by means of [§ 127J that the pencils of planes whose axes are polar 
with respect to a quadric meet the latter in an isothermal-conjugate net. 

Bianchi, 1. c., p. 214. 

15 . When a quadric Q is referred to an isothermal-conjugate net, so also 

is a quadric conjugate in deformation to (f, and = H where c is 

a constant. 

16 . In order that a net X on a quadric be permanent in more than one 
deformation of the quadric, it is necessary that N be isothermal-conjugate. 

Servant, Bull. Soc. de France, vol. 30 (1902), p. 21. 

17 . If X\ and X 2 are isothermal-conjugate nets on a central quadric Q (34) 
obtained from an isothermal-conjugate net on Q by transformations K k and K k 
(/,•' + k) of § 148, there can be found directly a net Nn on Q, which is a K k > trans- 
form of N\ and a K k transform of X 2 : it is determined by the functions 0" 
and 0 f 2 given by (78) and 




A ” k — + A* 


ft 


18. Derive the equations of transformations K k of isothermal-conjugate nets 
on a paraboloid similar to those for a central quadric § 148. 

19 . If a ruled surface S is subjected to an infinitesimal deformation which 
leaves the surface ruled and through each point of S and in the corresponding 
tangent plane a line is drawn perpendicular to the direction of the deformation, 
these lines form a W congruence for which the other focal surface is ruled; 
this construction gives the most general W congruence with ruled focal surfaces 
and generators corresponding. Bianchi, Comptes Rendus, vol. 143 (1906), p. 635. 

20 . If the focal surfaces, Si and S i} of a W congruence are ruled, and if 

the curved asymptotic lines of S 2 correspond to the generators of Si, then Si 
is a quadric. Segre, Atti di Torino, Dec. 28, 1913; 

Tortorici, Rend, di Napoli, vol. 28 (1922), Jan. 21. 



Index 

The numbers refer to pages 


Adjoint equation, 9, 22, 88, 93. 

Angle, of two lines 1; of two hyper- 
planes, 2; of two spheres, 234; of two 
surfaces in pentaspherical coordinates, 
282. 
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Congruences of spheres, definition, 238; 
principal curves of, 238; focal circles 
of, 239, 241 ; chords of contact of, 239; 
derived, 240, 243; in cartesian co- 
ordinates, 243; null-spheres, 243, 284; 
with applicable central nets, 271 ; 
cutting a fixed sphere under constant 
angle, 283. 

Congruences R of spheres, definition, 246; 
parallel, 246; transformations F of, 
246; direction-equation with equal in- 
variants, 255; representation in 5-space, 
285; permanent in deformation, 298, 
308, 310. 

Congruences of spheres and circles, 
harmonic, 255—259, 264, 265, 267. 
269—271; conjugate, 261-263, 270; 
orthogonal, 266, 267, 285. 

Conics, pencil of, 95. 

Coordinates, cartesian, 1; homogeneous 
point, 69; tangential, 97, 166, 286; 
of a sphere, 233; pentasplierical, see 
Pentaspherical. 

Cosserat, 206. 

Curve, definition, 2, 71 ; parametric, 2. 

Cyclic congruences, definition, 183; 
parallel, 191; characteristic property, 
280, 285; generation of, 289; multiply, 
185, 188, 191. 

Cyclic systems, definition, 183; circles 
pass through a point, 191; of a trans- 
formation R , 197, 206, 285: generation 
of, 272—274, 285, 289; transformations 
F of, 275, 277, 278, 290; representation 
in 5-space, 277—279; envelope of 
planes of, 199, 213, 285, 286. 

Cyclides, 283. 

Darboux, 6, 92, 147, 154, 208, 212, 213, 
239, 254, 274, 281, 282, 283, 285, 288, 
291, 295, 313, 317, 358. 

Deform of a quadric, which meets the 
circle at infinity in 4 points, 291; of 
revolution, 293—296, 305, 360; tangent 
to the circle at infinity, 317; permanent 
nets on, 326 —329, 353; R nets on, 


327, 328; transformations Ft of, 

334—340, 346, 353, 354; transforma- 
tions Bk of, 340—352, 354—356; 
transformations H of, 366, 371, 372. 

Demoulin, 107, 108, 112, 113, 115, 119, 
124, 134, 150, 202, 204, 220. 225, 229, 
254, 284. 

Derivant net, definition, 25 ; of two trans- 
formations F 1 54 ; of two transformations 
K , 61 : of two transformations R, 265. 

Derived congruences, definition, 21; of 
a \V congruence, 108; of spheres, 

240, 241. 

Derived net, definition, 25; Laplace trans- 
forms of a, 32, 33; parallel, 33, 53; 
transformations F of, 54, 66; of two 
transformations F, 54; reciprocally, 
116; which is 0, 289. 

Developable surface, definition, 10; of a 
congruence, 11. 

Dini, 362. 

Direction-parameters, of a line, 1 ; of a 
congruence, 12, 14, 20, 30; of a cyclic 
[ congruence, 183, 281. 

Drach, % 155. 

Envelope of rolling, definition, 305; lines 
of curvature, 320. 

Envelopes of spheres, with 0 nets corre- 
sponding, 174, 189, 229; conformal 
mapping of the two sheets, 206, 286: 
principal curves on, 238, 239, 243; 
congruence of chords of contact, 239, 

241, 242, 244, 245, 258, 259, 262. 285; 
with applicable central nets, 272, 274, 
298, 302, 307, 308, 310; cutting a fixed 
sphere under constant angle, 283; with 
spherical lines of curvature, 285. 

Equation, point, of a net, 3, 72; direction, 
of a congruence, 13, 153; tangential, 
of a net, 128, 153. 

Focal circles of a congruence of spheres, 
239, 241. 

Focal nets of a congruence, 11, 15; of 
parallel congruences, 21; radial trans- 
forms, 33; in relation F, 34. 
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Focal points, of first and second rank, 
11; coordinates of, 10, 14, 29; of a 
ray congruence, 124; of a congruence 
of circles, 245. 

Focal spheres of a congruence of circles, 
241 ; meeting orthogonally, 183. 

Focal surfaces of a congruence, 11, 15. 

Green, 124, 125, 126. 

Guichard, 5, 12, 26, 124, 156, 165, 200, 
255, 258, 262, 263, 266, 280, 285, 295, 
296, 337. 

Hammond, 77, 85, 87, 93, 94. 

Homogeneous point coordinates, 69; of 
a net in 2-space, 96; of a net in 
3-space, 101, 103; of an ft net, 107. 

Hyperplane, definition 2; at infinity, 69. 

Hyperquadric, net on, 90, 254; trans- 
formations F of nets on, 90, 94. 

Hyperspheres, in transformations ft, 171, 
174, 189; focal, 183, 185. 

Invariants of an equation of Laplace, 
definition, 16; equal to zero, 73, 92; 
in a sequence of Laplace, 75, 92. 

Inversion, in transformations ft, 175; of 
a sphere, 281 , in pentaspherical coor- j 
dinates, 281; of a cy elide, 283. 

Isothermal-conjugate nets, definition, 104; 
preserved by projective transformation, 
104; ft nets are, 107; on a quadric, 
112,367,372; and nets with equal point 
invariants, 125, 150; characteristic pro- 
perty, 126 ; on a deform of a quadric, 326. 

Isothermic 0 nets, definition, 206; special, 
212—214, 291 ; are nets il. 231 ; in penta- 

# spherical coordinates, 237 ; Lie trans- 
formation of, 284; nets with the same 
spherical representation as, 302 — 304, 
318, 319 ; spherical representation of, 319. 
See Transformations D m and Cbristoffel 
transformations. 

Isotropic, relation, 157 ; line, 289, 291,296; 
plane, 289, 296. 

Jonas, 42, 47, 110, 113, 119, 201. 

Kinematically conjugate directions, de- 
finition, 314; axes of rotation, 315; 


auto-conjugate, 315, 320; for con- 
gruences of roiling, 317, 321; para- 
metric, 320; orthogonal, 320. 

Koenigs, 58, 123. 

Laplace equations, 3, 12; invariants of, 
16; sequence of, 74; Moutardform, 237. 

Laplace transforms, definition, 17 ; in car- 
tesian coordinates, 17; of parallel nets, 
18; of a function, 19, 32; of a derived 
net, 32, 33; of a radial transform, 33; 
transformations ft of, 66, 94; inhomo- 
geneous coordinates, 72; of a net ft, 
108; in tangential coordinates, 129; 
which arc Onets, 192, 193, 286. See Se- 
quences of Laplace and Levy sequences. 

Levy sequences, of the first order, 81, 
93; of higher order, 83—85, 93; per- 
iodic, 85, 86. 

Levy transforms, definition, 19; of parallel 
nets, 32; of radial transforms, 33; and 
transformations ft, 66; in homogeneous 
coordinates, 81; in a hyperplane, 81. 

Lie, 249, 283, 284. 

Lie line-sphere transformation, equations 
| of, 249, 283; linear complex of, 249, 284. 
1 Lie transformations of surfaces, definition, 
252; equations of, 283, 284; IF con- 
gruence of, 253. 

Linear complex, definition, 248; null-plane 
of, 248, 251, 252; special, 248; lines 
conjugate with respect to, 250, 251, 
284; tangents to a curve lines of a, 284. 

Martin, 32. 

Minimal surfaces, transformations IK of, 
215, 217; Onet of, 229; focal sheets 
of a IF congruence, 230; in relation ft. 
296, 308; deformable transformations H 
of, 304, 305. 

Nets, definition, 3 ; characteristic property, 
4; tangent planes of, 4; point, 5, 28, 30; 
in 3-space, 6, 100—103, 105; parallel, 
7—12, 124; planar, 9, 96, 123; con- 
jugate to a congruence, 12, 14, 19, 
32, 159; harmonic to a congruence, 22, 
24, 27, 30, 34, 200; of translation, 32, 
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66; minimal, 32, 66; in relation 0, 63, 
146, 154; in homogeneous coordinates, 
72; periodic, 76, 94; in tangential co- 
ordinates, 127, 128; of plane curves, 
152. See Applicable nets, Derivaut 
nets, Derived nets, Isothermal-conjugate 
nets. 

Nets corresponding with orthogonality of 
linear elemeuts, 63, 146; parallel, 64; 
transformations F of, 64—66. 

Nets C\ definition, 200; harmonic to a 
normal congruence, 200; on the enve- 
lope of planes of a cyclic system, 200; 
congruences harmonic to, 287, 288. 
See Applicable nets. 

Nets G, definition, 192; parallel, 192; 
Laplace transforms of, 192, 286; radial 
transforms of, 193; transformations F 
of, 193. 

Nets 0, definition, 156, 194; conjugate 
to congruences I, 2,1 and 3,1, 160; 
determination of, 165—167; parallel, 
167 ; on a hypersphere, 167 ; congruences 
conjugate to, 168; transformations^ 
of, 168—175, 185—188; radial trans- 
formations of, 175; inversion of, 
175; transformations E of, 174—182, 
195—197; on a hypercone, 191, 283; 
with isothermal spherical represen- 
tation, 215—218, 229; in pentasplierical 
coordinates, 237, 279; in 5-space and 
cyclic systems, 277 ; generated by a rol- 
ling surface, 289, 291, 294; derived, 289. 
See Isothermic 0 nets. 

Nets 2, 0 , definition, 156; as central 
nets of transformations E, 171, 189; 
special, 188, 228; transformations F of, 
189—191; on quadrics of revolution, 
247; associated with cyclic systems, 279; 
applicable, 298. 

Nets p, 0, definition, 156; conjugate to 
congruences, p, I, 160; parallel, 191. 

Nets permanent in deformation, definition, 

1 39 ; fundamental coefficients, 139—140 ; 
transformations Q of, 141—146; special, 


142; spherical representation of, 154, 
155. 

Nets E, definition, 107; equations, 107 ; 
Laplace transforms of, 108 ; on a quadric, 
112, 367; reciprocally derived, 118; 
transformations IT of, 115—123, 125; 
transformations F of, 124, 125; and 
nets 12, 254; in line coordinates, 255; 
with tangents in one family meeting 
a fixed line, 284; on deforms of a qua- 
dric, 327, 328. 

Nets 12, definition, 218; equations of, 219, 
220; parallel, 221; transformations R 
of, 221—224; isothermic, 231; with 
isothermal spherical representation, 231 ; 
on surfaces of Guichard, 225,232; and 
nets E, 254. 

Nets with equal point invariants, 16, 32, 
67, 68, 95, 106, 125; characteristic 
property, 124; associate, 59, 67; planar, 
123; and equal tangential invariants, 
150 ; which are O nets, 206; on a quadric, 
366—368. See Transformations K. 

Nets with equal tangential invariants, 
definition, 128; which are permanent 
in deformation, 139; and equal point 
invariants, 150; characteristic proper- 
ty, 153; on a quadric, 366—368. See 
Transformations Q. 

Nets with same spherical representation 
as isothermic 0 nets, 302, 303; trans- 
formations E of, 303, 319, 320. 

Normal parameters of a net, 5. 

Osculating planes of a net, 11; conjugate 
to a congruence, 23 ; and Laplace trans- 
forms of a derived net, 32; in homo- 
geneous coordinates, 71; and nets 6r 0 , 
286. 

Orthogonal determinant, definition, 163; 
in 5-space, 165, 279; in 3-space, 194. 

Parallel, lines, 1; hyperplaues, 2; nets, 
7—12, 32; congruences, 15, 28. 

Pentasplierical coordinates, of a point, 
235; fundamental spheres, 235, 281; 
equation of a sphere in, 236, 281 ; 
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special, 237; of an 0 net, 237, 279; 
of an isothermic net, 237; of a point 
of the plane at infinity, 281; angle 
between displacements in, 282; equation 
of a surface in, 283; transformations R 
in, 283. 

Perpendicular, lines, 1; hyperplanes, 2. 

Plane, in cartesian coordinates, 2 ; tan- 
gent, of a surface, 3; tangent, of a net, 
4; in homogeneous coordinates, 71. 

Plttcker line coordinates, 247. 

Point equation of a net, in cartesian 
coordinates, 3; in homogeneous co- 
ordinates, 72. 

Point nets, definition, 5; congruences 
harmonic to, 28, 29; harmonic to a con- 
gruence, 30. 

Polar transformation, 100, 125, 153. 

Poles of a circle, definition, 266; points 
on an envelope of spheres, 266, 274; 
of a cyclic system, 285, 286. 

Principal curves on an envelope of spheres, 
238, 239, 243; form a net, 245. 

Problem of order n — 2, 165. 

Projective transformations, of space, 70; 
of nets in relations F, 93; of nets in 
2-space, 97; of asymptotic lines, 100; 
of nets in 3-space, 103, 128; of iso- 
thermal-conjugate nets, 104. 

Quadrics, isothermal-conjugate nets on, 
112, 366 — 370, 372; nets R on, 112, 
367; osculating, 124; of revolution, 247, 
293—296, 305, 337, 360; deformation 
of, 291, 293, 305, 326, 360; rolling, 
291—296, 317; tangent to the circle 
at infinity, 317 ; transformations F of, 
322, 329—334, 352, 353, 368; perma- 
nent nets on, 323—326, 329—334, 353, 
370, 372 ; referred to generators, 
323—325; conjugate in deformation, 
365, 371; nets with equal point in- 
variants on, 367, 368; nets with equal 
tangential invariants on, 367, 368; 
transformations W of, 368—370, 372. 

Quaternof transformations^ 1 , definition, 48. I 


Radial transformations, definition, 31 ; 
harmonic congruences of, 31 ; of Laplace 
transforms, 33; of Levy transforms, 33; 
and transformations F, 40—42, 67, 
153; of every net on a surface, 124; 
of nets 0, 175; of nets G 0) 193. 

Ray congruence, definition, 105; focal 
points, 124. 

Ray curves, definition, 105 ; property of, 
124. 

Relation, F, 34; A, 58; 0, 63, 146; 
R, 174; isotropic, 157. 

Ribaucour, 16, 89, 174, 239, 245, 285, 
286, 312, 323. 

Rolling surfaces, definition, 288 ; plane of 
contact, 288; and cyclic systems, 289; 
on a quadric, 291—296, 317; on a 
surface of revolution, 293—298, 321; 
kinematically conjugate directions on, 
314, 320; ruled, 314, 315; axes of 
rotation, 315; on a sphere, 317; spheres 
associated with, 318. 

Ruled surfaces, referred to asymptotic 
lines, 123; osculating quadrics of, 124; 
rolling, 314; applicable to a lion-ruled 
surface, 314, 316; applicable, 320; 
infinitesimal deformation of, 372 ; W con- 
gruences whose focal surfaces are, 372. 

Segre, 372. 

Sequences of Laplace, definition, 74; 
equations of, 75, 76, 92 ; invariants of, 
75, 76, 92; periodic, 76—80, 93, 94; 
derived nets of, 83—85, 93; trans- 
formations F of, 94. 

Servant, 325, 359, 362, 363, 365, 372. 

Spheres, coordinates of, 233; point-, 234; 
null-, 234, 289, 294; power with respect 
to, 234; equations in pentapherical 
coordinates, 236; inversion of, 281; 
rolling, 317. See Congruences of spheres. 

Stetson, 286. 

Surface, definition, 2 ; tangent planes, 3 ; 
determination of nets on, 5 — 7; E, 111 ; 
of Voss, 143; determination of asymp- 
totic lines on, 356—358; element, 252. 
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Surfaces applicable to a quadric, see 
Deforms of a quadric. 

Surfaces applicable to a surface of revolu- 
tion, 293—298, 321; complementary, 
292, 294—296, 321; conjugate in 
deformation, 371. 

Surfaces conjugate in deformation, defini- 
tion, 360; characteristic property, 362; 
determination of, 362—365, 371; qua- 
drics, 365, 372. 

Surfaces of constant mean curvature, 
transformations U of, 229, 295, 310. 
special isothermic nets on, 230; 
generation of, 294, 317; kinematically 
conjugate lines on, 320. 

Surfaces of constant total curvature, 
equations of, 232 ; transformations R of, 
232, 295, 339; cyclic systems associated 
with, 286; determination of 360. 

Surfaces of Guiehard, definition, 225,232; 
associated surfaces, 225, 228, 232; are 
surfaces U, 225, 232; transformations 
H of, 227, 231, 232, 286; isothermic 
surfaces associated with, 286. 

Surface of rolling, definition, 301 ; one 
sheet of envelope of congruence R a, 
302 ; equations of, 313 ; lines of curvature 
on, 320. 

Tangential coordinates, of a surface, 
definition, 98; referred to asymptotic 
lines, 100; of a net, 127; Laplace 
transforms in, 129; transformations F 
in, 129—134, 153; of a net 0, 166; 
transformations R in, 178—182. 

Terraeini, 370. 

Theorem of permutability, of transforma- 
tions F, 45—51, 90, 132; for parallel 
nets, 50, 67; extended, 55—57, 68, 
224, 230; of W congruences, 124, 138, 
143. For references to the theorem 
of permutability of any type of trans- 
formation see this transformation. 

Tortorici, 372. 

Transformations J9* of surfaces applicable 
to a quadric, 340—346, 354—356 ; 


permutability with transformations F k , 
346, 371; theorem of permutability of, 
352, 371. 

Transformations D m , 208, 209, 231 ; 
theorem of permutability of, 209—211, 
215, 230; of special isothermic surfaces, 
212—214, 230, 291 ; of minimal surfaces, 
215, 304; isothermic nets determined 
by, 230; parallel nets of, 230; charac- 
teristic property, 285; induced, 286, 
319; generation of, 291; and surfaces 
of rolling, 301, 302; deformable, 304. 

Transformations E m , 215 — 217, 231; 
theorem of permutability of, 218, 230; 
characteristic property, 230 ; deformable, 
305; and envelopes of rolling, 305. 

Transformations F, equations in cartesian 
coordinates, 34 — 37 ; conjugate con- 
gruence of, 34, 42, 89; inverse of, 37; 
parallel, 38, 50, 67; harmonic con- 
gruence of, 40, 182; and radial trans- 
formations, 40—42, 67, 153; triads of, 
44, 90; theorem of permutability of, 
45-51, 55-57, 67, 90, 132; of derived 
nets, 54, 66; of applicable nets, 61—63; 
of nets in relation 0, 64, 146, 154; of 
Laplace transforms, 66, 94; of Levy 
transforms, 66; in homogeneous coor- 
dinates, 87—91; of nets on a hyper- 
quadric, 90, 94; projective transforma- 
tions of, 93; of periodic Laplace 
sequences, 94; of nets R, 124, 125; in 
tangential coordinates, 129—134, 153; 
and polar transformations, 153; of nets 
<h 168—175, 185-188; of nets 2, 0 , 
189—191; of nets G, 193; of nets on 
a sphere, 197, 217; of congruences R 
of spheres, 246; of congruences of 
circles, 269—271 ; of cyclic systems, 
274—278, 290; of deformable trans- 
formations R , 306 ; of nets on a quadric, 
322, 323; of isothermal-conjugate nets 
on a quadric, 368, 372. References to 
particular types of transformations F 
are given under these transformations. 
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Transformations Ft, of nets on a quadric, 
329—334, 353; of surfaces applicable 
to a quadric, 334—339, 354; theorem 
of permutability of, 323, 339, 340. 

Transformations H of surfaces applicable 
to a quadric, definition 366; of ruled 
deforms, 366 ; permutability with trans- 
formations j F*, 366, 372; permutability 
with transformations Bk , 372. 

Transformation, 0 h definition, 113; of 
surfaces of constant curvature, 124; 
of isothermal systems on a sphere, 124. 

Transformations K, definition, 58; in car- 
tesian coordinates, 57—59, 67 ; theorem 
of permutability of, 60, 61, 67, 68, 154. 
372; of associate surfaces, 68. 124; of 
Levy transforms, 68; in homogeneous 
coordinates, 94, 95 ; characteristic pro- 
perty, 95; of nets with equal point and 
equal tangential invariants, 150—152; 
polar transformations of, 153; witli 
normal conjugate congruences, 206, 221 ; 
of nets on a quadric, 368—370, 372. 
See Transformations D m . 

Transformations R, in cartesian coordi- 
nates, 173—177, 195; central nets, 174, 
189, 196, 228 ; of parallel nets 0, 174, 
196, 228; inverse of, 178; in tangential 
coordinates, 178, 181; theorem of per- 
mutability of, 180—182, 202—206; of 
Laplace transforms of a net G, 193; 
spherical representation of, 197 ; cyclic 
systems of, 197, 206, 285; circle-planes 
of, see Circle-planes; circles it of, see 
Circles K; congruences K of, see Con- 
gruences if; conformal, 206; of iso- 
thermic 0 nets, see Transformations D m ; 
of minimal surfaces, 215, 296, 304, 305; 
of nets £, 221—224; of surfaces of 
Giuchard, 227, 231, 232, 286; with con- 
formal spherical representation, 215, 
230, 306; of surfaces of constant mean 


curvature, 229, 295, 310; of surfaces 
of constant total curvature, 232, 295, 
339; in pentaspherical coordinates, 283; 
deformable of the first type, 296, 308, 
310; deformable of the second type, 
298—806; with applicable central nets, 
297, 302; of nets with the same spherical 
representation as isothermic 0 nets, 303, 
319; and surfaces of rolling, 302, 318; 
and envelopes of rolling, 305: trans- 
formations F of, 306. 

Transformations IF, of nets R , 115—123, 
125; of isothermal-conjugate nets on 
a quadric, 370; of ruled surfaces, 372. 
See Transformations Bk. 

Transformations in tangential co- 
ordinates 134—136: theorem of permu- 
tability of, 137, 138, 153, 154; of nets 
permanent in deformation, 141—146; 
in point coordinates 146—149; of a focal 
surface of a IF congruence, 149, 150; of 
nets with equal point and equal tan- 
gential invariants, 150-^-152; polar 
transformation of, 153. 

Tzitzeica, 33, 77, 93, 95, 107, 116, 124, 
327, 368, 370. 

Umbilical points of a quadric, 291. 

Virtual asymptotic lines, definition, 316 ; 
determination of, 358. 

IF congruences, definition, 106 ; of tan- 
gents to a net R, 107, 113; derived, 
108; and reciprocally derived nets, 116; 
quatern of, 124, 138, 143; with focal 
surfaces of equal curvature, 138, 142, 
143; transformations £ and K of, 150; 
with minimal focal surfaces, 230; whose 
lines belong to a linear complex, 252, 
253; in Lie transformations of surfaces, 
252, 253; representation in 5-space, 254; 
in Pliicker line- coordinates, 254 ; normal, 
292, 293; with ruled focal surfaces, 372. 

Wilczynski, 105, 123, 125, 126. 



Erratum 

§ 59. Change “focal nets” to “focal surfaces”. 







